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Abstract
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1 Introduction

We study a mechanism design problem in a binary excludable public good
model. FEach agent has a quasi-linear preference. A (direct) mechanism
determines the set of agents who consume the public good and the cost
share depending on agents’ preferences.

We focus on mechanisms satisfying strategy-proofness, which requires that
it be a dominant strategy for any agent to report his true preference. We eval-
uate strategy-proof mechanisms from the point of view of efficiency. However,
it is well known that there exists no mechanism satisfying strategy-proofness
and Pareto-efficiency [Holmstrom (1979)]. Hence, our aim is to design the
best mechanism possible.

Moulin (1994) has constructed a basic mechanism called the equal cost
sharing with mazximal participation mechanism (henceforth, the Moulin mech-
anism). It is the unique mechanism satisfying strategy-proofness, individual
rationality, budget-balance, anonymity, and other desirable properties.! Fur-
thermore, it minimizes the supremal welfare loss among the set of all mecha-
nisms satisfying strategy-proofness, individual rationality, and the auxiliary
axiom [Massé et al. (2015)]. The supremal welfare loss is the supremum of
the welfare loss that occurs as a result of applying the mechanism, and is
used as a measure of inefficiency.?

Ohseto (2005) has generalized the Moulin mechanism and constructed
attractive mechanisms called the anonymous augmented serial mechanisms
(henceforth, the Ohseto mechanisms). They are characterized by strategy-
proofness, budget-balance, anonymity, and other desirable properties.® Fur-
thermore, the optimal Ohseto mechanism achieves the smaller supremal wel-
fare loss than that of the Moulin mechanism.* These facts mean that in order
to improve the inefficiency of the mechanism, we will need to forgo a desirable
property® or expand the scope of the mechanisms from being deterministic
to being probabilistic.®

1See Moulin (1999), Deb and Razzolini (1999a, b), and Ohseto (2000).

2For example, see Juarez (2008), Moulin and Shenker (2001), and Ohseto (2010).

3See Ohseto (2005) and Hashimoto and Saitoh (2016).

4The Ohseto mechanism, other than the Moulin mechanism, do not satisfy individual
rationality. Hence, the optimal Ohseto mechanism improve the inefficiency of the Moulin
mechanism, but forgo individual rationality. Because a provider of a public good, such as a
government, might be able to enforce participation in a mechanism, individual rationality
may not be indispensable.

5Tt is known that even if we give up anonymity, we cannot improve the inefficiency of
the optimal Ohseto mechanism. See Ohseto (2005).

SIn the two-agent case, Dobzinski et al. (2017) has studied a probabilistic mechanism
satisfying strategy-proofness, individual rationality, budget-balance, and anonymity, and



We take the latter approach and introduce a new class of strategy-proof
mechanisms, called a-mechanisms, each of which is a linear combination of
the Ohseto mechanisms. We first show that the a-mechanisms are second-
best efficient. Second best efficiency requires” that the mechanism be on the
Pareto-frontier of the set of strategy-proof mechanisms. Next, we identify the
optimal a-mechanism with respect to the supremal welfare loss, and show
that it improves the inefficiency of the Moulin mechanism and the Ohseto
mechanisms.

The remainder of the paper is organized as follows. In Section 2, we set
up the model. In Section 3, we define the basic properties. In Section 4, we
introduce the mechanisms. In Section 5, we state our results. In Section 6,
we provide the proofs.

2 Model

Let N = {1,2,...,n} be the set of agents. We consider the provision of
a binary excludable public good y € {0,1}. The cost function ¢(-) of the
excludable public good is normalized as follows: ¢(0) = 0 and ¢(1) = 1.

Each agent ¢ € N has a preference for bundles consisting of a consumption
level of the excludable public good s; € {0,1} and a cost share ¢; € R. We
assume that this preference is represented by a quasi-linear utility function,
i.e., if agent ¢’s valuation of the excludable public good is v; € R, then his
utility for (s;,t;) € {0,1} x R is

UZ((Swtz)y vi) = 5;v; — 1.

A list v = (v)ieny € RY is a valuation profile. Given v € R} and N’ C N,
(NS RfN/ and v_py/ € RfN\N, denote (vj);ens and (vj);env, respectively.
The set of feasible allocations is

Z = {(Siati)ieN e ({0,1} x R)n : Zti > Hg}\;isz}
€N

A deterministic mechanism is a function f : R} — Z. Given a deterministic
mechanism f and a valuation profile v € R}, we denote agent 7’s assignment
under f(v) as f;(v) = (s;(v),t;(v)) € {0,1} x R.

Let AZ be the set of all probability distributions on Z. Given a probabil-
ity distribution, we denote by o; € [0, 1] and 7; € R the probability that agent

has showed that it improves the inefficiency of the Moulin mechanism.
"In other words, it requires that the mechanism be undominated by the other strategy-
proof mechanisms.



1 consumes the excludable public good and the expected value that agent ¢
pays under the probabilistic distribution, respectively. Each agent ¢ evaluates
(04, 7;) using his expected utility, i.e., if agent i’s valuation of the excludable
public good is v; € R, then his expected utility for (o;,7) € [0,1] x R is

wi((04,73);v3) = o30; — T

A probabilistic mechanism is a function ¢ : R} — AZ. Given a probabilistic
mechanism ¢ and a valuation profile v € R’} we denote by o;(v) € [0, 1] and
7;(v) € R the probability that agent i consumes the excludable public good
and the expected value that agent ¢ pays under the probability distribution
©(v), respectively.

3 Axioms

We define the basic properties. Since the deterministic mechanisms are spe-
cial cases of the probabilistic mechanisms, we define the properties for the
probabilistic mechanisms only.

Strategy-proofness states that it is a dominant strategy for any agent to
report his true valuation.

Definition 1. A probabilistic mechanism ¢ is strategy-proof if for any
i € N,any v € R, and any v; € R, it holds that

O'i<U>?)i - Ti(U) Z O'Z'<’U;7 v,i)vi — Ti(Ug, ’U,Z').

Second-best efficiency states that the mechanism is on the Pareto-frontier
of the set of strategy-proof mechanisms.

Definition 2. A probabilistic mechanism ¢* is second-best efficient if
there exists no strategy-proof probabilistic mechanism ¢ such that for any
v € R} and any 7 € N,

oi(v)v; — 1i(v) > of (v)v; — 77 (v),
and for some ¢ € R’ and some j € N,
0j(0)0; — 7j(0) > 07 (0)0; — 77 (D).

The welfare loss of a mechanism is the difference between the welfare of
the first-best mechanism and that of the mechanism we consider.



Definition 3. Given a probabilistic mechanism ¢ and a valuation v € R7,
the welfare loss of ¢ at v is defined as follows:

W L(v; ) = max { Zvi - 1,0} — (Z <ai(v)vi — Tl(v))>

iEN ieN
The supremal welfare loss is the supremum of the welfare loss over all

v e RY.

Definition 4. Given a probabilistic mechanism ¢, the supremal welfare
loss of ¢ is
sup W L(v;p).

veRY

4 Mechanisms

4.1 Moulin mechanism

We first define the Moulin mechanism. To do so, we identify the largest set
of agents whose valuations are greater than or equal to the equal cost share
in that set.

Definition 5. For any k € {1,...,n}, let My(v) = {i € N|v; > +}. The
largest unanimous coalition at v € R}, denoted by M (v), is defined as
follows:

1. if there exists k* € {1,...,n} such that #My«(v) = k*, and for any
integer k (k* < k <n), #My(v) < k, then M(v) = Mg«(v), and

2. M(v) = 0 otherwise.

Definition 6. A deterministic mechanism f™ is the Moulin mechanism if
for any v € R} and any ¢ € N,

(0,0) otherwise.

Example 1. Let n = 3. Let v = vy = % and v3 = }l. Then, M(v) = {1,2}.
Thus, it holds that



Remark 1. For any ¢ € N and any sufficiently small € > 0, let v; = % — €.
Then, for any i € N, fM(v°) = (0,0). Hence, the welfare loss at v° is

n

Z%—ne—l.

=1

As ¢ — 0, we have® the supremal welfare loss of the Moulin mechanism,

which is
n

1
22—1.

=1

4.2 Ohseto mechanisms

Next, we define the Ohseto mechanisms, which are a generalization of the
Moulin mechanism. When the number of agents whose valuations are greater
than % is smaller than the given number w, the allocation is determined by
the Moulin mechanism. On the other hand, when the number of agents
whose valuations are greater than % is larger than or equal to w, all agents

share the cost %

Definition 7. Let w = 1,2,...,n. A deterministic mechanism f" is the
w-Ohseto mechanism if for any v € R? and any ¢ € N,

1. when #{j € N|v; > 1} < w,

(0,0) otherwise,

() = {(1,#%)) if i € M(v),

We denote f(v) = (s’ (v), t¥(v)).

Remark 2. When w = n, the w-Ohseto mechanism coincides with the
Moulin mechanism.

8See Moulin and Shenker (2001) for a detailed analysis.



Example 2. Let n = 3. Let v; = vy = % and vy = %1. Since #{j € N|v; >
3} = 2, it holds that
(13 (103)

£ = (03).0,3,0,3)
£ = (15 15).0.0).

Remark 3. Among the Ohseto mechanisms, the 1-Ohseto mechanism achieves
the smallest supremal welfare loss.”

P = (5.0

Wl Wl

Remark 4. Let w = 1. For any sufficiently small € > 0, let v] = % + ¢. For
any i # 1, let v; = 0. Then, we have f{’(vf,v_1) = (1, %), and for any ¢ # 1,
f(v5,v-1) = (0, +). Hence, the welfare loss at (vf,v_y) is

—(%—l—s—l).

As ¢ — 0, we have'® the supremal welfare loss of the 1-Ohseto mechanism,

which is given by
1
1——.
n

4.3 New mechanisms

Finally, we define our new mechanism, which is a linear combination of
Ohseto mechanisms. Define A = {(a,...,ap) € [0,1]": Y0 a; = 1},

Definition 8. Let o = (a,...,a,) € A. A probabilistic mechanism ¢ is
the a-mechanism if for any v € R7,

*(v) = [al o ff(v),az 0 f2(v),...,an 0 f*(v)|,

where for any k = 1,...,n, ago f¥(v) means that the allocation f*(v) occurs
with probability ay.

Remark 5. When «; = 1, the a-mechanism coincides with the k-Ohseto
mechanism. Thus, when «,, = 1, the a-mechanism coincides with the Moulin
mechanism.

Example 3. Let n = 3. Let v; = vy = 2 and v3 = ;. Then, ¢*(v)
generates the allocation ((1, %), (1, %), (1, %)) with probability a; + a9, and
the allocation ((1,1),(1,3),(0,0)) with probability cs.

9See Proposition 1 in Ohseto (2005).
10See Ohseto (2005) for a detailed analysis.
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5 Results

We state our results. All proofs are given in the final section. The first result
states that the a-mechanisms satisfy strategy-proofness.

Theorem 1. For any o € A, the a-mechanism is strategy-proof.

The second result states that each a-mechanism is on the Pareto-frontier
of the set of strategy-proof mechanisms.

Theorem 2. For any o € A, the a-mechanism is second-best efficient.

Next, we state the third result, which is related to the supremal welfare
loss of the a-mechanisms. To do so, we need the following notation. Define
D C R as follows:

D={veR}:v>vy > >0v,}.

For any £k =0,1,...,n and any m = 0,1,...,n, we also define D(k,m) C D
as follows:

D(k,m)E{UGD:#{iEN:vi>%}:kzand#]\/[(v):m}.

Remark 6. When k& < m, v € D(k, m) means that for any i € N, v; > L.
Hence, the welfare loss of any Ohseto mechanism at v is zero. Thus, the
welfare loss of any a-mechanism at v is also zero. Therefore, we only consider
the case k > m.

Remark 7. When k£ = 0, v € D(k, m) means that for any i € N, v; < %
Hence, the welfare loss of any Ohseto mechanism at v is zero. Thus, the

welfare loss of any a-mechanism at v is also zero. Therefore, we only consider
the case k > 1.

Proposition 1. Let o € A. The supremal welfare loss of the a-mechanism
is given by

max sup WL(v;e%).

k=1 yeD(k,0) ( )

Furthermore, it holds that

k k

k
sup WL(v;p®) = max{(l—z ah)(z %—i—(n—k)%—l), Zah(l—ﬁ)}.

n
veD(k,0) h=1 =1 h=1

YIf v, < L, then we must have m < n. This means that v, > -- > L which implies
that £ > m. This is a contradiction.




Using Proposition 1, we identify the optimal a-mechanism. For any k =
1,...,n, define ay, as follows:

k
k-1 1
a=1-Y a— — n 5T (1)
h=1 Dbt h +1 - n
Denote a = (ay, . .., ay).
Proposition 2. & is well-defined, i.e., for any k = 1,...,n, a; € [0,1] and
D her On =1

Proposition 3. The supremal welfare loss of the a-mechanism is given by

- k
max{ > an(1 - )}
Theorem 3. Among the a-mechanisms, the a-mechanism achieves the small-

est supremal welfare loss.

The following result states that our new mechanism improves the supre-
mal welfare loss over that of the Ohseto mechanisms.

Corollary 1. The supremal welfare loss of the a-mechanism is strictly less
than that of any Ohseto mechanism.

Example 4. Let n = 5. Then, a; = %, Qo = 2%7, Qs = %, Qg = %, and
s = %. Note that
1. 1 4
(l—2)==--=04
mll=-z) =53
2
2 11 3
(1 —2) = — . 2 ~ (.3882
> " an( S) =15~ 0388
h=1
> 3. 37 2
(1 —2) = 2= . 2 ~ 0.3020
> 5) =195
h=1
! 4 77 1
(1l — =) = — . = ~ 0.1730
> 5) =805
h=1
5
5
Zdh(l—g)zo
h=1

Then, the supremal welfare loss of the @-mechanism is 0.4, which is half that
of the 1-Ohseto mechanism (i.e., the optimal Ohseto mechanism).

9



Example 5. Figure 1 compares the numerical results of the supremal welfare
loss of the a-mechanism, the 1-Ohseto mechanism, and the Moulin mecha-
nism.
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comments. The authors also thank the participants in the 23rd Decentraliza-
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6 Proofs

6.1 Proof of Theorem 1

Let o € A. Let i € N. Let v € R} and v; € R;. For any w = 1,...,n, the
w-Ohseto mechanism is strategy-proof, that is, it holds that

s (v)v; =t (v) > 5;‘”(“1{,@—@')% - t;”(v;,v_i).

Note that .
ol (v) = st (v)
w=1

and .
) =t (v).
w=1

Thus, we have
U?{(U)Ui - Tia(v) Z U@'Q(U;’ U*i)vi - Tia<vz{7 'Ufi)~

Therefore, Theorem 1 is valid.

6.2 Myerson’s Lemma

To prove Theorem 2, we use the following Lemma, proved by Myerson (1981)
in a similar model.

Lemma (Myerson 1981). If a mechanism ¢ satisfies strategy-proofness, then
for any i € N, any v;, v, € R, such that v; < v}, and any v_; € R?™" it holds
that

oi(vi,v_;) < oi (v, v_;)

10



and
v;
o(vl, v_i)vi — (v, v_;) = o(vi, v_g)v; — 7(vi, v_;) + / o(x;,v_;)dz;.
v;

Myerson’s Lemma states that if the mechanism is strategy-proof, then
(i) the probability that the agent consumes the excludable public good is a
non-decreasing function of his valuation, and (ii) his utilities when he reports
truthfully are related by the integral of the probability.

6.3 Proof of Theorem 2

Let a € A. Let o be a strategy-proof probabilistic mechanism such that for
any v € R and any ¢ € N,

oi(v)v; — Ti(v) > of (V)v; — 7 (v). (2)

Note that'? Y. y 7:(v) > max;en 0;(v). Then, it follows that

max o;(v) Z vi — max oi(v) > Z oi(v)v; — max o;(v)

ieN : , iEN
iEN iEN
> E oi(v)v; — E Ti(v). (3)
iEN iEN

Lemma 1. For any v € R} such that > ,_yv; <1 and any i € N,

oi(v)v; — 1 (v) = o (v)v; — (V).

Proof of Lemma 1. We prove Lemma 1 by mathematical induction.

Claim 1. For any v € R7 such that ), yv; < land #{i € N : v; > 1} =0,
it holds that for any i € N,

oi(v)v; — 1;(v) = o (v)v; — 77 (v).

Proof of Claim 1. Let v € R} be such that >, yv; <1and #{i € N :v; >
1} = 0. Note that'? for any i € N,

oi(v) = 0 and 77 (v) = 0.

7

Sub-claim 1 - 1. max;ey 0;(v) = 0.

12This follows from the feasibility.
BSince Yoy vi <1, M(v) = 0.

11



Proof of Sub-claim 1 - 1. By adding (2) for all agents, we have
Z oi(v)v; — Z 7;(v) > 0.
ieN ieN
Then, by (3), it holds that
max o;(v) Zvi —maxo;(v) > Z oi(v)v; — Z 7;(v)

i€EN 1EN
iEN 1EN 1EN

Vv
o

that is,
I}é%{ai@)(iezjv v; —1) > 0.
Since ),y vi — 1 < 0, we have

maxo;(v) < 0,
which implies the desired result.
Sub-claim 1 - 2. For any ¢ € N, it holds that
oi(v)v; — 1;(v) = o (v)v; — 77 (v).
Proof of Sub-claim 1 - 2. Suppose to the contrary that for some j € N,
oj(v)v; — 75(v) > of (v)v; — 75 (v).

Then, by adding (2) for all agents, we have

> o) =Y mi(v) > 0.

1EN €N

Since, by Sub-claim 1 - 1, max;en 0;(v) = 0, by (3), it follows that

0 = I}é%cai(v)z:vi—ri%%cai(v)
ieEN
> Y oo =Y 7i(v)
ieN ieN
> 0,

which is a contradiction.

Thus, Claim 1 is valid.

12



Claim 2. Suppose that for any v € R’} such that >,y v; < 1 and #{i €
N :v; > %} < k — 1, it holds that for any i € N,

oi(v)v; — 1 (v) = o (v)v; — 77 (v).

Then, for any v € R such that -, yv; <1 and #{i € N :v; > L1} =k, it
holds that for any i € NV,

oi(v)v; — 1;(v) = o (v)v; — 7 (v).
Proof of Claim 2. Let v € R} be such that >, yv; <1and #{i € N:v; >
1} = k. Note that for any i € N,
k .
00 (v) = > oh_i ?f v; >0
0 ifv,=0

and

h=1

Sub-claim 2 - 1. max;ey 0;(v) < 2221 ap.

Proof of Sub-claim 2 - 1. By adding (2) for all agents, we have

Zai(v)vi — ZTZ'(U) > Zathi — Zah.

iEN 1EN 1EN h=

Then, by (3), it holds that
max o;(v) Z v; —maxo;(v) > Z oi(v)v; — Z Ti(v)

€N 4 iEN 4 4
1EN iEN iEN

7
7

that is,

(max o;(v) — Zah)(z v; —1) > 0.

1EN

Since ),y vi — 1 < 0, we have

13



Sub-claim 2 - 2. max;ey 0;(v) = 2221 ap,.

Proof of Sub-claim 2 - 2. Leti € N be such that v; > % Then, by Myerson’s
Lemma, it holds that

1 1 1 vi
i(V)vi = Ti(v) = oi(—, v) — — Ti( =, v i(wi, ) dw;.
oi(v)v; — 73 (v) a(n v )n T(n v )%—/1 oi(wi, v_;)dw

By the assumption of Claim 2 , we have

k—1 k-1
1 1 1 1 1
il—U—i)— — T —, V) = - — — = 0.
i = ) = Yo = 5 3

Hence, by (2), it holds that

/w oi(w;,v_)dw; = o;(v)v; — 7i(v)

1

> o (v)v; — 7 (v)

k 1 F
S
h=1 h=1
Since, by Sub-claim 2 - 1, g;(v) < 22:1 ay,, by Myerson’s Lemma, for any
w; < v;, it holds that

k
oi(w;,v_;) < Z ap,.

Hence, it follows that

Vi Vg k
/lai(wi7v—i)dwi < /1 Zahdwi

n  h=1
k k
1
= E apU; — — Qap,
h=1 h=1
Thus, we have
i k 1 k
/1 O—i(whvfi)dwi = E apU; — 5 ap,
n h=1 h=1

which implies that



Since, by Sub-claim 2 - 1, max;en 0;(v) < Z:Zl ay, it follows that

max o;(v) =

ap,.
iEN

>
Il e
—

Sub-claim 2 - 3. For any ¢ € N, it holds that
oi(v)v; — 1i(v) = o (v)v; — 7 (v).
Proof of Sub-claim 2 - 3. Suppose to the contrary that for some j € N,

oj(v)v; — 7;(v) > o (v)v; — 7 (V).

Then, by adding (2) for all agents, we have

k

ZUZ'(U)%' — Zn(v) > Zathi — Zah.

€N €N 1EN h=1

Since, by Sub-claim 2 - 2, max;en 0;(v) = ZZ:l ap, by (3), it follows that

D ond v

k
ap = maxo;(v) Z v; — max o;(v)
h=1  ieN

€N 1EN
1EN

D o =Y 7i(v)

iEN iEN

k k
> E Op E Vi — E ayp,
h=1 1

iEN h=

>
I =
—

v

which is a contradiction.
Thus, Claim 2 is valid.
Therefore, Lemma 1 is valid.

Lemma 2. For any v € R} such that ) .. v; > 1 and any i € N,
oi(v)v; — 1;(v) = o (v)v; — 7 (v).

(2

Proof of Lemma 2. We prove Lemma 2 by mathematical induction.
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Claim 1. For any v € R" such that Y, v v; > land #{i € N:v; > -} =n,
it holds that for any ¢ € NV,

oi(v)v; — 1(v) = o (v)v; — (V).

Proof of Claim 1. Let v € R} be such that >, yv; >1and #{i € N : v; >
1} = n. Note that for any i € N,

1
oi(v) =1 and 77 (v) = e

Sub-claim 1 - 1. max;ey 0;(v) = 1.

Proof of Sub-claim 1 - 1. By adding (2) for all agents, we have
Zai(v)vi - Zn(v) > Zvi — 1.
€N ieN ieN

Then, by (3), it holds that

max o;(v) Zvi — max oi(v) > Z oi(v)v; — Z 7;(v)

1EN
iEN iEN iEN

> Zvi—l,

iEN

that is,
(v) — —1)>0.
(xe(0) =D u =1 20

Since ),y vi —1 > 0, we have

maxo;(v) 2 1,

which implies the desired result. [
Sub-claim 1 - 2. For any ¢ € N, it holds that

oi(v)v; — 1;(v) = o (v)v; — 77 (v).
Proof of Sub-claim 1 - 2. Suppose to the contrary that for some j € N,

oj(v)vj — 7;(v) > o (v)v; — 77 (V).

Then, by adding (2) for all agents, we have

Zai(v)vi — ZTZ'(U) > Zvi -1

1EN 1EN 1EN

16



Since, by Sub-claim 1 - 2, max;en 0;(v) = 1, by (3), it follows that

o=l = maxa() 3 v - maxei(0)

iEN iEN
> Z oi(v)v; — Z 7i(v)
iEN iEN
> Z v; — 1,
iEN
which is a contradiction. O
Thus, Claim 1 is valid. O]

Claim 2. Suppose that for any v € R’} such that ),y v; > 1 and #{i €
N :v; > %} > k + 1, it holds that for any i € N,

oi(v)v; — 1;(v) = o (v)v; — 7 (v).

Then, for any v € R such that >, vv; > 1, #{i € N : v; > 1} =k, and
ZieN\M(v) v; = 0, it holds that for any < € NV,

oi(v)v; — 1 (v) = o (v)v; — 7(v).

Proof of Claim 2. Let v € R} be such that >, v; > 1, #{i € N : v; >
1} =k and ), M) Vi = 0. Without loss of generality, we assume that
v > vy > -+ > v,. Denote m = #M(v). Since Z?:mﬂ v; = 0, for any
t=m+1,...,n,v; = 0. Note that for any i = 1,...,m,

X § 1 F 1 k
of(v) =1and 77(v) = - hgl ap + m(l hgl ap),
and for any t =m+1,...,n,
of(v) =0 and 77 (v) = - hgl ap,.

Sub-claim 2 - 1. max;ey 0;(v) = 1.

Proof of Sub-claim 2 - 1. By adding (2) for all agents, we have

iai(v)vi =) 7i(v) > Zm:w — 1.
i=1 1EN i=1

17



Then, by (3), it holds that

m

m
max oi(v) Zvi — max oi(v) > Zz:; oi(v)v; — mZN 7;(v)
m
Z Zvi - 1a
i=1

that is,

(mieaj\?c ai(v) — 1)( El v;—1)>0
Since Y ", v; — 1 > 0, we have

maxo;(v) > 1,

which implies the desired result.

Sub-claim 2 - 2. For any ¢ € N, it holds that

oi(v)v; — 1;(v) = o (v)v; — 77 (v).

Proof of Sub-claim 2 - 2. Suppose to the contrary that for some 7 € N,
oj(v)v; — 7(v) > of (v)v; — 75 (v).

Then, by adding (2) for all agents, we have

m m

Zai(v)vi - Zn(v) > Zvi -1

i=1 ieN i=1
Since, by Sub-claim 2 - 1, max;cy 0;(v) = 1, by (3), it follows that
Z v;—1 = maxo;(v) Z v; — max o;(v)

1EN - 1EN
i=1 =1

v
(]
S
=
=
|
]
3
=

which is a contradiction.

18



Thus, Claim 2 is valid. O

Claim 3. Suppose that for any v € R" such that >,y v; > 1 and #{i €
N :v; > %} > k + 1, it holds that for any ¢ € N,

oi(v)v; — 1;(v) = o (v)v; — 7 (v).

Then, for any v € R? such that Y, yv; > 1, #{i € N : v; > 1} = k, and
ZZEN\M(U) v; > 0, it holds that for any ¢ € IV,

oi(v)v; — 1 (v) = o (v)v; — 77 (v).

Proof of Claim 3. Let v € R} be such that >, yv; > 1, #{i € N : v; >
%} =k, and ) . N Vi > 0. Without loss of generality, we assume that
V1 > Vg > -+ > v,. Denote m = #M(v). Note that for any i = 1,...,m,

k

k
1 1
of(v) =1and 77 (v) = - hgl ap + E(l — ,;1 ap).

Note also that for any i =m +1,...,n,

a(,v) Z];l,zl Qp, if vy > 07
o =
0 if V; = 0,

7

and
1t
) = 5 e

Sub-claim 3 - 1. max;—,, 1

Proof of Sub-claim 3 - 1. We divide the argument into two cases.
Case 1. m = 0.
By adding (2) for all agents, we have

k

Zai(v)vi — ZTi(U) > Zathi —

k
iEN ieEN h=1 iEN h=

Then, by (3), it holds that
. _ , > . L .
max o;(v) Z Vi — max ogi(v) > Z oi(v)v; Z 7;(v)

Qp.

—_

ieN
ieN ieN ieN
k k
2 D on) vi= ) o,
h=1  ieN h=1

19



that is,

(max o;(v) — Zah)(z v; —1) > 0.

1EN

Since ),y vi — 1 > 0, we have

(v) >
o) 2

7
o

which implies the desired result.
Case 2. m > 1.

By adding (2) for all agents, we have

m
IO ETED RS U DR
1EN 1EN i=1 h=1 i=m+1
Note that >,y 7i(v) > max;ey 05(v) and Y-, v; > 1. Then, it follows that
Qu-b) + _max o) ) v

> maxai(v)(Zvi—l)—h max o;(v) Z v;

1EN i=m+1,....,n
i=1 i=m+1
m n
> maxo;(v Zv + max o;v Z v; —maxo; (v
> maxoi(v) ) v max i(v) i — max o;(v)
=1 i=m-+1

V4 V4
M il
Q Q
= =
&£ S
| |

=
< =

Vv
(]
&
+
iNg
£
(]
e
\'I—‘

i=1 h=1 i=m-+1
that is,
n
max  o;(v) g v; > E oy, g (U
i=m+1,...,n
1=m-+1 t=m-+1
Since Y7 ., v; > 0, we have



which implies the desired result. [
Sub-claim 3 - 2. max;_,, 41, 0:(v) = Zﬁzl .

Proof of Sub-claim 3 - 2. Let i € argmax;—,,+1...n0:(v). For any sufficiently
small € > 0, let v; = % + e. Then, by Myerson’s Lemma, it holds that

D;
O-i(@hv—i)@i — TZ'(’[JZ', U—i) = O'Z'(’U)Ui — TZ'<U) + / Ui(wi, U_i)dw,».
v;

By the assumption of Claim 3, we have

k+1 k+1

0i (04, v_;)0; — T(04, v_;) E ahvl——g ap,.

Hence, by (2), it holds that

k+1 k+1

Dj
E ahvz——g T / oi(w;, v_;)dw;
v;

D;
Uz’(@iyv—i)'ﬁi_Ti(@iav—i)_/ oi(w;, v_;)dw;
v;
= o;(v)vy; — 7:(v)
Z Uz (U)U”L Tia<v)
k 1 k
SRR

h=1 h=1

Thus, as € — 0, we have

—/ oi(ws, v—)dw; > Zahvz - —Zoah,
%

that is,

3=

/ O-Z(ww —z dwz = E ap — E QpU;.
v

Since, by Sub-claim 3 - 1, o;(v) > Zh:l ayp, by Myerson’s Lemma, for any
w; > v;, it holds that

oi(w;, v_;) > Q.

>
Il e
—
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Hence, it follows that

1 1k
/ oi(wi, v_;)dw; > / Z apdw;
v. V3

i i h=1
k k
1
= —E Oéh—E QR
n
h=1 h=1

These mean that

/ Ui(wiav—i)dwi =

i h=1 h=1

=
|
S|
(]
8
I
(]
8
g

which implies that

oi(v) = Z .

Sub-claim 3 - 3. For any ¢ € N, it holds that

oi(v)v; — 1;(v) = o (v)v; — 7 (v).

Proof of Sub-claim 3 - 3. Suppose to the contrary that for some j € N,

o;(v)v; — 7(v) > of (v)v; — 77 (v).
We divide the argument into two cases.
Case 1. m = 0.

By adding (2) for all agents, we have

Z%(U)Ui — Zn(v) > Zath — Zah.

ieN ieN h=1 €N
Since, by Sub-claim 3 - 2, max;ey 03 (v) = S, ap, by (3), it follows that

k

k
;athi — Zah = leéz]x\;(ai(v) Zvi — %%{Ui(v)

iEN h=1 i€EN
> o =Y mi(v)
1EN 1EN

k

k
> Zathi—Zah,
h=1

1EN h=1

v

which is a contradiction.
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Case 2. m > 1.

By adding (2) for all agents, we have

Zai(v)vi—z >ZU2+Zah Z v; — 1.

iEN 1EN i=m+1

Note that >,y 7i(v) > max;ey 05(v) and >, v; > 1. Then, it follows that

m n
( E v;—1) +  max o;(v) E v;
- i=m+1,...,n )
i=1 i=m-+1
m n

> I}é%(ai(v)(Zvi —1) +,_max nai(v) Z v;
i=1 i=m+1

n

max o;(v) Zvi + max 0;(v) Z v; — max o;(v)
i=1

1EN i=m+1,...,n iEN
1=m-+1

v

> iez];m(v)vi—ri%%m(v)
> > o= Y ()
1EN €N
> ZUZ—FZQ{}L Z v; — 1,

i=m+1

that is,

n

max Uz ’U E Vi > E ap E (U
i=m+1,....n

i=m+1 i=m+1

Since, by Sub-claim 3 - 2, max;ey 0;(v) = thl ap,, we have

Z@h S Wzah S

i=m-+1 i=m+1

Since Y7
Thus, Claim 3 is valid.

i=ma1 Vi > 0, it is a contradiction.

Therefore, Lemma 2 is valid. O]

Lemma 3. For any v € R} such that ) ,_yv; =1 and any i € N,
oi(v)v; — 1;(v) = o (v)v; — 7 (v).

(2
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Proof of Lemma 3. Let v € R be such that .y v; = 1.
Claim 1. Y.y o3 (v)v; — > .o n 7 (v) = 0.

Proof of Claim 1. Without loss of generality, we assume that v; > vy >
-+ > v,. Denote k = #{i € N : v; > 1} and m = #M(v). We divide the
argument into two cases.

Case 1. m = 0.
Note that for any i € N,

a( ) ZI:L:l ap, if v > 07
0 if v; = 0,

(2

and

Hence, it holds that

k k
IACEEDRACEEIDSLD SEED LY
ieN ieN h=1 €N h=1

k
= 2 -1
h=1  ieN
= 0.
Case 2. m > 1.
Since ) ,.yvi = 1, foranyi=1,...,m,v; = %, and for any i = m+1,...,n,
v; = 0. Note that for any i =1,...,m,
i 1 i
of(v) =1and 77(v) = ﬁZah—I— E(l — Zah),
h=1 h=1
and for any t =m+1,...,n,
1 F
of(v) =0 and 77 (v) = ﬁZah
h=1
Hence, it holds that
Zaf‘(v)vi - fo(v) = Zvi -1
iEN iEN i=1
= 0.
Thus, Claim 1 is valid. ]
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Claim 2. For any 7 € N, it holds that
oi(v)v; — 1i(v) = o (v)v; — 7 (v).
Proof of Claim 2. Suppose to the contrary that for some j € N,

oj(v)v; — 7;(v) > o (v)v; — 7 (v).

Then, by adding (2) for all agents, we have
P OIES P OB PEAG TSP AG]
ieN ieN ieN ieN

Since ),y v = 1, by (3) and Claim 1, it follows that

0 = I}g]x\;{ai(v) Zvi — I}é&}\?{ai(v)
ieN
> Y oo =Y 7i(v)
ieN ieN
D IAOIEDBEAD)
ieN ieN
= 0,

which is a contradiction. Thus, Claim 2 is valid.
Therefore, Lemma 3 is valid.

By Lemmas 1, 2, and 3, Theorem 2 is valid.

6.4 Proof of Proposition 1

We calculate the welfare loss of the a-mechanism.

Lemma 4. Let k = 1,...,n and m = 0,1,...,n. For any v € D(k,m), it
holds that

k k
c*(v)=1(1,...,1, Qhyeeey ap,0,...,0),

Vo
n—m—~

where { = #{i € N : v; = 0}.
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Proof of Lemma 4. Since #{i € N : v; > =} =k, for any w < k and any

1 € N, it holds that
1 ify; >0,
wwy=41 LU
0 ifv;=0.
Since #M (v) = m, for any w > k and any 4, j € N such that i <m < j, it
holds that
si’'(v) =1 and s7(v) = 0.

Hence, we have

k k
o) =1(1,...,1, Qpyeeey ap,0,...,0),
ERTUSRY DU NN

m J4

vV
n—m—~

m
Lemma 5. For any k =1,...,n and any m = 0,1,...,n, it holds that
sup WL(v) > sup WL(v),
veD(k,0) veD(k,m)
and
k kg 1 k 1
sup WL(v) = max{(l Y ) —+n—k)==1),> a(l- —)}

Proof of Lemma 5. Let k = 1,...,n and m = 0,1,...,n. First, consider
v € D(k,0). When ).y v; > 1,

WL) = O vi—=1) =0 anwi—> ay)

1EN 1EN h=1

k
= (1=) an)O_ vi—1).
h=1 ieN
: 1 1 1
Since we must have vy < 1,... v, < 3,041 < 7,...,v, < -, the supremal

value on this case is

(1-%@(2

k
1
h=1 h=1

—l—(n—k)ﬁ

—1).

SRS



When .y v <1,

WLv) = ZZahvz Zah

€N h=1
k
= E Oéh(l — E ’U,L').
h=1 ieN
Since we must have % < V1. ,% < Vg, 0 < vkyq,...,0 < vy, the supremal

value on this case is

Thus, we have

f1 1 4 k
sup WLv:max{ —+(n—Fk)—-1), Q 1——}.
S WLE) > hzh )~ )Z p(1=)

Next, consider v € D(k, m) such that m > 1. Since m > 1, we must have

Zvi 2 1.

ieN
Hence, it holds that

WL(v) = sz—l Zvl Z Zahvi—l)

1EN i=m+1 h=1
n
= Z Vi — Z Zahvi
i=m+1 i=m+1 h=1
k n
= (1= an) > o
h=1 i=m+1
Since we must have v, < m+1> ce U < l,ka < l, cepy < %, we have
1
sup WL(v I—Zah Z —+(n—k)-).
veD(k,m) he m+1 n

Since 5 _, F4+n—k2I-1> Zh:m+1 + 4 (n— k)%, we have
sup WL(wv) > sup WL(v).

veD(k,0) veD(k,m)

Therefore, Proposition 1 is valid.
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6.5 Proof of Proposition 2
Let £k =1,...,n. We first establish that a; > 0. Notice that

k
k—2 1— 2
ézkEl—Z@h—@k,l— — I o
h=1 Zh:lﬁ_‘_l_z
and
o 1_k—1
dk_lEl—Z@h— 1 an .
- k-1 (k—1)
h=1 Zh=1ﬁ+1_
Hence, it holds that
1_k—1 1_&
= 1 n2(k 1) T
k—1 k
Zh:lﬁ 1— n h:lﬁ_’_l__
k—1 g1 2k k k1 1 2(k—1)
1— —4+1——)—(1—-— —+1-
_ ( )2y )= g —)
i1 1 2(k—1) | 2k ’
(Zh:l%—i_l_ )(Zh:lﬁ 1‘?)
Note that -
— 1 2(k —1
—+1—( ) 0
h n
h=1
and .
1 2k
ZEH—; 0
h=1

Hence, to establish a > 0, it is sufficient to show that the following equation
is non-negative:
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Note that

k k—1
e I ) D R Lt B
h=1 h=1
B kool 2(k — 1)
= (1—5)(h_1%+1— -

Hence, (4) is equivalent to

which is equal to

Since ¢ — - >
non-negative.
By (1), it is obvious that

3

an = 1.
h=1

Then, since for any h =1,...,n, a, > 0, we also have that
ap < 1.

Therefore, Proposition 2 is valid.

6.6 Proof of Proposition 3

By Proposition 1, it is sufficient to show the following Lemma.

Lemma 6. For any k =1,...,n, it holds that

1=>an(d_

SRS

29

+(n—k)%—1) :Zahu—%).

()

L L' >0and Zi:z% > 0, (5) is non-negative. Thus, (4) is also



Proof of Lemma 6. Let k= 1,... n. Note that (1) is equivalent to

k

k 12

_ - n
1= a L1 2k
h=1 h=17, l——

Therefore, Proposition 3 is valid.

6.7 Proof of Theorem 3
Let k* =1,...,n be such that

argmax{i (1—— }

h=1

Notice that k* # n. For simplicity of notation, denote A* = 22:1 ay. Note
that

*

Z — l—1>0and1—k—>0
h n
Hence, (1 — A) (thl £+ (n—k*): — 1) is a strictly decreasing function of
A, and A(1— %) is a strictly increasing function of A. Since these are equal
at A*, max{(1 — A)(Zzzl T+ (n—k*)L —1), A(1 — £)} has the smallest
value at A*. Thus, the supremal welfare loss of any a-mechanism is larger
than or equal to that of the a-mechanism. Therefore, Theorem 3 is valid.
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6.8 Proof of Corollary 1

As mentioned in Remarks 3 and 4, the 1-Ohseto mechanism achieves the

smallest supremal welfare loss among the Ohseto mechanisms, with a value
of

1
1——.
n
Note that 1
6[1 - 5
Hence, it holds that
1 1
m(l——)<1——.
o n) n
For any k= 2,... n, we also have
k
k k 1
a(l--)<1-=<1-—.
P n n n

Thus, for any £ = 1,...,n, it holds that

n

k

Lk 1
doan(l-—)<1-—.
h=1

Therefore, Corollary 1 is valid.
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Figure 1: The supremal welfare loss of three mechanisms: the Moulin mecha-
nism (Black), the 1-Ohseto mechanism (Red), and the @-mechanism (Blue).
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