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1 Introduction

In this study, we consider the dynamical behavior for signaling interactions
with a common interest of a sender and a receiver under the selection—
mutation dynamics. The signaling game with a common interest is a coordi-
nation problem among states, and acts through the strategic use of signals.
The structure of this game almost does not lead the long-run behavior of
each agent through the selection process to the optimal point.

Two approaches are mainly taken to address this problem (Hofbauer and
Hatteger, 2008). The first approach is to study the evolution of signaling
interactions in a finite population under the frequency-dependent Moran
process (Pawlowitsh, 2007). The second approach is to study the dynamic
behavior of signaling interactions when the replicator dynamics is perturbed
in the restricted case (Hofbauer and Huttegger, 2008, 2015).1 We take the
second approach, where, in the general case, the number of states is not equal
to that of the states.

Our benchmark is the classic model of a sender—receiver game as examined
by Lewis (1969) or Nowak and Krakauer (1999). In the beginning of this
game, a sender observes a state of the world picked up from a set of states

by nature. Then, the sender chooses a signal from a set of signals. Next, a

'Hofbauer and Hatteger(2008) studied the case of two states and two signals. Hofbauer
and Hatteger(2015) studied the case of three states and three signals.



receiver who does not know the state initially is informed of the signal chosen
by the sender. The receiver associates the signal with a state in the set of the
states. When the state observed by the sender is coincident with the state
associated by the receiver, both agents receive a common payoff.

Previous studies illustrate the difficulty of efficient and stable communi-
cation through signals. A perfect communication is represented by a strict
Nash strategy that guarantees a maximal payoff as well as asymptotic sta-
bility. In a strict Nash strategy, every state is bijectively associated with
one signal and vice versa. Such an equilibrium is called a signaling system
(Lewis, 1969). However, signaling systems exist only when the number of
states is equal to that of the signals (Warneryd, 1993).

Moreover, the replicator dynamics almost do not converge to the strict
Nash strategy or the evolutionary stable strategy (Pawlowitsch, 2008).3 Neu-
trally stable strategies that belong to a continuous strategy space block it.
They thus stay in continuos strategy space, that is, the suboptimal point. By
perturbing the replicator dynamics with small noises over the strategy distri-
butions uniformlly, most of the rest points are destroyed. Thus, there is no
rest point that satisfies asymptotic stability except for a strict Nash strategy
in the case of three states and three signals (Hofbauer and Huttegger, 2015).

When the number of states is not equal to that of the signals, the neu-
trally stable strategies that the continuous strategy space contains gurantee

a maximal payoff. On the other hand, each rest point of these neutrally

2Sender-receiver games are divided into two classes: asymmetric games between a
sender and a receiver, and symmetric games of both the role of a sender and the role of a
receiver.

3The strict Nash strategies of asymmetric games correspond to the evolutionarily stable
strategy of their symmetrization. See section 2.1.
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stable strategies is not asymptotically stable under the replicator dynamics.
A neighborhood of each rest point of neutrally stable strategies is continu-
ous and not isolated under the replicator dynamics (Pawlowitsh, 2008). In
this paper, we study neutrally stable strategies that have maximal payoff,
and stability of these strategies under the selection—-mutation dynamics es-
pecially when the number of signals is larger than that of the states. Our

work makes three important contributions:

e We propose three types of neutrally stable strategies that lead to asymp-
totic stability under the selection-mutation dynamics. We focus on
neutrally stable strategies that have a maximal payoff and formalize

three types of these neutrally stable strategies in the general form.

e We show that there exists a rest point close to each of three neutrally
stable strategies under the selection-mutation dynamics. Most of rest
points that exist under the replicator dynamics are destroied under the
selection—mutation dynamics. This paper studies the structure of rest

points under the selection—-mutation dynamics.

e We propose the conditions in which a rest point close to each of the
three neutrally stable strategies is asymptotically stable under the selection—
mutation dynamics. The conditions are represented by the relations
between the number of states, that of signals, and the mutation rates

of a sender and a receiver.

The remainder of this paper is organized as follows. Section 2 pro-
vides the formal model of the sender-receiver game and the definition of

the selection—mutation dynamics. Section 3, 4, and 5 introduces the notions
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of the extended-signaling system, the unilaterally mized strategy and the max
hybrid strategy, along with the study of the stablity of these strategies. Sec-

tion 6 compares these strategies, and section 7 concludes the paper.

2 The model

2.1 Sender-receiver games

A sender-receiver game consists of a sender and a receiver. There are n states
of the world given by the set N = {1,2,... ,n},n > 2, and m signals given
by the set M = {1,2,,...,m},m > 2. Both agents communicate with each
other through m signals in n states of the world.

A sender’s mixed strategy is represented by a stochastic n x m matrix

PePrim {PGRnxm'pr = 1,Vi},
where a sender associates a state ¢ € N with a signal j € M on the probability
pi; when Nature chooses a state 1.

A receiver’s mixed strategy is represented by a stochastic m xn matrix

Q € Qi = {Q R Zqﬂ—l,w},

where a receiver associates a signal j € M with a state ¢ € N on the proba-
bility ¢;; when the sender sends a signal j.
We consider the evolutionary dynamics of sender-receiver games by fo-

cusing on behavioral strategies (see section 2.3). In an extensive form of this



games, when nature chooses a state of the world, a sender belongs to a pratic-
ular information set. After the sender sends a signal, a receiver also belongs
to a particular information set. A probability measure over strategies of a
sender and a receiver at each of their information sets specifies a behavioral
strategy (Kuhn, 1953).

For each pair of strategies (P, Q) € Jaiss x@ﬁm, the payoff of a sender

nxm

and a receiver is equally defined by

(P, Q) = Z(sz'iji) = tr(PQ)."
i=1 j=1

Our game Ty, ,,, = { P/, X Q% s 7(P, Q) } is described as an asymmet-
ric game between a sender and a receiver (Lewis, 1969). When each agent
plays both the role of a sender and the role of a receiver, the sender—receiver
game is called a symmetric game. The symmetric game is introduced by
Wirneryd (1993).

We study the Nash equilibria of the asymmetric game I';, ,,,. Let B(Q) €
P4 and B(P) € Q5.,, denote the best-response correspondence of
P and @ respectively. Following Pawlowitsch (2008), and Hofbauer and
Hatteger (2015), we introduce a Nash strategy and a strict Nash strategy in

the sender-receiver games.
Lemma 1. A pair (P,Q) € P5.,, X Q5. is
(i) a Nash strategy of I',, ,,, if and only if P € B(Q) and @ € B(P),

(ii) a strict Nash strategy of I',, ,,, if and only if P is a permutation matrix

4For simplicity of notation, we have multiplied the payoff of each agent by the number
of possible states n.



and Q = P'.

A perfect communication where every state is bijectively associated with
one signal and vice versa is called “signaling system” (Lewis, 1969). It is
represented by a strict Nash strategy in asymmetric games. Strict Nash
strategies of assymetric games correspond to their evolutionarily stable
strategies of their symmetrization (Selten, 1980). A strict Nash strategy
exists only when n = m (Trapa and Nowak, 2000). Hence, we turn to a

weaker equilibrium concept (Pawlowitsch, 2008).

Lemma 2. A strategy (P, Q) € P5,,, x Q5. is a neutrally stable strat-
egy if
(i) (P, Q) is a Nash strategy and

(ii) whenever (P', Q) € B(Q) x B(P)\{(P,Q)}, 7(P,Q) > n(P', Q).

The useful characterization of a neutrally stable strategy of I, ,,, is (Pawlow-
itsch, 2008):
Proposition 1. Let (P,Q) € P2, x Q2. be a Nash strategy. (P,Q) is
neutrally stable if and only if
(i) at least one of the two matrices, P or ), has no zero column, and

(ii) neither P nor @ has a column with multiple maximal elements that are

strictly between 0 and 1.

2.2 Types of neutrally stable strategies

I'm has a large set of neutrally stable strategies. We focus on neutrally
stable strategies that have a maximal payoff.

Maximal payoff (Nowak, Plotkin, and Krakauer, 1999)



A maximal payoff of sender-receiver games is given by
tr(P, Q) = mi .
wax tr(P, Q) = min{m, n}

When n < m, there are three types of neutrally stable strategies that

have a maximal payoff.

(i) an extended version of a signaling system.?
(i) a mixed strategy, and

(iii) a hybrid strategy.

At each state, a sender and a receiver who choose these strategies neces-
sarilly receive one payoff by sharing the information of each state with one
signal or multiple signals. Thus, there is no zero column of (). Proposition 1

indicates that each of these strategies is a neutrally stable strategy.

(i) The first type is an extended version of the signaling system. Both agents
use a signaling system for n states and n signals. A sender does not use the
othe signals m — n. On the other hand, a receiver associates each of these
signals (others) m — n with states or a state. This strategy clearly exists
if n < m. We call this an extended signaling system, that is, when a
receiver associates each signal of the other signals m — n with each state

equally.

Example 1 (an extended signaling system).

°This strategy is represented by an extended permutation matrix (Trapa and Nowak,
2000).
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1000
11 1
PP=loo10 | @i=]2?* 3?73
01 0

0001
00 1

(ii) Another type is a unilaterally mixed strategy. In this strategy, a
sender associates each state with multiple signals. Then, a receiver associates
these signals with each state. Both agents necessarilly receive one payoff at
each state by communicating with multiple signals. This strategy exists if

m
n < 3.

Example 2 (a unilaterally mixed strategy).

10
L1900 0 bo

«_ | 2 2 .
P2—00111,2—01
3 3 3 01
0 1

(iii) The last type is a hybrid strategy. A sender and a receiver choose a
signaling system for some states and signals, whereas they choose a unilat-

erally mixed strategy for the others. This strategy clearly exists if n < m.

Example 3 (a hybrid strategy).

100
1000
010
Pr=10100| Qr=
N 00 1
22 00 1



2.3 Selection-mutation dynamics

We now consider the selection—mutation dynamics on the behavioral strate-
gies, as per Hofbauer and Hutteger (2015). In an extensive form game of a
sender-receiver game, a behavioral strategy is represented by a probability
measure over strategies of a sender and a receiver.

We define an (m — 1)-dimensional behavioral strategy simplex of a sender

when the sender observes a state i € N, defined by S;, as

Si ={(pin, pi2s - - -, Pim)| Zpij = 1,pi; > 0 for each j € M}.
j=1
Similarly, we define an (n — 1)-dimensional behavioral strategy simplex

of a receiver when the receiver observes a signal j € M, defined by S;, as

S; = {1 j2: - Gin)l Y @ik = 1,5 > 0 for each j € N}.
k=1
The space of behavioral strategies is defined by S = ILienS; X ILicarS;.
Our dynamic selection process is described by a dynamical system of
differential equations defined for all points in S. The dynamical system is
formulated as the following 2mn differential equations: For each ¢ € N and
JjeM,
Dij = pij(qji — ZpiSQSi) +e(1 —mpy;),
seM
Qi = aji(piy — Y ajepry) + 6(1 = ngy),
teN

where € and 0 are small, uniform mutation rates. We denote this system

10



by S = ®(S). This dynamical system is called the selection—mutation
dynamics (Hofbauer, 1985). If ¢ = § = 0, the selection—mutation dynamics

coincides with the replicator dynamics.

3 Extended signaling system

In this section, we define and study an extended signaling system. Given

n < m, an extended signaling system has m-n zero-columns of P. We define

the jth column vector of the matrix P, denoted by p;, and the 7th column
vector of the matrix @), denoted by q;, that is, P = (p1, P2, .., Pm), and Q =
(q1,d2,-.-,9n). Let Zp = {j € M | p; is a zero-column of the matrix P} de-

note the set of signals that are not employed, and Zg = {i € N | q; is a zero-column
of the matrix @} the set of states that are not conveyed.

A

xn 18 an extended

Definition 1. We say that a strategy (P*, Q*) € Pi,, x Q

signaling system if the following properties hold:
(i) |Zp-
(i) pi; = ¢;; = 1 or pj; = qj; = 0 for each i € N and each j € M\Zp,

=m-n,°

(ili) ¢; = + for each j € Zp and each i € N,
where (pfj, qu) (i) ENX AT denotes the entries of an extended signaling system

(P*, Q).
Example 4.

i} 1 00 .
P4: 7624:
010

0
1

R

I

[y

1
2

ol

In what follows, | X| denotes the cardinality of a set X.

11



where Zpr = {3}, Zg: = ¢.

We introduce additional notatins to provide clear expositions in this sub-
section. Given an extended signaling system (P*, Q*), we divide the set
N x M into subsets I;,7 =1, 2, 3.

I ={(i,j) € N x M | pi; = 1},

I3 ={(i,j) € N x M | j & Zp-,pj; = 0},

It ={(i,j) e Nx M | j € Zp:}.

For (Pf,@3) in Example 4, we can easily check that I; = {(1,1),(2,2)}, s =
{(1,2),(2,D)} 15 ={(1,3),(2,3)}.

We find a rest point of the selection-mutation dynamics close to each
extended signaling system. The rest point is symmetric for the corresponding
extended signaling system. A rest point of our dynamical system, S’ = ®(.5),
is generally defined as a point that satisfies Q)((pij, Qji) (i, j)eN % M) = 0, where

0 € RIV*Ml ig g zero-column vector.

Definition 2. We say that a rest point (P(e, ), Q(¢,6)) € S has a symmet-
ric form for an extended signaling system (P*, Q*) if there are real values

€1, €9, 01,1 such that

(

1—(n—1)e; — (m —n)ey for each (i,7) € I,
Dij(€,0) = < ¢, for each (¢, 7) € I3,

€9 for each (i,7) € I},

\

12



p

1—(n—1)6 foreach (i,j) € Iy,

gji(e,0) = < 5, for each (i,7) € I,

0 for each (i,7) € I3,

\

where (pi;(e,6), @ji(e,0)) i jenxm are entries of (P(£,0),Q(e,0)).

Example 5.

For an extended signaling system,

100
10000 3 3 3
PP=100001], @=]001],
00100 33 3

010

the symmetric rest point of the selection—mutation dynamics has a form such

that
1—2e1 —2e9 &9 €1 €9 €1
]55(575) = €1 €9 €1 €9 1 —2e1 —2e9 |,
€1 €9 1 —2e1 —2e9 &9 €1
1—26 01 01
q1 a1 a1
Q5(€,5) = 01 01 1-26 |,
0 41 0

5, 1-28 4
where Zp. = {2,4}, I = {(1,1), (3,3), (2,5)},

13



I5 = {(27 1)7 (37 1)’ (1’ 3)7 (27 3)7 (1’ 5)’ (37 5)}7
I3 ={(1,2),(2,2),(3,2),(1,4),(2,4), (3,4)}.

Theorem 1. For each pair of the mutation rates (e,6), there is a neigh-
borhood of the point (P*, Q*) that contains a unique symmetric rest point

(P(g,8),Q(e,0)) of the selection mutation dynamics.

All proofs are relegated to Appendix. Corollary 1 explicitly shows the
form of the first-order approximation to the symmetric rest point close to
the corresponding exteded signaling systems. This form clearly indicates
that an extended signaling system is the limit point of the family of the
symmetric rest points as (e,9) goes to (0,0). Furthermore, using this form,
we derive Thorem 2, which explores the stability of the rest point of our

dynamical system.

Corollary 1. The first-order approximated entries (ﬁij(s, 9), Gji(e, 5)) (.5)ENXM

of the rest point (P(e, d), Q(e, 9)) € S in a neighborhood of an extended sig-

naling system (P*, Q*) are explicitly given as follows:

)
1 — mn=2ntle for each (i, ) € I7,

Dij(e,0) =< e for each (i,7) € I3,

g for each (i,7) € I},

1—(n—1)6 foreach (i,5) € I},
gji(e,6) =<6 for each (i,7) € 13,

1 for each (,7) € I3.

14



Example 6. The first order approximation of the symmetric rest point close

to the extended signaling system (Pj, Q}) in Example 4 is given by
1-6 9

1—3e € 2e -
7Q4(€a5): 5 1_5 )

€ 1—3¢ 2¢

P4(€,(5) =

N |
N =

where Zpr = {3}.

Sequentially, we demonstrate how the asymptotic stability of the selection-
mutation dynamics at the symmetric rest point depends on the mutation
rates (e,d) as well as the numbers of states and signals (n,m). Table 1 is an
example of the first order approximated Jacobian matrix of our dynamical
system evaluated at the symmetric rest point close to the exteded signaling

system (Pj, Q}) with (n,m) = (2,3). Each entry of Table 1 is

[8 a row of Table 1]
[8 a column of Table 1}

, for examle, gﬁ ”t . We obtain the characteristic equation of the first-order

approximated Jacobian matrix evaluated at the symmetric rest point close

to the extended-signaling system (P, Q%) from Table 1.

We turn to the general case, i =1,...,n,7 =1,...,m. Let J®(e,d,n,m)
denote the Jacobian matrix with respect to p;j;, ¢;;, evaluated at the first-
order approximated rest point close to the corresponding extended-signaling
system of our dynamical system with the mutation rates (g,9). J®(e,d, n,m)
has (2nm)? entries that are completely listed in Table 2.A. The list consists
of six sub-lists, rows of the entries as follows: the r-th row comprises the

0

values of 52? and %L; with (i,7) € I,,7 = 1,2,3; %’;jf and %L;f with (7,7) €

15



I._3,7 = 4,5,6. The contents of each cell of the sub-lists are explained in

the following table.

specifying the pair of (s, t)

o . o a5, ap, o4 04,
specifying the pair of (i,7) || value of (6521 or ﬁ or G;Zi or #)

number of such entries above in the Jacobian matrix

Using this list in Table 2.A, we obtain the general formula of the characteristic
equation of the first-order approximated Jacobian matrix evaluated at the
symmetric rest point close to each extended-signaling system.

% for sufficiently small ¢ and §.

Theorem 2. Suppose that <
Then the symmetric rest point close to the corresponding extended-signaling

system is asymptotically stable.

An extended signaling system is coincident with a signaling system when
n = m. All eigenvalues of the characteristic polynomial from the proof of
Theorem 2 are negative when n = m. Therefore, a rest point close to a

signaling system is asymptotically stable.

4 Unilaterally mixed strategy

For each i € N, let K; C M denote a set of signals that a sender sends after
nature chooses a state © € N. For each i € N, let each k; € K; be a signal of
K, C K.

Definition 4. We say that a pair of strategies (P*,Q*) € PnAxm x Q5

mXn IS

a unilaterally mixzed strategy if the following properties hold:
(i) | M| = ZfV|KZ| and K; N K; = () for each i,j € N(i # j) and
K, K; C M,

16



(i) 0 < pi, < 1 with Z,ifj pir, = 1, and ¢j; = qu,i = 1 for each i € N,
each K; C M and each k; € K,
(iii) pj; = ¢j; = 0 for each i € N and each j € M\K;.

Example 7. A unilaterally mixed strategy:

001
001
00looo 100
B=100003 33 |,&=]100 [
5 300000 010
010
010
where K; = {3,4}, Ky = {5,6,7}, K3 = {1, 2}.

This depends on the relationship of € and ¢, that is, whether a rest point
close to a unilaterally mixed strategy exists under the selection—mutation
dynamics. For a example, there is always a rest point close to the strategy
including a unilaterally mixed strategy as a part of strategy form when ¢ =
d(Hatteger and Hofbauer, 2015). We mainly focus on the case £ # §. Then

we find that there exists a rest point close to the unilaterally mixed strategy

if pir, = Ifél for each i € N, each K; C M and each k; € K;.

Definition 5. We say that a rest point (P(e, ), Q(e,6)) € S has a symmetric

form for (P*, Q*) if there are real values e1,;,d;,, such that

\I;I — Wl‘(z,/ i} > onl €,,) foreachie N and each j € Kj,

for each i € N and each j € M\ K,

17



. 1— Zﬁy\{i} 513-1'/ for each ¢« € N and each j € K,
sz'(& ) =

5 for each i € N and each j € M\ K,

where (ﬁij(s,5),@ji(5,(5))(i7j)€NxM are entries of (15(5,(5),@(6,5)).

The contenuous strategy space contains a rest point close to a unilaterally
mixed strategy under the replicator dynamics. However, the perturbation
of the replicator dynamics destroys most of rest points in the case ¢ # ¢
(Hofbauer and Hatteger, 2015). Similarly, the perturbation destroys each
rest point except for a rest point close to a unilaterally mixed strategy with
Dij = ﬁ for each 7 € N and each K; C M. Thus, the rest point close to the

unilaterally stable strategy is isolated

Theorem 3. Suppose that p;,, = ﬁ foreach? € N, each K; C M, and each
k; € K;. For each pair of mutation rates (&, d), there is a neighborhood of the
point (P*, Q*) that contains a unique symmetric rest point, (P(s, J), Q(a, 9)),

of the selection—mutation dynamics.

Sequentially, we have the first-order approximated values of ¢;,;,d;,, for
each i € N, each j € M\ K.
Corollary 2. The first-order approximated entries (ﬁij(s, 9), Gjile, 6)) ()N XM

of the rest point (P(e,d),Q(e,d)) € S in a neighborhood of a unilaterally
mixed strategy (P*,Q*) is explicitly given as follows:
ﬁ — %6) for each i € N and each j € K,

€ for each i € N and each j € M\ K;,

Pij(e,6) =

18



. 1—|Ki|(n—1)) foreachi € N and each j € K;,
q]Z(Evé) =
| K]0 for each i € N and each j € Ky (i # 7'),
where (ﬁij(s,5),@ji(5,(5))(i7j)€NxM are entries of (15(5,(5),@(6,5)).

Example 8. A unilaterally mixed strategy:

Py = € € € €

30 1-66 30
30 1-65 30
30 1—-60 30
where K; = {3,4}, Ko = {5,6,7}, K3 = {1,2}.

We also obtain the characteristic equation of the first-order approximated
Jacobian matrix evaluated at the symmetric rest point close to each unilat-

erally mixed strategy with |K;| = 2 for each 7 € N.

Theorem 4. Suppose that |K;| = 2 for each i € N and § > % for
sufficiently small € and §. Then, the symmetric rest point close to the corre-

sponding unilaterally mixed strategy is asymptotically stable.

19



5 Hybrid strategy

Let L C N be a subset of N, and K C M a subset of M. We define a set of
signals after observing a state [ € L, denoted by K; C K. Let k; € K; be a
signal of K; C K.

Definition 6. We say that a pair of strategies (P**, Q**) € PnAXm X Q,%Xn is

a hybrid strategy if the following properties hold:
(i) |K| = SF |Kil and m — n = |K| — | L,
(ii) p;7 = ¢;f = 1 or pj7 = qj7 = 0 for each i € N\L and each j € M\K,
(iil) pjf = ¢j; = 0 for each i € N\L and each j € K,
(iv) pif = pir;, 0 < pix; < 1 with Zgl pir, = 1 and ¢} = qi,; = 1 for each
1 € L and each k; € K;, and
(v) pij = ¢;; = 0 for each i € L and each j € M\Kj,

where (pjj* , q;‘;*) () EN XM denotes the entries of a hybrid strategy (P**, Q**).

A hybrid strategy is coincident with a signaling system when |L| = |K| =
0. A hybrid strategy is coincident with a unilaterally mixed strategy when
IN\L| = [M\K| = 0.

We introduce additional notatoins to provide clear expositions in this
subsections. Given a hybrid strategy (P**, @*), we divide the set N x M
into subsets, I;,i =1,2,3,4,5,6,

I ={(i,j) e Nx M | pif =¢>=1,i€ N\Land j € M\K},
Lr={(i,j) e NX M | pjf =¢q;; =0, i € N\L and j € M\K},
I*={(i,j) e Nx M | pjf =¢qj;; =0, i € N\L and j € K},

(i,7)

gy
I ={(i,j) ENx M |p=qf =0, i € L and j € M\K},

i
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Lr={(i,j) e NX M | pjr=¢q;; =0, i € Land j € K\K},
Ig*={(i,j) € N x M | pjf IK‘andq**zl i€ Landje K}

Example 9. A hybrid strategy:

0100
010000 1000
. 5003500 N 0010
B = 1 1 T ’
003030 0100
000001 0010
0001
where L = {2,3}, K = {1,3,4,5}, K, = {1,4}, K5 = {3,5},

I = {(1’ 2>’ (47 6)}7 I = {(1’ 6>’ (47 2)}7
I3 ={(1,1),(1,3),(1,4),(1,5),(4,1), (4,3),(4,4), (4,5), },

Ir = {<27 2)7 (27 5)7 (37 2)7 (37 5)}? Iy = {(27 3)7 (27 5>7 (37 1)a (37 4)}7
Ig* = {<27 1)7 (274)7 (37 3)7 (37 5>}

Definition 7. A rest point (P(e,§), Q(g,8)) € S has a symmetric form for

(P**, Q") if there are real values ¢, €2;,€3;,€4;;,01, 02;,03;, 04, such that

p

1- (m - |K| - 1) Zl Zk‘l 62kl for each (Zvj) € ]f*7

€1 for each (i,7) € I3,
. €2, for each (i,7) € I3*,
Pij(e,0) =

€3, for each (i,7) € I},

€4, for each (i,7) € I3,

L\ *x
éi| - |z;\(( — |K])es, + 3 v Zkl 541;@1) for each (4, j) € Ig*,
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(

1—(n—|L —1)6, — 3273y for each (i,5) €

) €
3t for each (i,7) € 13,
o, for each (i,7) € I},
Gji(e,0) =
ds, for each (7,7) € I3*,
O4;; for each (i,7) € I3,
)

1—(n—|L|)ds, — Mg by, for each (i,7) € Ig*,
\

where (p;;(e,0),qji(,6)) @ j)enxm are entries of ( P(e,0),Q(e,0)).

A rest point close to a hybrid strategy exists, since it has the hybrid form

of a signaling system and a unilaterally mixed strategy.

Theorem 5. Suppose that p;, = for each @ € L, each K; C M and

\K |
each k; € K;. For each pair of mutation rates (e,9), there is a neighbor-
hood of the point (P*™,Q**) that contains a unique symmetric rest point,

(P(£,6),Q(e,6)), of the selection-mutation dynamics.

Sequentially, we have the explicit form of a rest point.

Corollary 3. Suppose that p;, for eachi € N, each K; C M, and each

\Kl
k; € K;. The first-order approximated entries (p” (€,0), gile, 5)) (.)EN XM of
a rest point (P(e,0),Q(e,d)) € S in a neighborhood of a hybrid strategy

(P*, Q*) are explicitly given as follows:
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- For real values ¢, 9,

1—(m—1)e foreach (i,7) € I}*,
e for each (i, ) € I3*,
e, 5) = c for each (i,7) € I3*,
e for each (i, j) € I;*,
e for each (i, j) € I}*,
\I;'I — ml;(‘j{"‘s for each (i,7) € I}*,

1—(n—1)0 for each (i,7) € I},

) for each (i,7) € I3*,
3 | Ky |d for each (i,7) € I3* with j € Ky,
Gji(e,0) =

) for each (i,7) € I}*,

| K]0 for each (i,7) € I3* with j € Ky,

1—|K;|(n—1)§ foreach (i,7) € I}* with j € Ky,
\
where (p;;(e,0),qji(€,6)) @ j)enxm are entries of (P(g,6),Q(e, 0)).

Example 10. The first order approximation of the symmetric rest point

kk

close to a hybrid strategy (P:*, Q%) in Example 9 is given by

€ 1—5¢ € € € €
L_9¢ € 15 L_9¢ € €
P = 2 2
T T 1 1 )
€ € 5—25 € 5—25 €
€ € € € € 1—5¢
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20 1-66 20 20

20 20 1-66 20

) ) o 1—-30

Xk __

We also obtain the characteristic equation of the first-order approximated
Jacobian matrix evaluated at the symmetric rest point close to each unilat-
erally mixed strategy with |K;| = 2 for each [ € L and each K; C K. This
condition leads to |K| = 2|L|.

Theorem 6. Suppose that |L| > 1 and |K;| = 2 for each [ € L and each
K, C K, and § > w for sufficiently small ¢ and §. Based on Theorem
5, a first-order approximated Jacobian matrix exists, and it is evaluated at
the symmetric rest point close to a hybrid strategy with |K;| = 2 for each
[ € L and each K; C K. Then, the symmetric rest point close to the hybrid

strategy is asymptotically stable.

6 Discussion

6.1 Comparisons among strategies

Our conditions in sections 3, 4 and 5 guarantee asymptotic stability of a rest

point close to each of the three neutrally stable strategies for m > n > 2.

e an extended signaling system:

n(n—1)
mn—n2—1"

<

£
0
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e a unilaterally mixed strategy with |K;| = 2 for each i € N and each
Ki C M:

m(n—1)

>

3 , where m = 2n,

e a hybrid strategy with |K;| = 2 for each [ € L and each K; C K:

¢ > KD "where m —n = |K| — |L|, | K| = 2|L], and |L] > 1.

Note that a unilaterally mixed strategy and a hybrid strategy do not
simultaneously exist because both conditions are not compatible for n, m,
|L|, and |K|. By arranging these results, we define three functions from a set

N to a set M, denoted by

me(n) = %(n—l)JrnJr%,
mu(n) = i
mp(n) = n+ ji.

where me(n) is the function describing the line that divides two regions: a
stable parameter region for a rest point close to an extended signaling system
and a unstable parameter region for it; m, for a unilaterally mixed strategy
and my, for a hybrid strategy.

We illustrate the foregoing results by means of the following examples.

Example 8. Consider £ = 1,10, %. We obtain the following inequalities.
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| 1
20 ) 2n+—=1
| n
15 || 2
| Ll
10 '. n-1
R “
_———‘_____ —n
: —
4
1 1 1 — L] -
i 2 4 [5 g 10 n-1
SR
\
i
\
-10f lI
1

Figure 1: £ =1

- £ =1 (Figure 1); m < 2n+ £ — 1 (an extended signaling system), m < -+

n—1
(a unilaterally mixed strategy), and m < n + -2

- (a hybrid strategy) .
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20
1 —
n=1
11n 1 1
. R
10 n 10
n
40
n P
gL
10+

Figure 2: £ =10

- £ =10 (Figure 2); m < 1in+L—+- (an extended signaling system), m < -2
a unilaterally mixed strategy), and m < n + 2% (a hybrid strategy) .
n—1
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1
a0 F 1ln+—=1
n

n+
20k 5n-5

20k | 5n-5

i e 1
Figure 3: £ = 3

- £ = & (Figure 3); m < 1ln 4 + — 1 (an extended signaling system),

1

m < =2~ (a unilaterally mixed strategy), m < n+ =——

(a hybrid strategy)

We consider the parameter region over the line m = n (n < m). In the
parameter regions below each m., m,, and my, a rest point close to each
strategy is asymptotically stable. When £ = 1, more rest points close to
each extended signaling system is asymptotically stable for 3 < n. When
$ = 10, more rest points close to each unilaterally mixed strategy is asymp-
totically stable for 2 < n < 5, each hybrid strategy for 5 < n < 14, each
hybrid strategy for 15 < n. When $ = %, more rest points close to each ex-

tended signaling system is asymptotically stable. We now turn to the general
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analysis. Differentiating m.(n), m,(n) and my(n) for n, we obtain

Ome(n) 1 1

on 5 +1 n2’
my(n) 4

on o (n—1)2>
Omp(n) _ 1 — 25

on (n—1)2

Thus, the first derivative test gives where m., m, and my increase and

then decrease.

(i) me increases as ¢ increases. m. always increases for n > 2.
(ii) m,, increases as ¢ increases. m, always decreases for n > 2.

(iii) my, increases as € increases. my, increases for n > 14,/ 2755. my, decreases

for2<n <14 ,/%.

In sender-receiver games with a common interest, more rest points close
to each extended signaling system exist because § are bigger, whereas more
rest points close to each unilaterally mixed strategy and each hybrid strategy

exist because ¢ is bigger.

7 Conclusion

In this paper, we showed that each rest point close to an extended signaling
system, a unilaterally mixed strategy and a hybrid strategy can be asymp-
totically stable under the selection-mutation dynamics when n < m. Our
results in Theorem 2, Theorem 4 and Theorem 6 show the optimal strategy
for stability according to n,m,ec and . Under the selection-mutation dy-
namics, a signaling system or a signaling system is not always the optimal

strategy.
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We then studied tha case in which n < m. From symmetry, we also
obtained similiar results when n > m. We omited the case in which n > m
for want of space.

Nevertheless, our investigation is also beset by two limitations. First,
regarding the analysis of a unilaterally mixed strategy and a hybrid strategy,
we only analyze the case in which |K;| =2 fori € N ori € L.

Second, regarding all strategies except for an extended signaling system,
a unilaterally mixed strategy, and a hybrid strategy, we did not study the
stability of a rest point close to each strategy except for the aforementioned
strategies. We conjecture that there is no strategy, except for the aforemen-

tioned, that leads to asymptotic stability.
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Appendix
Proof of Theorem 1

Fix a signal j of (¢,7) € I3 and denote it by j. Since Y. | ¢ = ng1 = 1,

we obtain ¢; = %

We sequentially find the values of the entries of the symmetric rest points
€1,€9, and 0;. The values of 1,25, and d; are consistent with the condi-
tions, p;; = 0 and ¢;; = 0 for each (i,5) € Iy, 5, [3. Our dynamical system

S" = ®(S) of the selection-mutation dynamics consists of 2mn differential

equations:
(
P11 = pu(@un — P — P12gar — -+ — PimGma1) + (1 — mp11),
Di2 = p12(Q21 — P11q11 — P12Q21 — -+ — plmqm1) + 6(1 — mp12>7
pnm - pnm(an — Pn1qin — Pn2qon — **° — panmn) + 5(]— - mpnm)a
dgn = qu(pu — quPi — @2p21 — - — quaPn1) + 0(1 — ng11),
Qs = Q12<p21 — q11P11 — q12P21 — - — q1npn1) + 5<1 - nq12),
(jmn - an(pnm — m1P1m — dm2P2m — = — anan) + 5(1 - TLan)

By the symmetric form of the rest points, these equations are divided

into six equations:

31



pij = 0 for each (7,7) € I,
) € I27

pi; = 0 for each (4,

¢;i = 0 for each (7,j) € I,

¢;i = 0 for each (¢,7) € I,

(i,7)
(i,4)

pij =0 for each (i,7) € I,
%)
(i,7)
(4,7)

¢;i = 0 for each (7,7) € Is.

\
We remove redundant equations, that is. equations p;; = 0 and ¢;; = 0
for each (7,5) € I;, and ¢;; = 0, for each (i,j) € I3. Thus, we have the

following three equations:

pij =0 for each (i,7) € Iy,
pij =0 for each (4, ) € I,
qﬂ =0 for each (Z,]) € [2.

By substituting the entries (p;;, ¢;;) of Definition 2 and ¢; = % into the
above equations, we obtain the following reduced system F' = 0 that consists

of f[(€1,€2,(51;5,5) = 0,] = 1,2,32

fi(e1,€9,01;¢,8) = 0, for each (i, j) € Iy,
F=0%& 14 foler,e9,01;¢,0) =0, for each (i, ) € I,
f3(e1,€2,01;€,0) = 0, for each (i,7) € Is.



Dijldi; — Z DisGsj — Z DisGsj — Z DisGsj] + (1 —mp;;) =0 for each (4,7) € I,

(i,8)€lL (i,8)€l2 (i,8)€l3
o Pl — Z DisGsj — Z Disdsj — Z Pisds;]) + (1 —mpi;) =0 for each (i, ) € I3,
(i,9)€l1 (i,5)€l2 (i,5)€l3
@jilpji — Z QjtDrj — Z qjtPrj — Z qjtbj] +6(1 —ngj;) = 0 for each (i, j) € I,
(t.j)eh (t.j)el2 (t.4)€ls

{er—(n—1Dder—[1—(n—1)0][1 = (n—1)e;y — (m —n)ea]} + 6(1 — ndy) = 0.

Let Df denote the Jacobian matrix of fi, fs, f3 with respect to 1, €9, 01,
that is,

of 0K Of
881 852 8(51

— Ofa Ofr Of
D‘f Oe1  0Oey 061

Ofs  9fs Ofs
g1 Oeq 001
Let det(D f(x)) denote the determinant of D f(x) at point x = (€1, &9, d1; €, 0).

Since

at the point (e1,€9,4d1;¢,9) = (0,0,0;0,0), we have det(Df(O)) # 0 with
n > 2.

By the implicit function theorem, our reduced system F = 0 defines
€1,€2, and 01 as continuously differentiable functions of ¢ and ¢ in some
neighborhood of (g1, &s,01;¢,8) = (0,0,0;0,0).” We denote these functions
by €1(g,0),e2(g,0), and 01(¢, ).

"That is, we obtain unique candidates of values of 1,9, and 81, for each pair of
mutation rates, (g,0).
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Inserting ¢;; = 1 and p;; = e, for each (i, j) € I3, into

dji = ¢5i(pij — Zthptj) + (1 —ng;)  with (i,7) € I,
=1

we obtain

< 1 1 1
G = Gi(Py —;qjtﬁtj) +3(1=ngsi) = ~(e2=nx - xeg) +3(1—nx ) =0.
The constant values, G;; = % and p;; = €, for each (7, j) € I3, of the symmetric
rest point are consistent with the condition required of the rest point, ¢;; = 0.
It remains to be proven that the functions e(g,d),e2(g,d), and d;(¢, )
satisfy the equations p;; = 0 and ¢;; = 0 for each (i,5) € I; which are
removed. From our fixed form of the rest point, we can assert that, for each
(i,7) € Iy, pyy = €1(6,0) = 0, ¢;s = 61(¢,6) = 0, and for each (i,j) € Is,
Dij = €2(¢,0) = 0. Since we also fix p;; =1 — (n — 1)e; — (m — n)ey and
¢ji = 1 — (n —1)0y for each (i,j) € I, we obtain p;; = —(n — 1)e1(e,d) —
(m — n)ey(e,0) = 0 and ¢;; = —(n — 1)0;(g,6) = 0.
Therefore, we conclude that, for all (i,j) € M x N, p;; = ¢;; = 0 with
(e1,€2,01) = (e1(€,9),e2(€,0),01(g,0)), which proves the theorem. [

Proof of Corollary 1

Tayler’s formula for the function (e(g,9),e2(e,9),d1(g,0)) about (g,0) =
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(0,0) is given by

e1(e,6) £1(0,0) %1(0,0) %L(0,0)
(6)+
)

ea(e,0) | = | 200,00 |+ 22(0,0) %2(0,0)
61(g,9) 61(0,0) %1(0,0) 21(0,0)

Because (£1(0,0),£2(0,0),07(0,0)) is a solution of the system
F1(21(0,0), £2(0,0),8,(0,0);0,0) = 0, = 1,2, 3,

we obtain (£1(0,0),e5(0,0),01(0,0)) = (0,0,0).

By the implicit function theorem and the fact that

-1 0 0
Df(0) = 0 1’7” 0 )
0 0 -1
we obtain
0.0 %00 %) %00)
e e — -1 P 2
22(0,0) 22(0,0) [ =—(Df(0)") %%GD %%GU
G4(0,0) 5(0,0) %2(0) %(0)
-1
-1 0 0 10 1 0
= - 0 1;" 0 L o= 01>
0 0 -1 01 0 1
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where 0 = (0,0,0;0,0). Thus, Tayler’s formula described above becomes

e1(e,6) £1(0,0) %1(0,0) %L(0,0) ] 01(g, )
ea(e,0) | = | 200,00 |+ 22(0,0) %2(0,0) 5 +| 0s(e,0)
d1(¢,0) d1(0,0) 52(0,0) +(0,0) 03(e, 0)
1 0 01(e, 6
=1 = 0 Z + | o02(g,0 ;
0 1 03(g,0)

where o;(e,0),I = 1,2,3, stands for the second- or higher-order terms of
and ¢. Thus, we obtain the first-order approximated values of €1, 5, and 4y,

respectively, as follows:

g1 = e+oils,0),
g9 = Lge+ o0, 6),

(51 = 0+ 03(8,5).
Replacing €1, €5, and 4, in Definition 3 by these values above, we find the
first-order approximated rest point. [
Proof of Theorem 2

The characteristic equation of the first-order approximated Jacobian ma-
trix evaluated at the symmetric rest point close to any extended-signaling

system is given by
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(A —mdnt2e — (p —1)5 + 1"
x[A+¢&—nd + 1D

XA+ e — (n— 1) + 1 — 2Jnim=m)=1
X[\ — =2etmitle — (n —2)6 + 1]

_mn n€+5_|_ ]nnfl)

X[\ + e + noprim—m=1
X[\ — mi=ni=le g )
XA+ =5 (n® —n?+n—mn®*+mn)e + (1 —n)d + 1 — 2]

[
[
[
x[A
[
[
A+
x|

)\+(mn—n —n+2e+(1—-n)d+1=0

where A is the eigenvalue.

We briefly explain the procedure for obtaining the above equation. Let
A = J®—M\I, that is, det A, denote the characteristic polynomial. Let a;; € A
be the entries of the matrix A, and A;; the corresponding (7, j)th cofactor.
Then, we disregard any term that is a second- or higher-order term in ¢,¢
because of the continuity of the characteristic polynomial with respect to e
and 4. Consequently, we may regard most of the entries of the Jacobian
matrix, except its diagonal factors, as 0, or linear forms of € and d. Referring
to Table2.A and noting that |I1| = n,|ls] = (n — 1), and |I3] = n(m — n),
we expand the matrix A along any ith row. We thus obtain the following

polynomial.

8This is a normal procedure for determining the stability of a rest point, which Hofbauer
and Hutteger (2015) also follow.
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detA
= Yrm(=1)Frag Ay,
— [ A+ mn—371+25+ (n _ 1 _ 1]n[ A—c+nd— 1]n(n—l)[)\ __n

e+ (n—1)5 — 14 Lnim=m)
A

X

X[CA 4+ 2L 4 (3 _ 2)§ — [[F[A 4 Bizte _ g [[H0-D[_A — L _ pgprnn)

—(—25e)(— 21(7’1”"1)%)[ A madndle 4 (n -1+ 1] A —e+nd + 1" V[N — e (n — 1)§ + 1 + L]nlm=m)—1
X[=A o FEmntle 4 ( — 2)§ — 1" [—A 4 2i5te — § 4 1" D[—) — e — g x n(m —n)

- c[ A mdni2e 4 (n—1)6 — 1]" A —e4né — 120D [\ — Le+(n—1)5—-1+ %]"(m’“)’l

-

At Mc + (n —2)8 — 1][-A + moste — § — 120D ) — Loe — pg]P =L n(m — ).
This polynomial is the sum of three parts. The first part comprises all

the diagonal factors of the characteristic polynomial detA, that is, [\ +

mnedntZe 4 (n—1)0 — 1"[-A—e+nd — 1" V[-A— et (n—1)0— 1+

n—1
Lin(m [—A+Ms+(n—2)5—1]n[—A+%e—5—1]n D[—\ —
g — nd]"m=™). In Table2.A, 8p 2P or ggiz for s = i,t = j of each column

correspond to each diagonal factor.
The second part with the negative sign comprises all the diagonal factors

except an entry % for (i,j) € I, (s,t) € I3,s = i,t = j, and an entry

p’L]

gp for (1,7) € Iy, (s,t) € I3,s = i. The value of an entry % for (i,7) €
I, (s,t) € I3,s = i,t = j is ——"5¢. The value of an entry % for (i,7) €

L, (s, t) € I3,s =i is —% — %5. The number of such terms is n(m —n).

The third with the negative sign is composed of all diagonal factors except

an entry ap” for (i,7) € I3,(s,t) € I3,t = j,s = i and an entry 3 p” for

(1,7) € I3,(s,t) € I3,s = i,t = j. The value of an entry % for (z,j) €

Opij

L 1 % fOI' (Z,j) €

I, (s,t) € I3,t = j,s =i is - — —5. The value of an entry
I, (s,t) € I3, 8 = i,t = j is —"5¢. The number of such terms is n(m — n).
By factoring and arranging these parts, we obtain the characteristic poly-

nomial as follows.
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[)\ _ m7173n+2€ _ (71 _ 1)5 + 1]n_l[A Le—ni4+ l]n(n—l)[)\ 4 n%lg _ (’VZ _ 1)5+ 1— %]n(m—n)—l

n—1

X[}\ _ —2n7+7rin+1€ _ ('I’l _ 2)(5 + 1]"[)\ _ rr‘;ri—lng 40+ 1}7z(n—1)[A + ﬁg + né]n(m—n)—l

x(A=mnt2e — (n — 1)+ 1A+ e — (n— 1)5 + 1 — )[A + —Loe + nd)

n— n—1 n—1

+(—25e) (-1 - %6)[)\ +2e—(n—1)84+1— 1] xn(m—n)

n

+(L = L)tg[h — m3nt2e _ (p — 1)5 + 1] X n(m — n))

n w?)nt —
= [A— %}?*25 —(n—1) + 11
x[A+ & —nd + 1)
XA+ e — (n—1)0 + 1 — Lnlm=n)—1
X[\ — 22ukmntle  (p — 2)§ + 1]"
X[A—masne 4§ 4 1]n0D)

X[+ 2Ly + ngJnimom=t

X [)\ _ 1nnn—7nf—l€ + TL(S]

x[A+ 25 (n® —n? +n—mn®+mn)e + (1 —n)d +1— 1]

n—1

XA+ (mn—n*—n+2)s+ (1 —n)d+1].

Proof of Theorem 3

We now find the values of the entries of the symmetric rest points, €y,
01, for each i € N and each j € M\K;. These entries are consistent with
the conditions required for the rest points, p;; = 0 and ¢;; = 0 for each 7 € N
and j € M.

Our dynamical system S” = ®(S) of the selection-mutation dynamics

consists of 2mn differential equations. They are divided into four equations

pij = 0 for each ¢ € N and each j € K,
pij =0 for each i € N and each j € M\ K;,
gji =0 for each ¢ € N and each j € K;,
g;i =0 for each i € N and each j € M\K,.

We remove redundant equations, p;; = 0 and ¢;; = 0 for each i €
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N and each j € K;. Thus, we obtain p;; = 0 and ¢;; = 0 for each ¢« € N and
each j € M\ K;.

By substituting the entries (p;;, ¢;;) of Definition 5 into the above equa-
01.,;€,0) =

tions, we obtain the following reduced system F' = 0 that consists of f7(e;

0,/ =1,2, for each i € N and each j € M\K;:

a5 71’

F=0

£,0) = 0,for each ¢ € Nand each j € M\K;
g,0) =0, for each i € Nand each j € M\K;.

N\{i K, N\{i N\{i K,
a1 {00, — 1Kl — (2 i e, )@ = 2 0,) = (0 e, B, (L= me,) =0,
for each ¢ € N and each j € M\K;,,

61, {1, = MW b1, — (g — i (CN SR e, DA = SN 8,0} 6010 na,) =0
for each i € Nand each j € M\K;(j € Ky,i #').

f( 1]7 ﬂa
=
fa

< zg’ ]1’

g,0) = (0,0;0,0) for each ¢ € N and
each j € M\ K is a solution to the reduced system, that is, f;(0,0;0,0) =0,
I =1,2 foreach i € N and each j € M\K;. Let Df be the Jacobian matrix
01,,;€,6) = (0,0;0,0) for
each i € N and each j € M\K;, we have det(Df(0)) #0. O

From this, we see that (e1,;,0d1,,;

of f1, fo with respect to e,

i

01;,- At the point (g1,

i)

Proof of Corollary 2

Tayler’s formula for the function (e, (¢, 0), d1,(¢,9)) with each i € N and
each j € M\K; about (g,0) = (0,0) is:
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for each ,...,7 € N and each j, ...

€1y, (87 5)

Eli/]-/ (67 5)
51j¢ (57 5)

51]”/ (8, 5)

Because (g

€1, (07 O)

gli/j/ (Oa O)
61;‘1'(07 0)

51]"1” (07 0)

solution of the system

f1(£1,,(0,0),61,,(0,0);0,0) = 0,1 = 1,2, for each i € N and each j €
M\K;, we have (e1,,(0,0),01,,(0,0)) = (0,0) for each 7 € N and each j €

M\K;.

aglij 6€1ij
Oe (07 O) 151} (07 0)
€111 8517;/ o/
091 ” 851ji
85] (07 0) 15} (07 0)
961 i1l 861],,1_,
3—75(07 0) a6 (07 0)

,;(0,0),01,,(0,0)) for each i € N and each j € M\K; is a

By the implicit function theorem and the fact that

for each i,....,i" € N, each [,..,1' € N(i # 1, ...
Kl;-~-7j, e Kp.

o O o o O

o o o O

o o o O

;' # 1'), and for each j €

01, (87 5)

01-/]-/ (67 5)

k3

02, (67 5)

02j’i’ (67 5)

we obtain for eachi,...,i" € N, eachl,...,.I' € N(i #1,...,i' #1'), and for each j €

41




Klv "'7j/ € Kl’7

Oe1, . Oer,; 1 1
316” (07 0) al(SJ (07 0) %(0) %(0>
agli’j’ aeli’j’ of ofr
Oe (07 O) e (07 O) _ _(Df(o)—l) 8_51(0) W(O)
20,00 Z44(0,0) 2:(0) %(0)
981 ,, 981 ,, . .
S24(0,0) —55(0,0) G2(0) F2(0)
-1
-1 0 0 0 0 0 10
0 0 0 0 0
0 0 -1 0 0 0 10
- 1
0 0 0 —g O 0 0 1
0 0 0 0 0
1
0 0 0 0 0 —y 0 1
-1 0 0 0 0 0
0 0 0 0 0
0 0 -1 0 0 0
0 0 0 —|K o o |
0 0 0 0 . 0
0 0 0 0 0 —|Ky|

where 0 = (0,0;0,0). From the above equation, we obtain for each i, ..., €
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N, each l,...I' e N(i #1,...,i' #1'), and each j € K,...,j € Ky

Oe1 Oe1

e1,(€,0) e1,,(0,0) 5-(0,0)  —52(0,0) o1,(€,0)
Oe1,, , Oe1,, ,
e1,(€,9) B 511,,],,(0,0) N 5(0,0)  —55=(0,0) € N oli,j,(s,é)
- 061, 061,
o1,,(¢,9) 61,,(0,0) 524(0,0)  —£4(0,0) ) 02,,(€,0)
061 ,, 061, ,
01,,(€,9) d1,,,(0,0) —-(0,0) —5-(0,0) 02, (€,9)
1 00 0 0 O € 01,,(¢,0)
0 0 0 0 0 :
oo 1 0 0 o o || a9
00 01K|] 0 o | |3 02,(6,6) |
0 0 0 0 0 :
000 0 0 |Ky 5 02, (2,0)

where o;(e,d),] = 1,2, stands for the second- or higher-order terms of &
and 0. Thus, we obtain the first-order approximated values of ¢; and 4y,
respectively, as follows: for each i,...,i" € N, each [,....,I' € N(i # 1, ...,i" #
"), and each j € K, ...,j € Ky,

e, = e+oy,(&0),

€1, = £+oy,,(g0),

o1, = |IG]0 4 0g,(¢,9).
51j/i/ = ‘Kl/|(5+02j,i/(€,5).
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Replacing €1,; and 4,5 for each 7 € N and each j € M\ K; in Definition 3

by these values above, we find the first-order approximated rest point. [
Proof of Theorem 4

We follow similiar procedure in the proof of Theorem 2. The characteristic
equation of the first-order approximated Jacobian matrix evaluated at the
symmetric rest point close to any unilaterally mixed strategy is given by

-2

A+2¢] 2

[
[
A —22e — (n—2)6 + 3] !
X[A = Ze — (n—2)§ + 3|1
A+ (4 —m)e+(2—2n— 3m+ )5 + 1]
A+ (1—im)e+(2—n)d + 1]
X[\ + 26 — ™=l =

where A is the eigenvalue. [
Proof of Theorem 5

We find the values of the entries of the symmetric rest point, 1, €217 €3> Edy,
and 51’521’53kz/’54kz/l for each | € L, each I' € L\{l}, each k; € K, and each
ky € Kp. These entries are consistent with the conditions required for the
rest point, p;; = 0 and ¢;; = 0 for each (i, 5) € I7*, I3*, I3, I};*, IX*, I}~

Our dynamical system S” = ®(S) of the selection-mutation dynamics

consists of 2mn differential equations. They are divided into 12 equations:

Py =0 for each (i,j) € It*, I;*, I It* I*, I3,
¢;i =0 for each (i,j) € I+, I3*, I3*, I, I, 15>

F=0&
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We remove redundant equations, that is, p;; = 0 and ¢;; = 0 for each
(i, g) € I+, It*. Thus, we obtain the following eight equations, p;; = 0 and

;i =0, for each (4, j) € I3*, I3*, I}, I

By substituting the entries (ﬁij, g;i) of Definition 7 into the above equa-
tions, we obtain the following reduced system, F' = 0, which
consists Offl<€17€2kl7€3l784lkl/7(51752l763kl,7§4kl,l;€76> =0,1=1,2,3,4,5,6,7,8,
for each [ € L, each I' € L\{l}, each k; € K; and each ky € Ky:

F<€1762kl763“€4lkl/ 01, 0,503, 0,13 €, d) =0, for each [ € L, each
I € L\{l}, each k; € K; and each ky € Ky

f1(51,€2kl 01, 52,753k/ €,0) = 0,for each | € L,each I' € L\{l},each k; € K; and each ky € Ky,
falen, €2y, £s,,01, 52;753;0/ €,0) =0, for each [ € L and each k; € K,
f3(531,54lk/ 517621764k,l78 0) = 0,for each [ € L,each I’ € L\{l},and each ky € Ky,
Ja(es, 54lk,,52l,54kll;5, d) =0, for each | € L,each I' € L\{l},and each ky € Ky,
fs(e1,€3,,01,09,¢,0) = 0,for each [ € L,

fo(e1,€3,,01,09,,6,0) =0,for each l € L,

f7(531,64lk/ 03y, > Oy 15 €5 0) =0, for each | € L,each I’ € L\{l},and each ky € Ky,

(€3, €4+ 05,50, 5 €,0) = Ofor cach | € L, each I' € L\{l},and each ky € Ky,

21 {(51 —(m—|K|—1)e16, — {1 —(m—|K|-1)e, - XF Eki SZM} [1 —(n—|L|=1)8 - XF 52‘] —-YF 22‘ sgkl(sgkl} +e(l—mey) =0,

ea {00, = (m = K| = Deady = [1 = (m = |K| = Der = S Sl e, | [1= (0= 1L = Do = SF 6] = SF Sl e, 8, ) + 21— mes, ) =0,

Jfor each | € L, each k; € K, and each k; € K,

&5, {02 = 1Kl = b (Om = 1K) = g + D00 Sl 20, )= (1= L= D, = S0 64, ,) = (m = K e o, = S0 S e, b, ) + (1= me) =0,

for each [ € L,cach I' € L\{l}, cach k; € K;, and ecach ky € I&,

uy {0 = 1K1y = g (m = 1] = Dz, + SN S e, )1 = (0= L] = 1, = DN 6y, ) = (m = [KDesda, = DN S e, 81, )+ 2(1 = mea,,,) =0,
for each | € L,each I € L\{l}, each k; € K;, and each ky € Ky,

5 {51 — (= |Ll = Ddier — (1= (0 — L] = 1)8y — ¥ 8o)(1 — (m— |K] — Doy — SF Sl ey, ) — Y7 s.;‘az,} +6(1—ndy) =0,

b, {53l —(n—|L| = Dorer — (1= (n — |L| = 1)dy = 37 8, )(1 = (m = |K| = Der = S Skl en, ) = oF 53152‘} +6(1 —ndy,) =

foreach l € L,

. . L'y ' .
&, {gzh” — (0= LDy, 2, — S0 b, [1 — (L] - D), - TP s, } [ﬁ e — [ Eil)es,, + S0 SR SM)H +6(1—nby, ) =0,
for each [ € L,each I’ € L\{l},each k; € K, and each ky € K,

O {%A,, = (0 = |LD)ds,, 2, = S0 s 8, — [1 = (0= L= 1)ds,, = X0V b, ,] [uﬁ mi((m = k)es,, + S e, )H +(1—ndy,,) =0,

for each [ € L,each I’ € L\{l},each k; € Kj,and each ky € K.
From this, we see that (¢1, &2, , €3, Edye, 91,02, 53kl’ , 5476;/1; £,0) =(0,0,0,0,0,0,0,0;0,0)
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for each | € L each I’ € L\{l}, each k;, € K;,and each ky € Ky, is a so-
lution to the reduced system, that is, f7(0,0,0,0,0,0,0,0;0,0) = 0, [ =
1,2,3,4,5,6,7,8. Let Df be the Jacobian matrix of fi, fo, fs, f1, f5, fe, f7, fs
with respect to 51’6%’53l’€4lkl/’51’52“53k1/’54k1/l for each [ € L, each I' €
L\{l}, each k; € K, and each ky € K .

At the point (81’52k1’83kz’54lk1/’51’521753kl/’54kl/l;8’6) =(0,0,0,0,0,0;0,0)
for each | € L,each ' € L\{l}, each k; € K;,and each ky € K, we obtain
det(Df(0)) #0. O

Proof of Corollary 3

We prove the case in which the value of ﬁ for each [ € L and each

k; € K is a constant for simplicity. The Tayler’s formula for the function
(51(6,5),5%[ (€,0),e3,(¢,6), car, (€,0),01(€, ), bo, (5,5),63kl/ (5,5),54lkl/ (€,9))

about (g,9) = (0,0) is given by,

for each [ € L, each I' € L\{l}, each k; € K;, and each k; € Ky,

£1(e,9) £1(0,0) %(0,0) %(0,0) 01(g,0)
€a, (€, 0) €2,,(0,0) 8;2:1 (0,0) BZ%(O, 0) 09(e,0)
es, (e, 0) £3,(0,0) %(0,0)  Zu(0,0) 03(e, 8)
cu @0 | | e 00 | T 0,0 (0, 0) =\ | i)
61(g,0) 51(0,0) 910,00  21(0,0) b} 05(¢,0)
85, (2, 0) 55,(0,0) %2(0,0)  22(0,0) 06(e, 6)
b, (£,9) 5s,,(0,0) ::8 (0,0) %(0, 0) or e, 6)
Oy, (€:9) 0ay,,,(0,0) —12(0,0)  —5:2(0,0) 0s(g, 9)

Because (£1(0,0), £2,,(0,0),€3,(0,0), £4,,, (0, 0),61(0, 0), 52, (0, 0), 03y, (0,0), Oy, (0,0))
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for each [ € L, each I’ € L\{l}, each k; € K, and each k; € Ky is a solution
of the system
f1(£1(0,0), &2, (0,0),5,(0,0), 4, (0,0), 01(0,0), 62,(0, 0), 03, (0,0), Ouyy,, (0,0);0,0) =
0,1 =1,2,3,4,5,6,7,8, foreach ] € L, eachl’ € L\{l}, each k; € K, and each
ky € Kp. we obtain, for each [ € L, each I" € L\{l}, each k; € K, and each
ki € Ky, (€1(0,0), 2, (0,0),€5,(0,0), £4,,(0,0), 1(0,0), d2,(0,0), d5,, <0’O)’54”w (0,0))

By the implicit function theorem and the fact that

-1 0 0 0 0 0 0 0
0O -1 0 0 0 0 0 0
0 0 -1.0 0 0 O 0
o 0 0 -1 0 0 0 0

Df(0) =
0o 0 0 0 -1 0 0 0
0o 0 0 0 0 -1 0 0
0 0 0 0 0 0 - O
0 0 0 0 0 0 0 -
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we obtain, for each [ € L, each I" € L\{l}, each k; € K;, and each ky € Ky,

Oe

2,
Oe
Bagl
-2-(0,0)
8€4lkl
Oe

%4(0,0)
(0,0)
=(0,0)
(0,0)

052,
Oe
dd3,,

Oe

%1(0,0)

(0,0)

(0,0)

o o o o o o

o o o o o

5+(0,0)
240, 0)
%210, 0)
e (0,0)
21(0,0)

a6

o o o O
o

—(Df(0)7")
0 0
0 0
0 0
0 0
0 0
0 0

1
&y O
1
0 =&

—_

o o o O = o=

o O O O = = ==

_ = O O O O

—_

where 0 = (0,0,0;0,0). The above equation can be rewritten for each [ € L,
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each I' € L\{l}, each k; € K;, and each ky € Ky as

Q
[y
™

S S
w N
™ ™

o)
iy
™

51<576) 51(070) %(070) %(07())
Oea Oe2
82kl (57 5) €2kl (07 0) a:l (Ov O) Wkl«)’ O)
£3,(2,0) £3,(0,0) %0(0,0)  %2(0,0)
8€4lkl a€4lkl
€4lkl (87 5) 54zkl (07 O) 4 e (07 O) 96 (07 O)
81(¢,0) 01(0,0) 51(0,0)  %1(0,0)
52, (e. ) 52,(0,0) Z2(0,0)  52(0,0)
063, 863,
53%/ (g,0) 53’%/ (0,0) 52-(0,0)  —5(0,0)
06u, | Dy,
54lkl/ (8, 5) 64lkl, (07 0) Tl<07 O) BH) (07 0)
1 0 01 (6, (5)
1 0 02 (5, 5)
1 0 03(e, )
_ 1 0 9 " 04(6, (5) ,
0 1 ) Os (5, (S)
0 1 0(€,9)
0 |Kyl o7(g,9)
0 |Kl’| 08(6’5)

where o;(g,0),] = 1,2,3,4,5,6,7,8, stands for the second- or higher-order
terms of € and 6. Thus, we obtain the first-order approximated values of

€1,E2 €3, €4y, and 51’62”63ku’§4lku for each | € L, each I" € L\{l}, each
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k; € K;, and each ky € Ky, respectively, as follows:

€1 = e+o0(e0),
€y, = £+02(c,0),
g3, = €+ o03(g,0),
Eay, £+ 04(g,0),
0 = 0+ os(g,0),
dy, = 0+ o0g(e,0),
03y, | K6 + o07(¢,9),
04y, | K16 + o0s(e, 9).

Replacing €1, €2, €3, E4lky and 01, 02,, 53’%/ , 54”%/ for each [ € L, each I’ €
L\{l}, each k; € K, and each ky € Ky in Definition 7 by these values above,
we find the first-order approximated rest point. In the case in which the
value of ﬁ for each I’ € L is not a constant, we can prove the theorem

through the same procedure as corollary 2.  [J
Proof of Theorem 6

We follow a similiar procedure in the proof of Theorem 2. The character-
istic equation of the first-order approximated Jacobian matrix evaluated at

the symmetric rest point close to any extended-signaling system is given by
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A= (m—2)e — (n—1)6 + 1)Kl
[\ + & — nd + 1) IKI=Dm=IK)
x[A+e— (n+1)§ + 1)m-IKDIK]
X[\ + 2 — (2n — 1)§ + 1]IEIm=IKD
X[\ 4 2e — 2nd + 1)(ILI-DIK]
X[A — (m —1)e — (n — 2) + 1]m=IKD
X[\ — me + & + 1] IKD(—1)
— Mg 4 6 4 L]om-IKDIK]

— Mg 4§+ LUK

X

><)\+2€}‘K‘22

X[\ — (m—4)e —2(n —1)5 + 11”5
XA —2=2e — (n—2)§ + 1]IKI-1

X

At (d—m)e+(2—2n+ 2 — 1k)5 + 1]
)\+(1—fm)€+(2—n)5+%]
A2 —En—1)d] =0

X

x|
x|
x|
x|
[
[
A
x[A
[
[
[
[
[
x|

where A is the eigenvalue. [
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