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1 Introduction

We study the von Neumann-Morgenstern (vN-M) expected utility theory from the frequentist
perspective of probability. von Neumann and Morgenstern (1944) (page 19) emphasized
this perspective for expected utility theory, but they did not explicitly formulate it in their
development of expected utility theory. In the literature after them, the notion of probability
in expected utility theory is not considered from the frequentist viewpoint . Expected utility
theory based on the frequentist theory will be crucial when we take experiences seriously
into account, such as in inductive game theory (Kaneko and Kline 2008). In this paper, we
present a frequentist axiomatization of expected utility. This gives a frequentist foundation

for expected utility theory.

Although the frequentist interpretation is traced back to the middle of the nineteenth cen-
tury (Gillies 2000, chapter 5), the modern frequentist theory began with von Mises (1928)2.
He attempted to construct a formal system based on infinite sequences of outcomes from

repetitive experiments. He gives two requirements for such a sequence:
(i) it has a well-defined limit relative frequency for each outcome;
(ii) it is random in the sense that it has no pattern generated by a finite rule.

A sequence satisfying these two requirements is called a collective in von Mises (1928);
however, he did not succeed in finding a rigorous definition of the second requirement. Wald
(1938) gave the first rigorous definition of randomness, but Ville (1939) showed that it was
not yet satisfactory. In the recent literature, a satisfactory definition is emerging (see Downey

et al. 2006 for a recent survey).

We reconsider the vN-M expected utility theory from the frequentist perspective of prob-
ability, and adopt collectives as the objects of preferences. Requirement (ii) is inessential
for our axiomatization in that the main results are not affected regardless of whether or

not we impose requirement (ii) in our system. In this paper, we focus on a system without

1See Barbera et al. (1998) for a survey on expected utility theory
2In the literature, there are alternatives to the frequentist theory (see Weatherford 1982 or Gillies 2000

for a survey of interpretations of probability); namely, the classical theory, the subjective theory, and the

logical theory.



requirement (ii); thus, a collective in this paper is an infinite sequence satisfying require-
ment (i). We will discuss the results when requirement (ii) is incorporated in Section 5.2.
Thus, our approach is capable of interpreting probability values in expected utility theory as
generated by a well-defined random mechanism or as frequencies regardless of such random

mechanisms.

Our approach starts with a preference relation over infinite sequences of outcomes sat-
isfying requirement (i), and we propose three axioms on the preference relation. Our main
result shows that our axioms correspond to the vIN-M axioms. This correspondence is based
on the translation mapping a collective to a lottery having the same probability values as the
frequencies in that collective. With this translation, we show that the two axiomatic systems
are equivalent. Here, we emphasize that the underlying structures of the two systems are

still different, but that the above translation allows us to compare them.

We use the equivalence result to obtain a representation theorem: It states that the
preference relation over collectives is represented by the long-run average criterion. This
representation theorem, together with the above equivalence theorem, gives the frequentist

foundation for expected utility theory.

The rest of the paper is organized as follows. A review of the vN-M expected utility
theory is given in Section 2. Our axioms, the equivalence and the representation theorems
are presented in Section 3. A variant system based on finite sequences is presented in
Section 4. We discuss our results and some possible extensions in Section 5. Proofs of the

main theorems and lemmas are given in Section 6.

2 Expected Utility Theory

Here, we give a small summary of the vIN-M expected utility theory. Consider a finite set of

outcomes X = {x1,...,x,}. The set of lotteries over X is given as

AX) = {p e (K[0,1)": 3 p, = 1},

zeX
where K0, 1] is either the set of real numbers from 0 to 1 (K = R) or the set of rational

numbers from 0 to 1 (K = Q). While our main results hold for both cases, the latter case
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(K = Q) will be used in Section 4. An element p € A(X) is denoted as p = (pz)rex =

(p$1’p$27 "'apmn)~

A preference relation 3F is a binary relation over A(X). Given this relation, the in-

difference relation ~* and the strict preference relation <P are defined as follows: For any

p,q € A(X),
p ~" ¢ if and only if p < ¢ and ¢ =¥ p; (1)
P - . P P
p <" qif and only if p =% ¢ and not ¢ =7 p. (2)
In the vN-M theory, the concept of a compound lottery plays an important role; it is the
convex combination of the form ap + (1 — a)q, where p, ¢ € A(X) are two lotteries and

a € K[0,1] is a number. For a comparison with the corresponding concept in our frequentist

approach, we present the operation of taking a convex combination as

(pa g, a) = ap + (1 - CL)(] (3)

We will refer to this mapping when we introduce the corresponding operation in our ap-

proach.
The vN-M theory has the following three axioms:
EU1 =* is a complete and transitive binary relation.

EU2 For all p, ¢, r € A(X), if p <¥ ¢ <F r, then there is some a € KJ0,1] such that
q~Tap+(1—a)r.
EU3 For all p, ¢, r € A(X) and a € K|0, 1] with a # 0,

ap+ (1 —a)r 2P ag+ (1 — a)r if and only if p ZF ¢.

The representation theorem for expected utility is given in Theorem 2.1, where K can be
either R or Q. The proof is a small variant of the standard expected utility theorem, which

can be found in Fishburn (1970), p.112-115.

Theorem 2.1. (Ezpected utility) A preference relation 3¥ satisfies EUI-EUS if and only if
there exists a function h : X — K such that for all p,q € A(X),

p3Fa e D phl(z) <D qh().

zeX rzeX



3 A Frequentist Axiomatization

In this section, we give an axiomatization of expected utility from the frequentist perspective.
We consider a preference relation over infinite sequences over X satisfying the requirement (i)
stated in Section 1. We will give three axioms for expected utility in our frequentist approach,
and show that those axioms are equivalent to the vN-M axioms under some translation
between the two approaches. Using this equivalence result, we obtain a representation of the

preference relation by the long-run average criterion.
Let N = {0,1,2,...}. For any p = (p.).ex € A(X), a sequence & = (&,&y,...) € XN =
[L,en X is called a p-sequence iff

lim Ht:0<t<T-1, &=z}
T—o0 T

= p, for each z € X. (4)

That is, the limit relative frequency of x in a p-sequence is p, for each outcome z. Then,

the set of collectives over X is defined to be
Qx = {€ € XV : € is a p-sequence for some p € A(X)}.

Collectives here are defined using only requirement (i) mentioned in Section 1. The case

with requirement (ii) will be discussed in Section 5.2.

We consider a preference relation < over the set of collectives {2x. The indifference and
strict parts, denoted by ~ and <, respectively, of = are defined in the same manner as in
(1) and (2). We will formulate three axioms on the preference relation, using similar ideas

to those behind the vIN-M axioms.

In our approach, we need an operation corresponding to the compound lottery operation
(3). For this purpose, we introduce the shuffle operator. Let £ = (&, &1, ...) and ¢ = (o, (1, ---)
be two collectives in Qx, and let v = (v, v1,...) be an infinite binary sequence in {0, 1}V.
The collectives &, ¢ correspond to the lotteries p, ¢, and v corresponds to the probability

weight a in (3). The shuffle operator is expressed as

(& ¢v) =2, (. ()



Formally, it is defined by the following equations:

(€ Qv Qo = (1 — 1) + noGo for ¢ =0, (6)
(€@u Q) = (1 —v)&—pry + viCpr(ry for t >0, (7)
where f¥(t) = S'_{ v is the number of occurrences of 1’s in the initial segment of v with

length .

To illustrate this definition, consider Table 1 below:

Table 1 Illustration of the shuffle operator

v O(1/0(0]1]1 |10
£ | & &1 | &2 &3
S Co G| GG
EQuC & |G | & | & |G |GG

The first line in the table describes the weight sequence v; in the second line, the elements
from & appear in the places where v has value 0; in the third line, the ones from ( ap-
pear in the places where v has value 1; and those two lines are combined into the shuffled
sequence in the bottom. If we put » = (0,1,0,1,0,1,0,1,...), { = (x,y,x,y,2,y,...), and { =
(y,x,y,z,y,x,...) in Table 1, then the shuffled sequence {2, becomes (x,y,y, z, x,y,y, T, ...).

In the expected utility theory as in Section 2, it is assumed that a compound lottery
is reduced to a lottery in A(X) using convex combination. In our framework, we need to
show a corresponding reduction, which is given in the following lemma. Its proof is given in

Section 6.

Lemma 3.1. Let £, € XN, v € {0,1}Y, and let p,q € A(X), a € [0,1]. Suppose that £ is
a p-sequence, C is a q-sequence, and v is an (a,1 — a)-sequence in {0, 1}N. Then, £ @, ( is

an (ap + (1 — a)q)-sequence.

Here, an (a,1 — a)-sequence is one with limit relative frequencies a and 1 — a for 0 and

1, respectively.



Now we are ready to present our axioms on a preference relation = over (2y.
A1 = is a complete and transitive binary relation.

A2 For all &, ¢, nin Qy, if £ < ( < n, then there is a number a in K[0,1] and an (a, 1 — a)-
sequence v in {0, 1} such that ( ~ £ @, 7.

A3 For all £, ¢, nin Qx and all (a,1 — a)-sequences v, % in {0, 1} with a € K[0,1] and
a0, 2,002 ¢0,enif and only if £ 3 (.

Axioms A1-A3 are parallel to EUI-EU3. Perhaps, Axiom A3 needs more comments,

which will be given after our theorems.

Now we give a comparison between our axiomatic system and the vIN-M system. For this

comparison, we use the mapping ¢ from Qx to A(X):

w(g):%&w:oggi;—l, i =}l

)Jeex for each £ € Q. (8)

The mapping 1 specifies the relative frequencies of outcomes in a collective. We can translate
our system (Qx, X) into the vN-M system (A(X), 2F) using the mapping ¢ if for all £, ¢ €
QX?

€ 3 ¢ if and only if 9(€) 37 ¥(C). (9)

This means that the preference relation < over 2x can be reduced to the preference relation

3P over A(X), in which case < depends only on relative frequencies.

The following theorem states, first, that our axioms Al and A3 guarantee the above
reduction. Also, it states that under condition (9) each of our axioms corresponds precisely

to its parallel axiom in the vN-M theory. Its proof will be given in Section 6.

Theorem 3.1. (Frequentist translation) (a) Suppose that the preference relation 3 over Qx

satisfies A1 and A3. Then there is a preference relation 3P over A(X) satisfying (9).
(b) Suppose that = over Qx and 3 over A(X) satisfy (9). Then,

(b1) =2 satisfies A1 if and only if 2P satisfies EUI.

(b2) =2 satisfies A2 if and only if 2P satisfies EU2.

(b3) = satisfies A3 if and only if 3 satisfies EUS.
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Thus, our axiomatic system is a faithful translation of the vN-M system within our
frequentist framework. It justifies the frequentist perspective taken by von Neumann and

Morgenstern (1944) (p. 19), while their theory is neutral to interpretations of probability.

Theorem 3.1 allows us to obtain our representation theorem. Its proof will be given in

Section 6.

Theorem 3.2. (Frequentist axiomatization of expected utility) A preference relation 3 sat-
isfies A1-A3 if and only if there exists a function h : X — K (which we call a representing
utility function® of 3) such that for all £, ¢ € Qx,

T-1

. h(&) h(G)
<
£3¢ (:’Tlﬂﬂoztzo T zlﬂliotzo T

T-1

(10)

Theorems 3.1 and 3.2 manifest the parallelism between our theory and the vN-M theory.
By this parallelism, we can regard our theory as a frequentist version of the vN-M expected

utility theory.

An additional comment on the particular form of (10) is still needed; why does the
representation take the long-run average criterion? More precisely, where is the hidden

assumption for the equal treatment of every element in a collective & = (&, &1, &2, ...)7 Axiom

1 2

A3 is the driving force of this equal treatment: In Axiom A3, v~ and v* are required only
to have the same relative frequencies, and the orders of elements in those sequences can be
changed. In fact, the main cause is hidden in the present definition (6) and (7) of the shuffle
operator. It is crucial in the present proof of Theorem 3.2. In Section 5.2, an alternative

formulation of the shuffle operator is discussed, but some difficulty is pointed out.

4 Axiomatization with Finite Sequences

In this section we show that the framework of Section 3 can be restricted to finite sequences,

but we can keep the same axiomatization of expected utility with a small modification.

3As in the vN-M theory, representing utility functions are determined by the preference relation to be

unique up to positive linear transformations.



Given a finite set X of outcomes, the set of finite sequences over X is denoted by X<V,

Each finite sequence is written as o = (g, ...,0;_1). The length ¢ of ¢ is denoted by |o|.

Consider a preference relation 3 over X<N. We give four axioms, AF1-AF4, on 3% the
first three are parallel to Axioms A1-A3, and the last axiom is additional to deal with finite

sequences.

The main difference from the previous axiomatization is that the shuffle operator needs
to be defined for finite sequences. Another difference is the preference comparison between
finite sequences of different lengths, which is taken care of by the new axiom, AF4. Here,
the lengths of finite sequences may be different, and this fact causes difficulties with the
shuffle operator and preference comparisons. To avoid these difficulties, we replicate input
sequences of the shuffle operator so that they have same lengths. For this purpose, we
give one definition: For finite sequence o, o' = (0,0, ...,0) is the sequence obtained from
replicating o t times. This new sequence preserves the relative frequencies of the original

sequence o.

The finite shuffle operator is formally defined as follows: Given two sequences o, 7 € X <N
and a finite binary sequence p € {0,1}<N, they are replicated into o’ = ¢/7llPl, 7/ = 7lellel "and
o' = plTllel respectively. Then, those replicated sequences have the same length |7| - |o]| - |p|
and preserve the relative frequencies of the original sequences. The finite-shuffle of o and 7

with p, denoted by o ©, 7, has the length |7| - |o| - [p| and is defined by

(0@, 7)o = (1—pgy)o, + pyrg for t =0,
(U ®P T)t = (1 - p:‘,)o-z_fp’(t) + p:‘/T}p’(t) for t = 17 D) ’T| ’ |O-‘ ’ |10| - 17
where f7'(t) = S>'20 pl.
The finite-shuffle operator is closely related to the shuffle operator defined in Section 3:
For any finite sequences o, 7 € X<N and p € {0,1}<N, if ¢ = (0,0,0,...), ( = (7,7,7,...),

and v = (p,p,p,...), then £ @, ( = (0 ©, T,0 ©, T,0 @, T,...). Moreover, Lemma 3.1 can be

modified to the present finite framework.
The four axioms on the preference relation 3 are as follows.
AF1: 2 is a complete and transitive binary relation.

9



AF2: For all o, 7, m € X<N if 0 < 7 < 7, then there is a binary sequence p € {0,1}<N

such that 7 ~F & Qp .

AF3: For all o, 7, m € XN and p!,p? € {0,1}<N that have the same positive relative

frequency of outcome 0,

o opm 3570 mif and only if o 3 7.

AF4: For all 0 € X<N and for all t > 0, o ~" ot.

Axioms AF1-AF3 are very parallel to A1-A3, but AF4 is new. It states that a finite
sequence o is indifferent to any replication of itself. It is the essence of this axiom that the
preference relation counts only the relative frequencies but not the lengths. This enables us

to compare sequences with different lengths.

The finite sequence version of the mapping v in (8) becomes now the mapping ¢ : X <N —
A(X):
Ht:0<t<|o|—-1, op =}

_ ey 1
5(0) = ~ Jeex (1)
Translation (9) then becomes for all o, 7€ X<V,

o 3F 7 if and only if ¢(0) 3 ¢(7), (12)

where the preference relation =¥ is a binary relation over A(X) with K = Q.

Now, Theorem 3.1 becomes the following.

Theorem 4.1. (a) Suppose that the preference relation 3F over X<N satisfies AF1, AFS3,
and AF4. Then there is a preference relation 3F over A(X) (K = Q) satisfying (12).

(b) Suppose that ZF over XN and 2 over A(X) satisfy (12). Then,
(b.1) 2F satisfies AF1 if and only if 3P satisfies EUI.
(b.2) 2 satisfies AF2 if and only if 3F satisfies EU2.

(b.8) 2 satisfies AF3 if and only if 3T satisfies EUS.

The proof of Theorem 4.1 is quite parallel to that of Theorem 3.1. The only difference
is to use Axiom AF4 to compare finite sequences with different lengths. We do not give the

proof in this paper, but it is available upon request.
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Then, Theorem 3.2 becomes the following.

Theorem 4.2. A preference relation =3I satisfies AF1-AFJ if and only if there exists a
function h : X — Q such that for all o, 7 € X<V,

lo|—1 I7|-1

h(Ut) h(Tt)
TR S L

The proof follows exactly the same arguments as that of Theorem 3.2, and is omitted.

One difference between the finite approach and the infinite approach is that the random-
ness requirement (ii) mentioned in Section 1 cannot be incorporated in the finite approach.
This may be regarded as a demerit from the frequentist perspective of probability. However,
from the viewpoint of expected utility theory, this is rather a merit in the sense that it can

be applied to finite sequences.

5 Conclusions and Remarks

5.1 Conclusions

We gave two axiomatic approaches to expected utility, based on infinite sequences and fi-
nite sequences. Theorems 3.1 and 4.1 describe the correspondences between our axiomatic
systems and the vN-M system. Theorems 3.2 and 4.2 are frequentist expected utility theo-
rems. As mentioned in Section 1, von Neumann and Morgenstern (1944), p. 19, emphasized
the frequentist interpretation of probability for their expected utility theory. Our theorems
give a justification of their interpretation. Moreover, Theorems 4.1 and 4.2 widened the

frequentist perspective to accommodate finite sequences for expected utility theory.

This approach can be used to study game theory, especially for research programs that
take into account players’ ex post experiences. In particular, this approach has the potential
to serve a foundation for expected utility in inductive game theory (cf. Kaneko and Kline

2009).

11



5.2 Remarks

In this subsection, we first give some comments on the technical side of our approach. Then,

we discuss a possible extension of our framework and one application.

1. Randomness requirement: The randomness requirement can be incorporated in our
formulation. For this, we define collectives to be infinite sequences satisfying requirements
(i) and (ii) in Section 1; specifically, we use the definition of random sequences given by
Martin-Lo6f (1966) to formulate requirement (ii). The axioms are formulated in the same
way as in Section 3, but we restrict the application of the shuffie operator to “independent”
random sequences. We can show that Theorem 3.1 and Theorem 3.2 hold in this framework

as well?.

2. Shuffle operator: We formulate the shuffle operator to reflect compound lotteries, and
our formulation is justified by Lemma 3.1. One alternative operator is the following: Let

¢, ¢ € XN and let v € {0,1}"; define £ ©, ¢ by setting

(5 61/ C)t = (1 - Vt)gt + VtCt fOl" all ¢.

However, this simpler operator does not work for Theorems 3.1 and 3.2. The choice of v
may affect the frequency of the shuffled sequence: Lemma 3.1 is no longer valid with this

shuffle operator.

If the randomness requirement is incorporated, Lemma 3.1 is recovered, but the present
author has not yet succeeded in finding a proof for Theorem 3.1 using this shuffle operator.
The main difficulty is that with this alternative operator, in general the input sequences
cannot be recovered from the resulting sequence and the weight sequence, while one can

always recover them with the shuffle operator defined in Section 3.

3. A Frequentist definition of subjective probability: This paper gives the frequentist
version of vN-M expected utility theory. By extending our framework, it is possible to
formulate an axiomatic system for a frequentist definition of subjective probability. The
subjective probability values thus obtained are interpreted as the personal estimation of the

long-run frequencies in a random sequence encountered in the decision maker’s problem. We

4The precise definitions and results are available upon request.
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suspect that the axioms in Anscombe and Aumann (1963) can be used to formulate such an

axiomatic system.

4. Application to game theory: Our results are used in Hu (2009), which studies strate-
gic unpredictable behavior from the frequentist perspective. There, a collective game that
consists of infinite repetitions of a finite two-person zero-sum game is considered, and a play
in the collective game is an infinite sequence of joint actions from the two players. The
long-run average criterion is applied to specify the payoffs in that paper, and our axiomatic

system provides a foundation for that application.

6 Proofs

We give proofs of the main results in Section 3 in this section. In the first subsection, we will
provide two more lemmas, together with the proof of Lemma 3.1. In the second subsection,

we give the proofs of Theorems 3.1 and 3.2.

6.1 Preliminary Lemmas

First we introduce the function L& : (N — {0}) — N that counts the number of occurrences

of outcome x € X in initial segments of a collective £ € Qx:
L¥*(T)=|{t:0<t<T—1,§ =} for all T > 0.

This function will simplify the notations in our proofs. Now we give the proof of Lemma 3.1.

Proof of Lemma 3.1: The key to this proof is to notice the following equation:
LEOvem(TY = L& (LY(T)) 4 LS®(L!(T)) for each T and for each z. (13)

It states that the number of occurrences of outcome x in an initial segment of the shuffled
sequence with length T is the sum of those numbers in the initial segments of the input
sequences with lengths specified by the numbers of occurrences of 0 and 1 in the initial
segment of the weighting sequence with length T'. It is straightforward to check its valid

using the definition of the shuffle operator, equations (6) and (7). This equation can be used

13



directly to prove the lemma for a € (0,1) as follows: For all T large enough, L*°(T) > 0
and L"(T) > 0 (actually, limg_,, L"°(T) = oo = limg_,, L*!(T)), and so

i L@ LD LT) | L (LMN(T) LT,
Thee T Thee LMO(T) T L"\(T) T
Lg,z LV,O T Lu,O T Lq,z Ll/,l T Lu,l T
= lim (L7(T)) lim ( )+ lim (L7 (T)) lim ( ):apx+(1—a)qx.

T—00 Lvo (T) T—00 T T—o0 Ll’il(T) T— 00 T

For the case a = 1, the above argument does not work because
LHY(T
lim (T)
T—o00

=1-a=0, (14)

and so limy_,o, L*!(T) may be a finite number. However, because

_L"(T)
A me=1

we still have

o LT
L T

Now, (14) and L&*(L**(T)) < L**(T) imply that

Lo*(L»Y(T
im ZTED)
T—o00 T
Using (13), we have that
L LOSN(T) ST DT L (1))
L L /) I I

The case for a = 0 is completely symmetric. O

To prove part (a) of Theorem 3.1, we use the mathematical induction on the number of
outcomes that appear in the collective. In the arguments, we decompose a collective into two
subsequences according to a subset of outcomes A and use Axiom A3 to obtain the result.
Here, we introduce a decomposition operator that will simplify those arguments. Let A C X
be a subset and let £ € XN, Define 154 as v5* = 1if & € A and 5 = 0 otherwise, which
indicates whether a particular element in £ belongs to A or not. To decompose ¢ according
to A via v54, we introduce another function 6”. For any v € {0, 1}V, define the function 6”

as follows:

6”(0) is the least ' such that vy = 1; (16)

0" (t + 1) is the least ¢’ such that ¢ > 6¥(¢) and vy = 1. (17)
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0" records the places where v has value 1. Notice that 6”(¢) may not be well-defined for all
t € N. It is easy to check that it is well-defined for all ¢ if and only if v has infinitely many
1’s.

Now, we can form the subsequence 4 of € obtained by eliminating elements in ¢ that are

not in A, using the function #*°*: The sequence £ is defined as (z° € X is a fixed outcome)
(1) if limgoe [{t : 0 <t < T —1, 5% = 1} = 00, then let £ = geay for all t € N;

(2) if limp oo [ : 0 < £ < T =1, i = 1}] = K < oo, then let &' = Eyea, for all
t=0,....,K —1,and let £ = 2° for all t > K.

If infinitely many elements in ¢ are in A, then ¢4 is a subsequence of &; otherwise, {4 =

for all ¢ large enough. It is straightforward to check that éz Dpen E4 = € (A denotes the
complement of A). That is, ¢ can be decomposed into two disjoint subsequences ¢4 and fz
(provided that it has infinite elements belonging to A and A) such that ¢4 is a sequence
over A and 52 is a sequence over A. Moreover, if £ is a collective, so are 4 and v&4.
Their relative frequencies can be found using conditional probability. The following lemma

summarizes these properties.

Lemma 6.1. Let p € A(X). Suppose that £ is a p-sequence. We have

(1) V54 is an (1 — pa, pa)-sequence, where pa =, 4 Px-

(2) if pa > 0, then £ is a p”-sequence, where p?t = 5—: if v € A and p? = 0 otherwise.

Proof. (1) Tt is straightforward to check that L***1(T) = 3" _, L&*(T) for all T > 0. Thus,

L)~ )
fm g =3 T =) pe=pa

(2) We first deal with outcomes not in A. For each x ¢ A, by definition (here part (1) of the
definition applies because p4 > 0) of ¢4, €4 # x for all t € N. Thus,
L& (T)

S

Now we consider outcomes in A. Since py > 0, limg_,o L (T') = 0o by part (1) of this
lemma. As a result, 0" (¢) is well-defined for all ¢ € N. Because 6**" is strictly increasing

by equation (17), we have that limy_, o (T) — oo.
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We claim that

I T (18)
11m = .
T—00 0”5 (T — 1) +1 pa

By construction, 9”5’A(T — 1) is the place in ¥4 where the T-th occurrence of 1 takes
place. Thus, there are exactly T’ occurrences of 1’s in the first 6" (T — 1) + 1 elements in

v54 . and so

ng’Avl(g”g’A(T — 1)+ 1) =Tforal T >1. (19)

Hence, by (19), the sequence { == }3%_, is a subsequence of {u}T .- By

T 1)+1
part (1), the latter sequence has limit p4, and so the former sequence has the same limit.

This validates (18).

For any x € A,

L&Y (T Lo (T — D)+ 1) (T - 1)+ 1
lim ():im (M ( )+1) ( ) +

LET (v (T — 1)+ 1 o T — 1)+ 1
— lim (“ ( )+)1m1 ( )+
T—o0 ov> (T — 1) +1 T—o0 T
1 Pz A

llm —
T—o00 GVg’A(T—l)-H pa

It is straightforward to check that L&"#(T) = L&=(8*"*(T — 1) + 1) and this gives the first
equality in (20). The last equality in (20) comes from (18) and the fact that the limit of the

inverses of a sequence is equal to the inverse of its limit. O

We end this subsection with a lemma that links expected values to long-run averages.

This lemma is the key step to obtain the long-run average criterion (10).

Lemma 6.2. Let h: X — R be any function. Suppose that & € XN is a p-sequence for some

p € A(X). Then
T-1

T D= Sy

t=0 zeX

Proof. For any ' € X, h(z") =3,y cw(x)h(x), where cpy(x) = 1 if 2 = 2" and ¢y (x) = 0
otherwise. We first show that for all 2° € X,

T-1

Jim 3 = 3 puca(a) = pe 2

t=0 zeX
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For each T € N,
T—1
D (@) ={t:0<t<T -1, &=2a".
t=0

Since £ is a p-sequence, it follows from (4) that

Ht:0<t<T -1, & =a"}

A T = Pat-
Thus, (21) holds. Therefore, we have
. — . — Cx h(x
llmT—>oo ZZ;OI h(qé;t) = llmT—>OO Zzzol Loex T(Et) ©)
. T—1 co
= ZweX hmT_)OO h(l’) t:O1 : 5“&) = ZxGX h(‘r)pl‘ - ZQZEX pxh(l‘) O

6.2 Proofs of Main Theorems

Proof of Theorem 3.1: (a) We claim that if 3 satisfies A1 and A3, then for any p € A(X)
and any p-sequences £ and (, & ~ (. Given this claim, it is straightforward to construct a

preference relation 3 that satisfies (9).

First we give some notations. For any x € X, we use x to denote the sequence such that
for all t € N, x, = . Also, for any p € A(X), we define S(p) = {x € X : p, > 0}, that is,

the set of outcomes in the support of p.
We prove the claim by induction on the number of outcomes in S(p).

The basis: Suppose that [S(p)| = 1. Let S(p) = {z}. The difficulty here arises when a

p-sequence still contains other outcomes than z.

Let £ be a p-sequence. Consider ém and 151}, By construction, we have that £ =

XD ey ¢} and, by Lemma 6.1, 51} is an (1,0)-sequence. By A3,
fzx@yamfm;jx®0§m:x if and only if x = x,

and since x ~ x by Al, £ ~ x (here, 0 = (0,0,0, ....) is the sequence consisting of 0’s). Thus,
for any an p-sequence sequence &, & ~ x, and so by Al, for any two p-sequences ¢ and (, we

have & ~ (.

The inductive step: Our induction hypothesis is that for any p € A(X) with |[S(p)| < &,

k > 1, any two p-sequences are indifferent.
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Consider any ¢ € A(X) with [S(¢)| = k£ + 1 and any g-sequences ¢ and (. We will show
that € ~ C.

Let y € S(q), and let A = S(q) — {y}. First we show that there are g-sequences & and ¢’
that consists of only outcomes in S(q) such that £ ~ ¢ and ¢ ~ ¢’. Moreover, we show that
& ~ (', and this will give us the desired result.

Notice that £ = £4Q), a4 (¢ > 0and g4 > 0), and, by Lemma 6.1, 5% is an (1—q4, qa)-

{v} {v}

sequence. Because 52 is a p¥}-sequence (p”’ = 1if x = y and p;”’ = 0 otherwise), by the

induction hypothesis, {X ~Yy.

Define &' =y @,e.a €4, Then, by A3 and ¢4 ~ y, we have & ~ £. Similarly, we define ¢’

as y @,ca (4, and, using the same arguments, we have ¢’ ~ (.

By Lemma 6.1, both €4 and (4 are ¢*-sequences. By the induction hypothesis, £4 ~ ¢4.
Notice that ¢’ can be written as £ @ 2y and ¢’ can be written as (* @, .z y. Since both

V44 and 154 are (ga, 1 — ga)-sequences, it follows from A3 that £ ~ ¢’

Because &' ~ &, (' ~ (, and & ~ (’, it follows from Al that & ~ (. This completes our

inductive step. By mathematical induction, we have proved our claim.

Now, we define < to be such that p ¥ ¢ if and only if £ = ¢ for some p-sequence £ and

some g-sequence (. The above claim shows that < is well-defined and satisfies condition
(9).
(b) Suppose that there is a preference relation 27 over A(X) that satisfies (9).

(b.1) (=) Suppose that = satisfies Al, i.e, it is complete and transitive. First we show
that 3 is transitive. Let p, ¢, r € A(X) be such that p 2¥ ¢ and ¢ 3F r. There are
&, ¢, n € Qx such that € is a p-sequence, ( is a g-sequence, and 7 is a r-sequence. Then, by
(9), € 2 ¢ and ¢ 2 n. Since 3 is transitive, it follows that & 3 ¢. Hence, by (9), p 3 r.

The proof for completeness is similar.

(<) Suppose that =3¥ satisfies EUL. Let &, ¢, n € Qx be such that ¢ < ¢ and ¢ 2 7. Let
p, ¢, v € A(X) be such that £ is a p-sequence, ( is a g-sequence, and 7 is a r-sequence.
It then follows, from (9), that p =¥ ¢ and ¢ 3F r. Since 3 is transitive, it follows that

p 3P r. Hence, by (9), £ 2 n. The proof for completeness is similar.
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(b.2) (=) Suppose that = satisfies A2. We show that =7 satisfies EU2 by considering
lotteries p, q,7 € A(X) that satisfy p < ¢ <¥ r. Let £ be a p-sequence, ¢ be a g-sequence,
and 7 be a r-sequence. Then, by (9), £ < ¢ < n. By A2, there exists a number a € K|0, 1]
and an (a,1 — a)-sequence v € {0, 1} such that ( ~ £ @, n. By Lemma 3.1, £ @, 7 is an
(ap + (1 — a)r)-sequence. Thus, by (9) and ¢ ~ €@, 1, ¢ ~F ap+ (1 — a)r.

(<) Suppose that =¥ satisfies EU2. Suppose that ¢ is a p-sequence, ( is a g-sequence, and
n is a r-sequence, and suppose that £ < ¢ < n. Then, by (9), p < ¢ < r. By EU2, there
is a number a € K|0, 1] such that ¢ ~” ap + (1 — a)r. Pick any (a, 1 — a)-sequence v, then
£©,nisan (ap + (1 — a)r)-sequence. Hence, by (9) and ¢ ~* ap+ (1 —a)r, n ~ £, n.

(b.3) (=) Suppose that = satisfies A3. Recall that EU3 has two directions.

First we show that ‘if” directions. Let p,q,r € A(X), and let a € K[0, 1] with a # 0.
Suppose that p 2 ¢. Let € be a p-sequence & and let ¢ be a g-sequence. Then ¢ =< (. Pick
any r-sequence 7 and pick any (a, 1 — a)-sequence v € {0, 1}N. By Lemma 3.1, £ ©, n is an
(ap + (1 — a)r)-sequence and ¢ @, 1 is an (aq + (1 — a)r)-sequence. By A3, ¢ = ¢ implies
that

§0vn3COun.
Thus, ap + (1 —a)r 2P aqg+ (1 — a)r.

For the ‘only if” direction, suppose that ap + (1 — a)r 2 aq + (1 — a)r. Let £ be a

p-sequence, let ¢ be a g-sequence, let 1 be a r-sequence, and let v be an (a, 1 — a)-sequence.

By Lemma 3.1, £ @, n is an (ap+ (1 —a)r)-sequence and @, 1) is an (aq+ (1 — a)r)-sequence.
Hence, by (9), £ @, 1 3 ¢ @y n. By A3, £ 3¢, and sop 37 q.

(<) Suppose that =¥ satisfies EU3. Again, A3 has two directions.

For the ‘if” direction, suppose £ is a p-sequence, ( is a g-sequence, and 7 is a r-sequence.
Also, suppose that ¢ X ¢. Then, p 2F ¢q. For any a € K0, 1] with a # 0, using EU3, we
have that ap + (1 — a)r ¥ ag+ (1 — a)r. By Lemma 3.1, for any (a,1 — a)-sequences v*
and 12, £ @1 1 is an (ap + (1 — a)r)-sequence and ¢ @,2 n is an (aq + (1 — a)r)-sequence.
Therefore, we have £ @,1 7 2 ¢ @2 1.

Consider the ‘only if” direction. Suppose that £ is a p-sequence, ( is a g-sequence, and 7 is
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a r-sequence, and suppose that v! and v? are (a, 1 —a)-sequences with a € K0, 1] and a # 0.
If £ @, 2@, it follows from Lemma 3.1 and (9) that ap + (1 — a)r 2 ag+ (1 —a)r.
Then, by EU3, p = r. Hence, we have £ 3 (. O

Proof of Theorem 3.2: There are two directions in this theorem. In part (a) of the proof,

we show that ‘if” direction, and in part (b) of the proof, we show the other direction.

(a) We show that existence of a representing utility function h of X implies that 3 satisfies

A1-A3. Let p,q € A(X). By Lemma 6.2, if £ is a p-sequence, then limy_, ., ZZ:_Ol h&)

T
Y wex Poh(x). Similarly, if ¢ is a g-sequence, limy_, S % = > .ex @zh(x). Therefore,

by (10),

¢ 3 ¢ if and only if prh(x) < Z q:h(x). (22)

reX reX
Now, define 37 over A(X) as p 3¥ ¢ if and only if Y ¢ p.h(z) < Y.y @h(z). Tt is
straightforward, using (22), to check that (9) holds for = and 2. By Theorem 2.1, it
follows that =¥ satisfies EU1-EU3. Then, by Theorem 3.1, we have that = satisfies A1-A3.

(b) Conversely, suppose that 3 satisfies A1-A3. By Theorem 3.1, there exists a preference
relation 3 over A(X) that satisfies EUI-EU3 and satisfies condition (9). By Theorem 2.1,
axioms EU1-EU3 hold if and only if there is a function h : X — K such that for all
p, q € A(X),

p 3P ¢ if and only if prh(x) < Z q:h(z).

zeX reX
By Lemma 6.2, if £ is a p-sequence, then
T—1
, h(&)
lim Z — = prh(:v). (23)
Teo t=0 T zeX

Therefore, for any p-sequence £ and any ¢-sequence (,

¢ 2 ¢ if and only if p 3¥ ¢ if and only if prh(x) < Z q:h(x),

zeX zeX
which, by (23), is equivalent to
T-1 -1
. h(&) . h(G)
< .
p Zto T SHm £.T

Thus, h is a representing utility function of <. O
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