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Abstract

The aim of this paper is to establish whether the rules of probability calculus are fulfilled
in the intuitive evaluation of ordinal probability. The rules of probability calculus are
based on the rules of propositional calculus, so we also study whether these rules are
satisfied in intuitive reasoning. Two experiments were conducted. They are compared to
explain the degree of conformity of mathematical rules of probability calculus with the
intuitive, subjective probability in case of ordinal probability. In ordinal probability the
probabilities are not known. Every person knows only how to order probabilities . We
study ordinal probability for negative and positive events. Results of both experiments
are similar. There is no conformity of mathematical rules of probability calculus with the
intuitive rules of ordinal probability , especially in a case of rule of probability of a sum
of events. It is important that respondents distinguish the sum and intersection of events
in case of negative events but a lot of them do not do it in case of positive events.
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ABSTRACT
The aim of this paper is to establish whether thesrof probability calculus are fulfilled in
the intuitive evaluation of ordinal probability. &@mules of probability calculus are based on
the rules of propositional calculus, so we alsalgtwhether these rules are satisfied in
intuitive reasoning. Two experiments were conductdety are compared to explain the
degree of conformity of mathematical rules of piuiliy calculus with the intuitive,
subjective probability in case of ordinal probalilin ordinal probability the probabilities
are not known. Every person knows only how to orgssbabilities . We study ordinal
probability for negative and positive events. Resaf both experiments are similar. There is
no conformity of mathematical rules of probabiligiculus with the intuitive rules of ordinal
probability , especially in a case of rule of proitity of a sum of events. It is important that
respondents distinguish the sum and intersecfi@vents in case of negative events but a
lot of them do not do it in case of positive ewent



1. INTRODUCTION

The aim of this paper is to establish whether thesrof probability calculus are fulfilled in
the intuitive evaluation of ordinal probability. &mules of probability calculus are based on
the rules of propositional calculus, so we alsalgtwhether these rules are satisfied in the
intuitive reasoning. Two experiments were conductdety are compared to explain the
degree of conformity of mathematical rules of ptmbiy calculus with the intuitive,
subjective reasoning in case of ordinal probabilltye probabilities are not known in case of
ordinal probability. Every person can only compg@mbabilities saying which one is higher
or lower than other . So, each person knows only two order probabilities . People very
often deal with such situations in real life foaenple when they compare financial
investments. . We consider a case when they ugesthigective probability. We study
ordinal probability for negative and positive everis negative we treat uncertain events
which can be a threat for someone. In our reseaectise diseases as negative events.
Positive events improve someone’s situation. Wat seme uncertain events such as being
paid well or finding a good spouse as positive &ven

It is known that the rules of propositional calaiare not always fulfilled in case of intuitive
reasoning. Implication is studied in the famouss@raselection problem (Wason, 1966,
Johnsson-Laird 1999) . Kahneman and Tversky (18&&)ied a situation called the Linda
problem, where people thought that it was more abébthat a girl called Linda worked in a
bank and was a feminist than that she worked iank.bSo, they though that intersection of
two events concerning Linda was more probable tmenof these events. This result is also
known as a conjunction fallacy and was studied baypyrauthors in many situations.These
results are also presented in some mathematidallhegdbooks ( see Chiswell, Hodges,
2007). In this paper we try experimentally to wemfhether the rules of probability calculus
are fulfilled in a case of ordinal probabilityBecause the rules of probability calculus are
based on the rules of propositional calculus we a¢sify whether the rules of propositional
calculus are fulfilled in case of ordinal probélil

In our research we deal with intersection and stievents. In our experiments 6 groups of
students of good Polish economic universities vesgmined. A lot of respondents put a sum
of events on the probability scale incorrectlyetation to these events. Moreover, a
significant part of respondents order a sum atetsection of events incorrectly in case of

positive events.



The paper is constructed as follows. The experimard described in Section 2. The results
are presented in Section 3. Conclusions and plafugure research are formulated in Section
4. The questionnaires are included in the Appendix.

2.EXPERIMENTS

In this section we shall describe questionnaireegirpents concerning ordinal probabifity

The respondents ordered given events dependingaability. They filled a special
guestionnaire (see Appendix). They constructedogestive scale of probability by putting

the most probable event on the top of the sdada less and less probable events and ending
with the least probable event. Then, they putmlementary events, an intersection and a
sum of events on the same scale.

Two experiments were conducted on 6 groups ofestisd We deal with 2 groups of students
in case of negative, uncertain events and 4 ia o&positive uncertain events . The names of
the groups depend on the students major. In daseoagroups with the same major their
names are numbered. The groups were chosen irasual that they were disjoint.

We consider serious diseases as negative evdr@shoice of the diseases was based on a
special survey conducted among students . The woevealed which diseases the students
were afraid of. Analogically, in case of positiveeats the students were asked which positive
uncertain events were important for them. The mogpular were put in the questionnaire. In
case of negative events medical definitions ofaties were not used and it was not expected
that respondents would use them. In both casesttidents knew neither a strict definition
nor the exact probability of the events. They uselg¢ their subjective relation ,lower-

higher probability”. The aim of the experiment wasompare the subjective rules of ordinal
probability with formal rules. Respondents were infirmed that there were proper answers
and that their results would be better if they weoser to these answers. Respondents were
not paid in order not to cause a situation whemesanswers were better than others. All
answers were good for this experiment becausaalbe compared with the answers
resulting from formal rules.

The experiments were conducted in the following wetyfirst, the case of negative events
was analyzed in “Quantitative Methods II” groupu@3tionnaire 1, Autumn 2006), then after

a couple of months in  “Psychology II” group (Quesnaire Il, Spring 2007). Later, the

Y In Polish version a term “ordinal risk” was usaterchangeably with the term ,ordinal probabilitywas
caused by the fact that the word "risk” in Polisth@lso mean an undertaking with uncertain reSoltterm
"risk” may refer to both negative and positive etgein English version more suitable term "ordipedbability”
is used but the term "ordinal risk” was left in gtiennaires to make them more similar to Polishioail.



positive events were analyzed in 4 groups “SociglotManagement”, “Psychology I,
“Quantitative Methods I” (Questionnaire 1ll, Spri2g08) almost at the same time.

The groups differed in mathematical backgrounQuéntitative Methods II” group was the
best from the mathematical point of view, “Qutaiive Methods I” group was the second

best. Then “Management”, “Psychology II” and “Psyidgy I” and “Sociology” at the end.

2.1. NEGATIVE EVENTS

The first experiment was conducted on two groduaents. The questionnaire concerned
a risk of going down with selected diseases. Teisions of the questionnaire were used
(see Appendix, Questionnaire |, QuestionnaireTlhe form of both versions is the same. The
versions differ only in one disease. “Broken limbplaced “leukemia”. This change was
suggested during the discussion of the resultseofitst experiment in which Questionnaire |
with “leukemia” was used. Disputants suggesteiddtude a disease which occurs often
among young people.

(i) Group “Quantitative Methods II”.
The experiment was conducted in Autumn 2006 oroamof 119 undergraduate students of
Warsaw School of Economics. They were studenteofitst year majoring in quantitative
methods. School leaving exam in mathematics omeet level is needed in the recruitment
process at Warsaw School of Economics. The expatimas conducted during an optional
lecture on logic. The students knew propositiomdtuus and quantifiers. They also had
lectures on mathematics. Questionnaire | was udeglexperiment was described in Polish in
my paper (Sosnowska,2008a). Warsaw School of BEnmsas the best Polish economic
university.

(i) Group “Psychology II".
The experiment was conducted in Spring 2007 amapyof 30 undergraduate students of
Leon Kazminski Academy. They were students of the first yaajoring in management
psychology. School leaving exam on mathematicetsiaeded in the recruitment process at
this university. The experiment was conducted during an obligateciure on logic. The
students knew propositional calculus and quansifi€hey also had lectures on mathematics.
Questionnaire | was used. The experiment was idbestcin Polish in my paper
(Sosnowska,2008b). Leon Kminski Academy is the best Polish non-state economic

university.



2.2. POSITIVE EVENTS. EXPERIMENT I,
| presented my results concerning intuitive andnfalrrules of ordinal probability over
negative events at the conference on economic p&ghin spring 2008 in Wroctaw ,
Poland. The results concerned a case of negatergevDuring the discussion a question
whether similar results could be obtained in aHg@ositive events arose. The second
experiment was conducted to answer this questiomr. roups of students were examined .
The number of groups resulted from their small sizé intention to examine students who
studied neither mathematics nor logic during thetof the experiment. Questionnaire Ill
was used. The questionnaire was prepared in the say as the previous questionnaires.
The diseases were replaced by selected positicertamn events.

(i) Group “Sociology”
The group consisted of 8 undergraduate studertsai Kazminski Academy. They were
first year students and majored in sociology. €kgeriment was conducted during the
obligatory lecture on logic. They knew propositiboalculus and quantifiers. They did not
attend lectures on mathematics.

(i) Group “Management”
The group consisted of 9 undergraduate studeritsai Kazminski Academy. They were
first year students majoring in management. Hpeement was conducted during an
optional lecture on logic. They knew propositionalculus and quantifiers. They also
attended lectures on mathematics.

(iif) Group “Psychology 1I”
The group consisted of 38 undergraduate studerite@f Kazminski Academy. They were
second year students majoring in management pkagh The experiment was conducted
during an obligatory lecture on statistics. Theg habligatory lectures on logic and
mathematics during the previous year..

(iv) Group “Quantitative Methods I”
The group consisted of 27 graduate students of &agchool of Economics majoring in
guantitative methods. The experiment was conduitieithg an optional lecture on
mathematical economics. They attended a lectutegia and many lectures on mathematics.

It was the only group with a very good mathematieatkground.

3. INTUITIVE AND FORMAL RULES

In this section we present and analyze the restikgperiments.



(i) Connections between probability of an intetsm and probability
of a sum of events

The analysis of the results of the first experibsfows that a significant part of respondents
did not put a sum of events on the scale corré¢sdg Table 3, detailed description below).
However, most of them put a sum and an intersecti@vents in the correct order - a sum of
events as more probable than an intersection oftev@/e tried to justify the hypothesis that
most of the respondents put a sum and an inteyeexftevents in the correct way in case of
positive events. The results are presented ineTRbTI'he correct answers are in the column 3,
denoted by T < [”, incorrect —in column 4, denoted_“< [”. The hypothesis was not
confirmed in the case of groups “Sociology” andyétology I” with the worst mathematical
background. Roughly speaking , they had troublemintiating between a sum and an
intersection of events . In other words they hadlite with difference between conjunction

and disjunction of sentences.

group number of L <L L <L
respondents

1.sociology 8 4 (50%) 4 (50%)

2. management 9 6 (66%) 3 (33%)

3.psychology | 38 12 (31%) 26 (68%)

4. quantitative 27 23 (85%) 4 (15%)

methods |

Tablel. Connection between the probability of iatersection and the probability of a sum

of events in case of positive events ( a shardtresbrackets).

(i) Comparing the probabilities of an interseatimnd a sum of
positive events with the probability of these egen

We check whether the respondents put an intéoseaihd a sum of events correctly in
relation to these events . The results concernusgige events are presented in Table 2. In
column 3, denoted by < ..., ....;L < ..., ...., asituation where respondents put an
intersection and a sum of events as less problablethese events (correct in case of sum) is
presented. In column 4, denoted by L. <...;...<[ <..., a situation where respondents
put an intersection and a sum of events betweese tiveents (incorrect in both cases) is
presented. In column 5, denoted by ..£..; ..., ...< L, a situation where respondents put

an intersection and a sum of events as more preblhh these events (correct in case of



sum) is presented. Only a few respondents putgibty of a sum or an intersection of
events as equal to probability of one of the evdmss than 50% of the respondents with
worse mathematical background (“Sociology”, “Managat”, “Psychology I”) put a sum

and an intersection of events incorrectly in relatio these events. Incorrect answers can be
also found in the group with very good mathematieekground (“Quantitative Methods 17).
Incorrect answers may be explained by the Lindédlpm (Kahneman, Tversky,1982;
Chiswell, Hodges, 2007) in case of an interseatioevents. The results concerning a sum of
events may suggest that the concept of a sum ote@hat is also disjunction of sentences)
is not intuitive . It may be confirmed by theféhat some of my colleagues
(mathematicians specialized in the probabilityotige filled in the questionnaires putting a
sum of events incorrectly on the probability scale.

group-positive number of L <., < <. vy S L
respondents

1. sociology 8 3 (37%) 4  (50%) 1 )2

2. management| 9 1 (11%) 6 (66%) 2 %p2

3.psychology | 38 2  (5%) 20 (53%) 1612%)

4. quantitative | 27 13 (48%) 10 (37%) 4  (15%)

methods |

group - positive | number of L <oy L<C <. ey S L
respondents

1. sociology 8 3 (37%) 5 (62%) 0

2. management| 9 4 (44%) 3 (33%) 2 %p2

3. psychology | | 38 12 (31%) 18 (47%) 8 19®

4. quantitative | 27 2 (7%) 10 (37%) 15 (55%)

methods |

Table 2. Comparing the probabilities of an intet® and a sum of
positive events with the probability of these ege®hare result in brackets.



(iif) Comparing the probabilities of an intersectiand a sum of

negative events with the probability of these ¢ven

Results of analogical analysis for negative evargspresented in Table 3. Let us note that
contrary to the case of positive events most oféspondents put an intersection of events
correctly, while results concerning a sum of eveméssimilar to the case of positive events.
Most of the respondents put a sum of events inctyyrd_ower correctness in case of positive
events may be explained by the fact that peoat tiegative events more seriously because
they feel threatened. Wrong prediction of prolgbih case of positive events may only
result in wasting a chance. It is not a real wasigit does not decrease the actual situation of
the respondents. Another explanation is the fattthen considering positive events the
respondents felt more optimistic and they did ritatcdh importance to logic. Conversely,
considering negative events they felt depresseé {Table 4 — in more than 50% of answers
the probability of being well paid is higher thidwe probability of not being well paid ;
similarly in more than of 50% answers the probgbdf going down with depression is

higher than the probability of not going down wiith

group- number of L <., L < .
negative respondents

1. quantitative | 119 100 (84%) 15  (13%) 4  (3%)
methods Il

2. psychology Il | 28 25 (89%) 1 (4%) 2 (7T%)
group — number of L <oy L<L <. ey S L
negative respondents

1. quantitative | 119 41  (35%) 35  (30%) 41 (35%)
methods Il

2. psychology Il| 26 15 (57%) 7 (27%) 415%)

Table 3. Comparing the probabilities of an intete® and a sum of

negative events with the probability of these ¢veBhare result in brackets.

(iv) Order of events and complementary events

Connections between an event and a complementant axe presented in Table 4. Positive
events are described by groups 1-4. Most of thpamdents were optimistic and thought that




it was more probable that they would be well pditan that they would not be paid well.
The results concerning winning on a lottery (caohun show that the respondents were
rational and did not predict an event with a veny probability. Three last columns concern
negative events. The percentage of predictionssefbdes is higher than the incidence rate.
This result may be explained as an example of atienation of rare events (Berstein, 1996).
Another explanation is depressive atmosphere caugsdédaling with possibility of going

down with serious diseases (see the end of parin(this section).

group number | -Z<Z -W<sW -D<D -B<B- | -ZK<ZK
of res positive positive negative | negative _
pondents negative

1.sociology | 8 4 (50%) 2 (25%) * * *

2.manageme 9 7 (77%) 2  (22%) * * *

nt

3.psycholo | 38 33 (87%)| 5 * * *

gyl (13%)

4. 27 26 (96%)| 1 (3%) * * *

guantitative

methods |

5.quantitativ| 119 * * 75 23 *

e methods Il (64%) (19%)

6.psycholo | 30 * * 22 * 25

gy Il (73%) (85%)

Table 4. Order of event and complementary evdmresresults in brackets. Notation : Z — |

shall be well paid, W — | shall win 100.000 zlotys a lottery, D — | shall go down with

depression, B — | shall go down with leukemia, ZKshall break a limb.

4. CONCLUSION AND FUTURE RESEARCH
We can formulate the following conclusion: the itiie, subjective rules of probability

calculus in cases of ordinal probability differfmdhe formal rules. The respondents without

special mathematical background may have troubtle efferentiating between an

intersection and a sum of events. Most respondewnén with good knowledge of




mathematics put a sum of events in relationhiesé events incorrectly. Rare events are
overestimated.

Charnes, Karni and Lewin (2008) conducted an exy1t where the respondents could
cooperate comparing probabilities of events ant thiersection. Cooperation improves
correctness of results. | am planning to repeaegperiments described in this paper for case

of possible cooperation.
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APPENDIX

QUESTIONAIRE |
You are taking part in a research on ordinal rfidke research consists of two parts.
PART |
Order the following diseases depending on risthefdisease in lines with numbers 1 to 6.
You start with the disease with the greatest tis&n with less and less risk and end with
disease with the least risk.
DISEASES

AIDS, leukemia, depression, bird flu, cancer, socphlrenia

PART I
Put the following events depending on risk of ssithation in lines without numbers.
a) | shall not have leukemia
b) I shall not have depression
c) | shall have leukemia and depression
d) I shall have AIDS or cancer
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QUESTIONAIRE 1
You are taking part in a research on ordinal rfidke research consists of two parts.
PART |
Order the following diseases depending on risthefdisease in line with numbers 1 to 6..
You start with the disease with the greatest tis&n with less and less risk and end with
disease with the least risk.
DISEASES

AIDS, broken limb, depression, bird flu, cancehigophrenia

PART II

Put the following events depending on risk of ssithation in lines without numbers.
a)l shall not break a limb
b)I shall not have depression
c) | shall have AIDS and cancer

d) I shall have AIDS or cancer

12



QUESTIONAIRE III
ORDINAL RISK — POSITIVE EVENTS

You are taking part in an experiment on an ordiiskl. The experiment consists on two parts.

PART I.

Positive, uncertain events are listed below. Perttim lines with numbers to order them from
the most probable (row 1) to the least probalde @). We consider the following events.
Husband/wife — | shall find a good spouse

Travels — | shall travel a lot

Car — | shall have a good car

Higher education — | shall graduate with good résul

Win — | shall win 100 000 zlotys on a lottery

Earnings — | shall be paid well

PART II

Put the following events in lines without numbers

(a)! shall not win 100 000 zlotys on a lottery

(b) I shall not be paid well

(c) I shall have a good car and | shall graduatéth good results

(d) I shall have a good car or | shall graduatethwgood results
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