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Abstract

This paper develops a spatial model of remote work, firm technology, and
intergenerational care within the Becker-Diewert household-production tradition. The
firm's technology is modeled using the Normalized Quadratic cost function, which
allows the office-remote labor substitution elasticity to vary with factor prices.
Residential space is decomposed into living and home-office components. Childcare
and eldercare have separate production functions with own time and market services
as substitutes. A generational structure distinguishes children, workers, and the
elderly; only workers commute. I derive shadow-price bounds extending Schreyer and
Diewert (2014) to five service prices, a spatial full-income identity with care
surpluses, and rent gradients that flatten with remote-work technology.
Heterogeneous households sort by remote-work capacity and care needs. Population
aging amplifies the value of remote work as a care-enabling technology and generates
a rent rotation between residential and commercial real estate.
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❛❧❧♦❝❛t✐♦♥ ♠♦❞❡❧ ✇✐t❤ ♥♦♥❤♦♠♦t❤❡t✐❝ ♣r❡❢❡r❡♥❝❡s✱ ✭✐✐✐✮ s❡♣❛r❛t❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s ❢♦r

✶



❝❤✐❧❞❝❛r❡ ❛♥❞ ❡❧❞❡r❝❛r❡✱ ✭✐✈✮ ❛ ❣❡♥❡r❛t✐♦♥❛❧ str✉❝t✉r❡ t❤❛t ❞✐st✐♥❣✉✐s❤❡s ❝❤✐❧❞r❡♥✱ ✇♦r❦❡rs✱

❛♥❞ t❤❡ ❡❧❞❡r❧②✱ ❛♥❞ ✭✈✮ ❛ s♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❤♦✉s❡❤♦❧❞s✳ ❚❤❡ ❢r❛♠❡✲

✇♦r❦ ❜✉✐❧❞s ♦♥ t✇♦ ✐♥t❡❧❧❡❝t✉❛❧ tr❛❞✐t✐♦♥s✿ t❤❡ ❇❡❝❦❡r✕❉✐❡✇❡rt ❤♦✉s❡❤♦❧❞✲♣r♦❞✉❝t✐♦♥ t❤❡♦r②

✭❇❡❝❦❡r✱ ✶✾✻✺❀ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt✱ ✷✵✶✹✮ ❛♥❞ t❤❡ ✢❡①✐❜❧❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ❧✐t❡r❛t✉r❡ ✐♥ ♣r♦✲

❞✉❝t✐♦♥ ❡❝♦♥♦♠✐❝s ✭❉✐❡✇❡rt ❛♥❞ ❲❛❧❡s✱ ✶✾✽✼✱ ✶✾✾✷❀ ❉✐❡✇❡rt✱ ◆♦♠✉r❛✱ ❛♥❞ ❙❤✐♠✐③✉✱ ✷✵✷✺✮✳

✶✳✷ ❚❤❡ ❘♦❧❡ ♦❢ t❤❡ ◆♦r♠❛❧✐③❡❞ ◗✉❛❞r❛t✐❝

❆ ❝❡♥tr❛❧ ❞❡s✐❣♥ ❝❤♦✐❝❡ ✐♥ t❤✐s ♣❛♣❡r ✐s t❤❡ ❛❞♦♣t✐♦♥ ♦❢ t❤❡ ◆♦r♠❛❧✐③❡❞ ◗✉❛❞r❛t✐❝ ✭◆◗✮ ❝♦st

❢✉♥❝t✐♦♥ ♦❢ ❉✐❡✇❡rt ❛♥❞ ❲❛❧❡s ✭✶✾✽✼✮ t♦ ♠♦❞❡❧ t❤❡ ✜r♠✬s ♣r♦❞✉❝t✐♦♥ t❡❝❤♥♦❧♦❣②✳ ❚❤✐s ❝❤♦✐❝❡

♠❡r✐ts ❞✐s❝✉ss✐♦♥✳

❚❤❡ ◆◗ ❤❛s t❤r❡❡ ♣r♦♣❡rt✐❡s t❤❛t ♠❛❦❡ ✐t ✉♥✐q✉❡❧② s✉✐t❡❞ t♦ t❤❡ ♣r❡s❡♥t ❛♣♣❧✐❝❛t✐♦♥✳

❋✐rst✱ ✐t ✐s ❛ ✢❡①✐❜❧❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠✿ ✐t ❝❛♥ ♣r♦✈✐❞❡ ❛ s❡❝♦♥❞✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ t♦ ❛♥

❛r❜✐tr❛r② t✇✐❝❡✲❞✐✛❡r❡♥t✐❛❜❧❡ ❝♦st ❢✉♥❝t✐♦♥ ❛t ❛ ❣✐✈❡♥ ♣♦✐♥t ✭❉✐❡✇❡rt✱ ✶✾✼✶✱ ✶✾✼✹✮✳ ❙❡❝♦♥❞✱

✉♥❧✐❦❡ t❤❡ tr❛♥s❧♦❣ ✭❈❤r✐st❡♥s❡♥✱ ❏♦r❣❡♥s♦♥✱ ❛♥❞ ▲❛✉✱ ✶✾✼✸✮✱ ✐t ❝❛♥ ✐♠♣♦s❡ ❣❧♦❜❛❧ ❝♦♥❝❛✈✐t②

♦♥ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✇✐t❤♦✉t ❞❡str♦②✐♥❣ ✢❡①✐❜✐❧✐t②✱ t❤r♦✉❣❤ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ A = −UU ′

✐♥tr♦❞✉❝❡❞ ❜② ❉✐❡✇❡rt ❛♥❞ ❲❛❧❡s ✭✶✾✽✼✮✳ ❚❤✐r❞✱ ✐t ❛❧❧♦✇s t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥

❜❡t✇❡❡♥ ❛♥② ♣❛✐r ♦❢ ✐♥♣✉ts t♦ ✈❛r② ✇✐t❤ t❤❡ ❡♥t✐r❡ ❢❛❝t♦r✲♣r✐❝❡ ✈❡❝t♦r✱ ✉♥❧✐❦❡ t❤❡ ❈❊❙ ✇❤✐❝❤

r❡str✐❝ts ❛❧❧ ♣❛✐r✇✐s❡ ❡❧❛st✐❝✐t✐❡s t♦ ❛ s✐♥❣❧❡ ❝♦♥st❛♥t✳

❚❤❡ ❧❛st ♣r♦♣❡rt② ✐s ❞❡❝✐s✐✈❡ ❢♦r t❤❡ ♣r❡s❡♥t ❛♣♣❧✐❝❛t✐♦♥✳ ❚❤❡ ❝❡♥tr❛❧ q✉❡st✐♦♥ ♦❢ ❤♦✇ ❡❛s✲

✐❧② ✜r♠s ❝❛♥ s✉❜st✐t✉t❡ r❡♠♦t❡ ❧❛❜♦r ❢♦r ♦✣❝❡ ❧❛❜♦r✖❛♥❞ ❤♦✇ t❤✐s s✉❜st✐t✉t❛❜✐❧✐t② ❝❤❛♥❣❡s

❛s r❡♠♦t❡✲✇♦r❦ t❡❝❤♥♦❧♦❣② ✐♠♣r♦✈❡s✖❝❛♥♥♦t ❜❡ ❛♥s✇❡r❡❞ ❜② ❛ ♠♦❞❡❧ t❤❛t ❛ss✉♠❡s ❝♦♥st❛♥t

❡❧❛st✐❝✐t✐❡s✳ ❉✐❡✇❡rt✱ ◆♦♠✉r❛✱ ❛♥❞ ❙❤✐♠✐③✉ ✭✷✵✷✺✮ ❞❡♠♦♥str❛t❡ t❤✐s ♣♦✐♥t ❢♦r❝❡❢✉❧❧② ✉s✐♥❣ ❯❙

❛❣❣r❡❣❛t❡ ❞❛t❛✿ ❛❝r♦ss t❤❡✐r s✐①✲✐♥♣✉t ♠♦❞❡❧✱ t❤❡② ✜♥❞ t❤❛t ✽ ♣❛✐rs ♦❢ ✐♥♣✉ts ❛r❡ s✉❜st✐t✉t❡s

❛♥❞ ✼ ❛r❡ ❝♦♠♣❧❡♠❡♥ts✱ ❛ ♣❛tt❡r♥ t❤❛t ♥♦ ❈❊❙ ❢✉♥❝t✐♦♥ ❝❛♥ ❣❡♥❡r❛t❡✳ ❚❤❡ ◆◗ ♥❡sts t❤❡

❈❊❙ ❛s ❛ t❡st❛❜❧❡ r❡str✐❝t✐♦♥✱ ❛♥❞ ✐ts r❡❥❡❝t✐♦♥ ✐♥ ♠❛❝r♦❡❝♦♥♦♠✐❝ ❞❛t❛ str♦♥❣❧② ♠♦t✐✈❛t❡s

t❤❡ ❛❞♦♣t✐♦♥ ♦❢ t❤❡ ◆◗ ✐♥ t❤❡ ♣r❡s❡♥t ❝♦♥t❡①t✳

❆ ❢✉rt❤❡r ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ◆◗ ✐s tr❛❝t❛❜✐❧✐t②✳ ❚❤❡ ✉♥✐t ❝♦st ❢✉♥❝t✐♦♥ ❢♦r ❛ t❤r❡❡✲✐♥♣✉t

✷



♠♦❞❡❧ ✭N = 3✿ ♦✣❝❡ ❧❛❜♦r✱ r❡♠♦t❡ ❧❛❜♦r✱ ❝❛♣✐t❛❧✮ r❡q✉✐r❡s ♦♥❧② ✶✷ ❢r❡❡ ♣❛r❛♠❡t❡rs✳ ❙❤❡♣✲

❤❛r❞✬s ▲❡♠♠❛ ❞❡❧✐✈❡rs ❝❧♦s❡❞✲❢♦r♠ ❢❛❝t♦r ❞❡♠❛♥❞ ❡q✉❛t✐♦♥s✱ ❛♥❞ t❤❡ ③❡r♦✲♣r♦✜t ❝♦♥❞✐t✐♦♥

♣r♦✈✐❞❡s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❡st✐♠❛t✐♥❣ ❡q✉❛t✐♦♥✳ ❚❤✐s ②✐❡❧❞s ❛ s②st❡♠ ♦❢ ❢♦✉r ❡q✉❛t✐♦♥s ♣❡r

♦❜s❡r✈❛t✐♦♥✖❛ tr❛❝t❛❜❧❡ ❡♠♣✐r✐❝❛❧ s②st❡♠✳ ❇② ❝♦♥tr❛st✱ ❢✉❧❧② ♣❛r❛♠❡t❡r✐③✐♥❣ t❤❡ ❤♦✉s❡❤♦❧❞✬s

✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✇✐t❤K ❛r❣✉♠❡♥ts ✇♦✉❧❞ r❡q✉✐r❡K(K+1)/2 s❡❝♦♥❞✲♦r❞❡r ♣❛r❛♠❡t❡rs✱ ✇❤✐❝❤

❢♦r K = 6 ✭♦✉r ✉t✐❧✐t② ❢✉♥❝t✐♦♥✮ ✐s ✷✶✳ ❚❤❡ str❛t❡❣② ♦❢ t❤✐s ♣❛♣❡r ✐s t❤❡r❡❢♦r❡ t♦ ✐♥✈❡st ♠♦❞✲

❡❧✐♥❣ ❡✛♦rt ♦♥ t❤❡ ✜r♠ s✐❞❡ ✭◆◗✮ ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ ❤♦✉s❡❤♦❧❞ s✐❞❡ r✐❝❤ ✐♥ str✉❝t✉r❡ ❜✉t

♣❛rs✐♠♦♥✐♦✉s ✐♥ ❢✉♥❝t✐♦♥❛❧✲❢♦r♠ ❛ss✉♠♣t✐♦♥s✳

✶✳✸ ❖✈❡r✈✐❡✇ ♦❢ t❤❡ ▼♦❞❡❧

❚❤❡ ♠♦❞❡❧ ❤❛s t❤r❡❡ ❧❛②❡rs✿ t❤❡ ✜r♠✱ t❤❡ ❤♦✉s❡❤♦❧❞✱ ❛♥❞ t❤❡ s♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠✳

❚❤❡ ✜r♠ ❧❛②❡r✳ ❆ r❡♣r❡s❡♥t❛t✐✈❡ ✜r♠ ♣r♦❞✉❝❡s ♦✉t♣✉t ✉s✐♥❣ t❤r❡❡ ✐♥♣✉ts✿ ♦✣❝❡ ❧❛❜♦r

✭s✉♣♣❧✐❡❞ ❛t t❤❡ ✇♦r❦♣❧❛❝❡ S2✮✱ r❡♠♦t❡ ❧❛❜♦r ✭s✉♣♣❧✐❡❞ ❛t t❤❡ ❤♦✉s❡❤♦❧❞✬s r❡s✐❞❡♥❝❡ S1✮✱ ❛♥❞

❝❛♣✐t❛❧ s❡r✈✐❝❡s ✭❛ ❝♦♠♣♦s✐t❡ ♦❢ ♦✣❝❡ s♣❛❝❡ ❛♥❞ ♥♦♥✲s♣❛❝❡ ❝❛♣✐t❛❧✮✳ ❚❤❡ ✜r♠✬s t❡❝❤♥♦❧♦❣② ✐s

❞❡s❝r✐❜❡❞ ❜② ❛ ❈❘❙ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✇❤♦s❡ ❞✉❛❧ ✐s t❤❡ ◆◗ ✉♥✐t ❝♦st ❢✉♥❝t✐♦♥✳ ❙❤❡♣❤❛r❞✬s

▲❡♠♠❛ ❣❡♥❡r❛t❡s ❢❛❝t♦r ❞❡♠❛♥❞ ❡q✉❛t✐♦♥s t❤❛t ❞❡♣❡♥❞ ♦♥ t❤❡ ❢✉❧❧ ✈❡❝t♦r ♦❢ ❢❛❝t♦r ♣r✐❝❡s✱

♣❡r♠✐tt✐♥❣ ✈❛r✐❛❜❧❡ ❡❧❛st✐❝✐t✐❡s ♦❢ s✉❜st✐t✉t✐♦♥✳ ❆ t❡❝❤♥♦❧♦❣② ♣❛r❛♠❡t❡r θ ❣♦✈❡r♥s t❤❡ r❡❧❛t✐✈❡

♣r♦❞✉❝t✐✈✐t② ♦❢ r❡♠♦t❡ ❧❛❜♦r❀ ❛s θ ✐♥❝r❡❛s❡s✱ t❤❡ ◆◗ ❝♦st ❢✉♥❝t✐♦♥ s❤✐❢ts ✐♥ ❛ ✇❛② t❤❛t r❛✐s❡s

t❤❡ r❡♠♦t❡✲❧❛❜♦r ✐♥t❡♥s✐t② ♦❢ ♣r♦❞✉❝t✐♦♥✳

❚❤❡ ❤♦✉s❡❤♦❧❞ ❧❛②❡r✳ ❆ ❤♦✉s❡❤♦❧❞ ❝♦♥s✐sts ♦❢ ✉♣ t♦ t❤r❡❡ ❣❡♥❡r❛t✐♦♥s✿ ❝❤✐❧❞r❡♥ ✭●❡♥✲

❡r❛t✐♦♥ ✶✮✱ ✇♦r❦✐♥❣✲❛❣❡ ❛❞✉❧ts ✭●❡♥❡r❛t✐♦♥ ✷✮✱ ❛♥❞ t❤❡ ❡❧❞❡r❧② ✭●❡♥❡r❛t✐♦♥ ✸✮✳ ❖♥❧② ●❡♥✲

❡r❛t✐♦♥ ✷ s✉♣♣❧✐❡s ♠❛r❦❡t ❧❛❜♦r ❛♥❞ ♠❛❦❡s t❤❡ t✐♠❡✲❛❧❧♦❝❛t✐♦♥ ❞❡❝✐s✐♦♥s✳ ❚❤❡ ❤♦✉s❡❤♦❧❞✬s

r❡s✐❞❡♥t✐❛❧ s♣❛❝❡ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❧✐✈✐♥❣ s♣❛❝❡ ❛♥❞ ❤♦♠❡✲♦✣❝❡ s♣❛❝❡✱ s✉❜❥❡❝t t♦ ❛♥ ✐♥t❡r♥❛❧

❛❧❧♦❝❛t✐♦♥ ❝♦♥str❛✐♥t✳ ❙❡✈❡♥ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s ♦♣❡r❛t❡ ✇✐t❤✐♥ t❤❡ ♠♦❞❡❧✿ t❤❡ ✜r♠✬s ◆◗

t❡❝❤♥♦❧♦❣②✱ ❤♦✉s✐♥❣ s❡r✈✐❝❡s ✭❢r♦♠ ❧✐✈✐♥❣ s♣❛❝❡ ❛♥❞ ❞✉r❛❜❧❡s✮✱ ❡✛❡❝t✐✈❡ r❡♠♦t❡ ❧❛❜♦r ✭❢r♦♠

♦✣❝❡ s♣❛❝❡✱ ■❚ ❝❛♣✐t❛❧✱ ❛♥❞ t✐♠❡✮✱ ❤♦♠❡ ❧❡✐s✉r❡✱ ❡①t❡r♥❛❧ ❧❡✐s✉r❡✱ ❣❡♥❡r❛❧ ❤♦✉s❡✇♦r❦ ✭❛❧❧

t❤r❡❡ ❢r♦♠ ❙❤✐♠✐③✉ ✭✷✵✷✻✮✮✱ ❝❤✐❧❞❝❛r❡ ✭❢r♦♠ ❝❛r❡ ❣♦♦❞s✱ ♦✇♥ t✐♠❡✱ ❛♥❞ ♣✉r❝❤❛s❡❞ s❡r✈✐❝❡s✮✱

✸



❛♥❞ ❡❧❞❡r❝❛r❡ ✭s✐♠✐❧❛r❧② str✉❝t✉r❡❞✮✳ Pr❡❢❡r❡♥❝❡s ❛r❡ ♥♦♥❤♦♠♦t❤❡t✐❝✱ ✇✐t❤ s✉❜s✐st❡♥❝❡ ❧❡✈❡❧s

❢♦r ❜♦t❤ ❤♦✉s✐♥❣ ❛♥❞ ❝❛r❡ t❤❛t ❞❡♣❡♥❞ ♦♥ ❤♦✉s❡❤♦❧❞ ❝♦♠♣♦s✐t✐♦♥✳

❚❤❡ s♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ❧❛②❡r✳ ❍♦✉s❡❤♦❧❞s ❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s ✐♥ t❤❡✐r r❡♠♦t❡✲✇♦r❦ ♣r♦❞✉❝✲

t✐✈✐t② ✭ϕi✮✱ ❣❡♥❡r❛t✐♦♥❛❧ ❝♦♠♣♦s✐t✐♦♥ ✭ni
1, n

i
2, n

i
3✮✱ ❛♥❞ ❛♠❡♥✐t② ♣r❡❢❡r❡♥❝❡s ✭ξi✮✳ ❋r❡❡ ♠♦❜✐❧✐t②

❛❝r♦ss r❡❣✐♦♥s ❡q✉❛❧✐③❡s t❤❡ ❛♠❡♥✐t②✲❛✉❣♠❡♥t❡❞ ✐♥❞✐r❡❝t ✉t✐❧✐t② ♦❢ ❡❛❝❤ t②♣❡✳ ❚❤❡ r❡s✉❧t✐♥❣

r❡♥t ❢✉♥❝t✐♦♥ ❝❛♣✐t❛❧✐③❡s ❝♦♠♠✉t✐♥❣ ❞✐st❛♥❝❡✱ ❛♠❡♥✐t② ❛❝❝❡ss✱ ❛♥❞ t❤❡ ♣r✐❝❡s ♦❢ ❝❤✐❧❞❝❛r❡ ❛♥❞

❡❧❞❡r❝❛r❡ s❡r✈✐❝❡s✳ P♦♣✉❧❛t✐♦♥ ❛❣✐♥❣✖❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❡❧❞❡r❧② ❞❡♣❡♥❞❡♥❝② r❛t✐♦✖r❡s❤❛♣❡s

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❜② s❤✐❢t✐♥❣ ❝❛r❡ ❞❡♠❛♥❞✱ ❛❧t❡r✐♥❣ t❤❡ s♦rt✐♥❣ ♣❛tt❡r♥✱ ❛♥❞ ❝❤❛♥❣✐♥❣ t❤❡

s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ r❡♥ts✳

✶✳✹ ▼❛✐♥ ❘❡s✉❧ts

❚❤❡ ♣❛♣❡r ❞❡r✐✈❡s ✜✈❡ ♠❛✐♥ s❡ts ♦❢ r❡s✉❧ts✳

❋✐rst✱ ■ ❞❡r✐✈❡ ❛ s❤❛❞♦✇✲♣r✐❝❡ ❜♦✉♥❞ t❤❛t ❡①t❡♥❞s t❤❡ ❢♦✉♥❞❛t✐♦♥❛❧ r❡s✉❧t ♦❢ ❙❝❤r❡②❡r ❛♥❞

❉✐❡✇❡rt ✭✷✵✶✹✮✳ ■♥ t❤❡ ❜❛s❡ ♠♦❞❡❧✱ t❤❡ s❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❧❡✐s✉r❡ s❛t✐s✜❡s w∗ ≤ min{wr
S, w}✳

❚❤❡ ♣r❡s❡♥t ♠♦❞❡❧ ❡①t❡♥❞s t❤✐s t♦ w∗i ≤ min{wr
S, w

r
CC , w

r
EC , w̃

o, w̃h}✱ ✇❤❡r❡ wr
CC ❛♥❞ wr

EC ❛r❡

t❤❡ r❡❣✐♦♥❛❧ ♣r✐❝❡s ♦❢ ❝❤✐❧❞❝❛r❡ ❛♥❞ ❡❧❞❡r❝❛r❡✱ w̃o ≡ (wo−δ1ηd12)/(1+ηd12) ✐s t❤❡ ❝♦♠♠✉t✐♥❣✲

❛❞❥✉st❡❞ ❡✛❡❝t✐✈❡ ♦✣❝❡ ✇❛❣❡✱ ❛♥❞ w̃h ≡ wh − cΩ(ρrR, pIT ) ✐s t❤❡ ♥❡t r❡♠♦t❡ ✇❛❣❡ ❛❢t❡r

❡q✉✐♣♠❡♥t ❝♦st✳ ❊❛❝❤ ❜♦✉♥❞ ❤❛s ❛ str✉❝t✉r❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ❧✐♥❦❡❞ t♦ ❛ s♣❡❝✐✜❝ ✜rst✲♦r❞❡r

❝♦♥❞✐t✐♦♥✳

❙❡❝♦♥❞✱ ■ ❞❡r✐✈❡ ❛ s♣❛t✐❛❧ ❢✉❧❧✲✐♥❝♦♠❡ ✐❞❡♥t✐t② t❤❛t ✐♥❝♦r♣♦r❛t❡s ❝❛r❡ s✉r♣❧✉s❡s✿ t❤❡ ❣❛♣s

(wr
CC −w∗i)TCC,i∗

l3 ❛♥❞ (wr
EC −w∗i)TEC,i∗

l3 ❜❡t✇❡❡♥ t❤❡ ♠❛r❦❡t ♣r✐❝❡ ♦❢ ❝❛r❡ ❛♥❞ t❤❡ s❤❛❞♦✇

✈❛❧✉❡ ♦❢ t✐♠❡✱ ✇❡✐❣❤t❡❞ ❜② ♦✇♥✲❝❛r❡ t✐♠❡✱ ❛♣♣❡❛r ❛❧♦♥❣s✐❞❡ t❤❡ ❢❛♠✐❧✐❛r ❧❛❜♦r ❛♥❞ ❤♦✉s❡✇♦r❦

s✉r♣❧✉s❡s✳

❚❤✐r❞✱ ■ s❤♦✇ t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❡♥t ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ❝♦♠♠✉t✐♥❣ ❞✐st❛♥❝❡ ✐s

−(w∗i+δ1)ηT
o,i∗
l1 /qi∗R ✱ ✇❤✐❝❤ ✐s ✢❛tt❡r t❤❛♥ ❙❤✐♠✐③✉ ✭✷✵✷✻✮✬s −(w∗+δ1)/q

∗
R ❜❡❝❛✉s❡ t❤❡ ❢❛❝t♦r

ηT o,i∗
l1 ❞❡❝❧✐♥❡s ❛s r❡♠♦t❡ ✇♦r❦ s✉❜st✐t✉t❡s ❢♦r ♦✣❝❡ ✇♦r❦✳

❋♦✉rt❤✱ ■ ❡st❛❜❧✐s❤ ❛ s♦rt✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ✇❤✐❝❤ ❢❛❝❡✲t♦✲❢❛❝❡ ✇♦r❦❡rs s♦rt t♦ ❝❡♥tr❛❧

✹



❧♦❝❛t✐♦♥s✱ r❡♠♦t❡✲❝❛♣❛❜❧❡ ✇♦r❦❡rs s♦rt t♦ ❞✐st❛♥t ❧♦❝❛t✐♦♥s✱ ❛♥❞ t❤❡ r❡♥t ❢✉♥❝t✐♦♥ ✐s ❝♦♥✈❡①✳

❚❤❡ ♥♦♥❤♦♠♦t❤❡t✐❝ ♣r❡❢❡r❡♥❝❡ str✉❝t✉r❡ ✐♠♣❧✐❡s ✐♥❝♦♠❡✲❞❡♣❡♥❞❡♥t s♦rt✐♥❣✱ ❛♥❞ t❤❡ ❝❛r❡

r❡q✉✐r❡♠❡♥ts ❣❡♥❡r❛t❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❞✐♠❡♥s✐♦♥ ♦❢ s♣❛t✐❛❧ s❡❧❡❝t✐♦♥✳

❋✐❢t❤✱ ■ s❤♦✇ t❤❛t ♣♦♣✉❧❛t✐♦♥ ❛❣✐♥❣ ✢❛tt❡♥s t❤❡ ❛❣❣r❡❣❛t❡ r❡♥t ❣r❛❞✐❡♥t t❤r♦✉❣❤ t✇♦

❝❤❛♥♥❡❧s ✭♠♦r❡ ❡❧❞❡r❧②✲♦♥❧② ❤♦✉s❡❤♦❧❞s ✇✐t❤ ③❡r♦ ❝♦♠♠✉t✐♥❣✱ ❛♥❞ ♠♦r❡ r❡♠♦t❡ ❡❧❞❡r❝❛r❡✮✱

❣❡♥❡r❛t❡s ❛ r❡♥t r♦t❛t✐♦♥ ❜❡t✇❡❡♥ r❡s✐❞❡♥t✐❛❧ ❛♥❞ ❝♦♠♠❡r❝✐❛❧ r❡❛❧ ❡st❛t❡✱ ❛♥❞ ❛♠♣❧✐✜❡s t❤❡

✇❡❧❢❛r❡ ✈❛❧✉❡ ♦❢ r❡♠♦t❡✲✇♦r❦ t❡❝❤♥♦❧♦❣②✳

✶✳✺ ❘❡❧❛t❡❞ ▲✐t❡r❛t✉r❡

❚❤✐s ♣❛♣❡r ❝♦♥tr✐❜✉t❡s t♦ ❛♥❞ ❝♦♥♥❡❝ts ❢♦✉r ❧✐t❡r❛t✉r❡s✳

❍♦✉s❡❤♦❧❞ ♣r♦❞✉❝t✐♦♥ ❛♥❞ t✐♠❡ ❛❧❧♦❝❛t✐♦♥✳ ❇❡❝❦❡r ✭✶✾✻✺✮ ✐♥✐t✐❛t❡❞ t❤❡ ❡❝♦♥♦♠✐❝ ❛♥❛❧②s✐s

♦❢ ❤♦✉s❡❤♦❧❞ t✐♠❡ ❛❧❧♦❝❛t✐♦♥✳ ●r♦♥❛✉ ✭✶✾✼✼✮ ❞✐st✐♥❣✉✐s❤❡❞ ❜❡t✇❡❡♥ ♠❛r❦❡t ✇♦r❦✱ ❤♦♠❡

♣r♦❞✉❝t✐♦♥✱ ❛♥❞ ❧❡✐s✉r❡✱ ✇❤✐❧❡ P♦❧❧❛❦ ❛♥❞ ❲❛❝❤t❡r ✭✶✾✼✺✮ ❡♠♣❤❛s✐③❡❞ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢

❥♦✐♥t ♣r♦❞✉❝t✐♦♥ ❛♥❞ t❤❡ ❧✐♠✐ts ♦❢ ♠❛r❦❡t s✉❜st✐t✉t❡s✳ ❍❡❝❦♠❛♥ ✭✶✾✼✹✮ ❛♥❛❧②③❡❞ s❤❛❞♦✇

♣r✐❝❡s ❛♥❞ ❝♦r♥❡r s♦❧✉t✐♦♥s✳ ❚❤❡ ♠♦st ❣❡♥❡r❛❧ tr❡❛t♠❡♥t ♦❢ ❧❡✐s✉r❡✱ ❤♦✉s❡❤♦❧❞ ✇♦r❦✱ ❛♥❞

♠❛r❦❡t ❧❛❜♦r ✇✐t❤ ❝♦r♥❡r s♦❧✉t✐♦♥s ✐s ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✮✱ ✇❤♦s❡ ❢r❛♠❡✇♦r❦ ■ ❡①t❡♥❞

s♣❛t✐❛❧❧② ✐♥ t❤❡ ❝♦♠♣❛♥✐♦♥ ♣❛♣❡r ✭❙❤✐♠✐③✉✱ ✷✵✷✻✮ ❛♥❞ ❢✉rt❤❡r ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳ ◆❡✈♦

❛♥❞ ❲♦♥❣ ✭✷✵✷✷✮ ♣r♦✈✐❞❡ r❡❝❡♥t ❡✈✐❞❡♥❝❡ ♦♥ t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ❜❡t✇❡❡♥ t✐♠❡ ❛♥❞

♠❛r❦❡t ❣♦♦❞s✳

❋❧❡①✐❜❧❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s ❛♥❞ ♣r♦❞✉❝t✐♦♥ t❤❡♦r②✳ ❚❤❡ ◆◗ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ✇❛s ✐♥tr♦❞✉❝❡❞

❜② ❉✐❡✇❡rt ❛♥❞ ❲❛❧❡s ✭✶✾✽✼✮ ❛♥❞ ❡①t❡♥❞❡❞ ❜② ❉✐❡✇❡rt ❛♥❞ ❲❛❧❡s ✭✶✾✽✽✮ ❛♥❞ ❉✐❡✇❡rt ❛♥❞

❲❛❧❡s ✭✶✾✾✷✮✳ ❑♦❤❧✐ ✭✶✾✾✶✱ ✶✾✾✸✮ ❛♣♣❧✐❡❞ t❤❡ ◆◗ t♦ ●❉P ❢✉♥❝t✐♦♥s✳ ❉✐❡✇❡rt✱ ◆♦♠✉r❛✱ ❛♥❞

❙❤✐♠✐③✉ ✭✷✵✷✺✮ ♣r♦✈✐❞❡ t❤❡ ♠♦st r❡❝❡♥t ❛♣♣❧✐❝❛t✐♦♥✱ ❡st✐♠❛t✐♥❣ ❛ s✐①✲✐♥♣✉t ◆◗ ❥♦✐♥t ❝♦st

❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❯❙ ❡❝♦♥♦♠② ❛♥❞ ❞❡♠♦♥str❛t✐♥❣ t❤❡ ✐♥❛❞❡q✉❛❝② ♦❢ t❤❡ ❈❊❙✳ ❚❤❡ ♣r❡s❡♥t

♣❛♣❡r ❛♣♣❧✐❡s t❤❡ ◆◗ t♦ t❤❡ s♣❡❝✐✜❝ ♣r♦❜❧❡♠ ♦❢ ♦✣❝❡✲✈❡rs✉s✲r❡♠♦t❡ ❧❛❜♦r s✉❜st✐t✉t✐♦♥✳ ❙❡❡

❉✐❡✇❡rt ✭✷✵✷✷✮ ❢♦r ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ s✉r✈❡② ♦❢ ❞✉❛❧✐t② ✐♥ ♣r♦❞✉❝t✐♦♥ t❤❡♦r② ❛♥❞ ▼❝❋❛❞❞❡♥

✭✶✾✼✽✮ ❛♥❞ ❙❤❡♣❤❛r❞ ✭✶✾✺✸✮ ❢♦r ❢♦✉♥❞❛t✐♦♥❛❧ ❝♦♥tr✐❜✉t✐♦♥s✳

✺



❘❡♠♦t❡ ✇♦r❦ ❛♥❞ ✉r❜❛♥ str✉❝t✉r❡✳ ❇❧♦♦♠ ❡t ❛❧✳ ✭✷✵✶✺✮ ♣r♦✈✐❞❡❞ ❡❛r❧② ❡①♣❡r✐♠❡♥t❛❧

❡✈✐❞❡♥❝❡ ♦♥ r❡♠♦t❡✲✇♦r❦ ♣r♦❞✉❝t✐✈✐t②✳ ❇❛rr❡r♦✱ ❇❧♦♦♠✱ ❛♥❞ ❉❛✈✐s ✭✷✵✷✸✮ ❞♦❝✉♠❡♥t t❤❡

♣♦st✲♣❛♥❞❡♠✐❝ ❡✈♦❧✉t✐♦♥ ♦❢ ✇♦r❦ ❢r♦♠ ❤♦♠❡✳ ❉✐♥❣❡❧ ❛♥❞ ◆❡✐♠❛♥ ✭✷✵✷✵✮ ❝❧❛ss✐❢② ♦❝❝✉♣❛t✐♦♥s

❜② r❡♠♦t❡✲✇♦r❦ ❢❡❛s✐❜✐❧✐t②✳ ❉❡❧✈❡♥t❤❛❧✱ ❑✇♦♥✱ ❛♥❞ P❛r❦❤♦♠❡♥❦♦ ✭✷✵✷✷✮ ❞❡✈❡❧♦♣ ❛ q✉❛♥t✐✲

t❛t✐✈❡ s♣❛t✐❛❧ ♠♦❞❡❧ ♦❢ r❡♠♦t❡ ✇♦r❦✳ ❉❛✈✐s✱ ●❤❡♥t✱ ❛♥❞ ●r❡❣♦r② ✭✷✵✷✹✮ ❛♥❛❧②③❡ t❤❡ ✇❡❧❢❛r❡

❝♦♥s❡q✉❡♥❝❡s ♦❢ ✇♦r❦✲❢r♦♠✲❤♦♠❡ t❡❝❤♥♦❧♦❣② ✐♥ ❛♥ ❆❧♦♥s♦✕▼✉t❤ ❢r❛♠❡✇♦r❦✳ ●✉♣t❛ ❡t ❛❧✳

✭✷✵✷✷✮ st✉❞② t❤❡ r❡✈❛❧✉❛t✐♦♥ ♦❢ ❝♦♠♠❡r❝✐❛❧ ❛♥❞ r❡s✐❞❡♥t✐❛❧ r❡❛❧ ❡st❛t❡✳ ❘❛♠❛♥✐ ❛♥❞ ❇❧♦♦♠

✭✷✵✷✶✮ ❞♦❝✉♠❡♥t t❤❡ ✏❞♦♥✉t ❡✛❡❝t✑ ♦❢ r❡♠♦t❡ ✇♦r❦ ♦♥ ❝✐t② str✉❝t✉r❡✳ ❙t❛♥t♦♥ ❛♥❞ ❚✐✇❛r✐

✭✷✵✷✶✮ ❡①❛♠✐♥❡ ❤♦✉s✐♥❣ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ r❡♠♦t❡✲✇♦r❦ ❝♦sts✳ ▲✐✉ ❛♥❞ ❙✉ ✭✷✵✷✸✮ ❛♥❛❧②③❡ t❤❡

❣❡♦❣r❛♣❤② ♦❢ r❡♠♦t❡ ✇♦r❦✳ ❆r♥t③✱ ❇❡♥ ❨❛❤♠❡❞✱ ❛♥❞ ❇❡r❧✐♥❣✐❡r✐ ✭✷✵✷✷✮ st✉❞② ❤❡t❡r♦❣❡♥❡✐t②

✐♥ r❡♠♦t❡ ✇♦r❦ ❜② ❣❡♥❞❡r ❛♥❞ ♣❛r❡♥t❤♦♦❞✳ ❚❤❡ ♣r❡s❡♥t ♣❛♣❡r ❞✐✛❡rs ❢r♦♠ t❤✐s ❧✐t❡r❛t✉r❡

✐♥ ✐ts ❡①♣❧✐❝✐t ♠♦❞❡❧✐♥❣ ♦❢ ✜r♠ t❡❝❤♥♦❧♦❣② ✭✈✐❛ t❤❡ ◆◗✮✱ ❤♦✉s❡❤♦❧❞ ♣r♦❞✉❝t✐♦♥✱ ❝❛r❡✱ ❛♥❞

❣❡♥❡r❛t✐♦♥❛❧ str✉❝t✉r❡✳

❯r❜❛♥ s♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ s♦rt✐♥❣✳ ❚❤❡ ♠♦♥♦❝❡♥tr✐❝ tr❛❞✐t✐♦♥ ♦❢ ❆❧♦♥s♦ ✭✶✾✻✹✮✱ ▼✉t❤

✭✶✾✻✾✮✱ ❛♥❞ ▼✐❧❧s ✭✶✾✻✼✮ ✐s ❡①t❡♥❞❡❞ ❜② t❤❡ q✉❛❧✐t②✲♦❢✲❧✐❢❡ ❧✐t❡r❛t✉r❡ ✭❘♦s❡♥✱ ✶✾✼✾❀ ❘♦❜❛❝❦✱

✶✾✽✷❀ ❆❧❜♦✉②✱ ✷✵✶✻✮✳ ❉✐❛♠♦♥❞ ✭✷✵✶✻✮ ❛♥❞ ❈♦✉t✉r❡ ❡t ❛❧✳ ✭✷✵✷✹✮ ❛♥❛❧②③❡ s♦rt✐♥❣ ❜② s❦✐❧❧

❛♥❞ ✐♥❝♦♠❡✳ ❆❤❧❢❡❧❞t ❡t ❛❧✳ ✭✷✵✶✺✮ ❛♥❞ ▼♦♥t❡✱ ❘❡❞❞✐♥❣✱ ❛♥❞ ❘♦ss✐✲❍❛♥s❜❡r❣ ✭✷✵✶✽✮ ❞❡✈❡❧♦♣

q✉❛♥t✐t❛t✐✈❡ s♣❛t✐❛❧ ♠♦❞❡❧s ✇✐t❤ ❝♦♠♠✉t✐♥❣✳ ❚❤❡ ♣r❡s❡♥t ♣❛♣❡r ❡①t❡♥❞s t❤✐s tr❛❞✐t✐♦♥ ❜②

❞❡r✐✈✐♥❣ s♦rt✐♥❣ ❢r♦♠ ❛ ❇❡❝❦❡r✕❉✐❡✇❡rt ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ✜r♠ t❡❝❤♥♦❧♦❣②✱ ❝❛r❡✱

❛♥❞ ❣❡♥❡r❛t✐♦♥❛❧ str✉❝t✉r❡✳

✶✳✻ ❖r❣❛♥✐③❛t✐♦♥

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ s✉♠♠❛r✐③❡s t❤❡ t✇♦ ❢♦✉♥❞❛t✐♦♥❛❧ ♠♦❞❡❧s✿

❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✮ ❛♥❞ t❤❡ ❝♦♠♣❛♥✐♦♥ ♣❛♣❡r ✭❙❤✐♠✐③✉✱ ✷✵✷✻✮✳ ❙❡❝t✐♦♥ ✸ ❞❡✈❡❧♦♣s

t❤❡ ◆◗ ✜r♠ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✳ ❙❡❝t✐♦♥ ✹ ✐♥tr♦❞✉❝❡s t❤❡ ❣❡♥❡r❛t✐♦♥❛❧ str✉❝t✉r❡✱ s❡✈❡♥

♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s✱ ♥♦♥❤♦♠♦t❤❡t✐❝ ♣r❡❢❡r❡♥❝❡s✱ ❛♥❞ t❤❡ ❤♦✉s❡❤♦❧❞✬s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜✲

❧❡♠✳ ❙❡❝t✐♦♥ ✺ ❞❡r✐✈❡s t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s✱ s❤❛❞♦✇✲♣r✐❝❡ ❜♦✉♥❞s✱ ❝❛r❡✲♦✉ts♦✉r❝✐♥❣

✻



❝♦♥❞✐t✐♦♥s✱ t❤❡ s♣❛❝❡✲❛❧❧♦❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥✱ ❛♥❞ t❤❡ s♣❛t✐❛❧ ❢✉❧❧✲✐♥❝♦♠❡ ✐❞❡♥t✐t②✳ ❙❡❝t✐♦♥ ✻

❝❤❛r❛❝t❡r✐③❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❡♥t ❣r❛❞✐❡♥ts ❛♥❞ t❤❡ r❡♥t r♦t❛t✐♦♥✳ ❙❡❝t✐♦♥ ✼ ❞❡✈❡❧♦♣s t❤❡

s♦rt✐♥❣ ❡q✉✐❧✐❜r✐✉♠✳ ❙❡❝t✐♦♥ ✽ ❛♥❛❧②③❡s t❤❡ ❡✛❡❝ts ♦❢ ♣♦♣✉❧❛t✐♦♥ ❛❣✐♥❣✳ ❙❡❝t✐♦♥ ✾ ❞✐s❝✉ss❡s

✐❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ ♣r❡s❡♥ts ❛ q✉❛♥t✐t❛t✐✈❡ ❝❛❧✐❜r❛t✐♦♥ ❢♦r ❏❛♣❛♥✳ ❙❡❝t✐♦♥ ✶✵ ❝♦♥❝❧✉❞❡s✳ ❖♥❧✐♥❡

❆♣♣❡♥❞✐① ❆ ♣r♦✈✐❞❡s ❛❧❧ ♣r♦♦❢s✳ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❇ ❞❡✈❡❧♦♣s t❤❡ ❡①t❡♥❞❡❞ ❝❛s❡ t❛①♦♥♦♠②

❛♥❞ s❤❛r❡ ❡q✉❛t✐♦♥s✳ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❈ ♣r❡s❡♥ts t❤❡ ◆◗ ❥♦✐♥t ❝♦st ❡st✐♠❛t✐♦♥ ❢♦r ❏❛♣❛♥

✭✶✾✼✵✕✷✵✷✸✮ t❤❛t ✉♥❞❡r❧✐❡s t❤❡ ❝❛❧✐❜r❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✾✳

✷ ❋♦✉♥❞❛t✐♦♥s✿ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✮ ❛♥❞ t❤❡

❈♦♠♣❛♥✐♦♥ P❛♣❡r

❚❤✐s s❡❝t✐♦♥ ♣r♦✈✐❞❡s ❛ s❡❧❢✲❝♦♥t❛✐♥❡❞ s✉♠♠❛r② ♦❢ t❤❡ t✇♦ ♠♦❞❡❧s ♦♥ ✇❤✐❝❤ t❤❡ ♣r❡s❡♥t ♣❛♣❡r

❜✉✐❧❞s✳

✷✳✶ ❚❤❡ ❙❝❤r❡②❡r✕❉✐❡✇❡rt ✭✷✵✶✹✮ ▼♦❞❡❧ ♦❢ ❍♦✉s❡❤♦❧❞ ❚✐♠❡ ❱❛❧✉✲

❛t✐♦♥

❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✮ ❞❡✈❡❧♦♣s ❛ ❣❡♥❡r❛❧✐③❡❞ ❇❡❝❦❡r ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ ❧❡✐s✉r❡ t✐♠❡✱

❤♦✉s❡❤♦❧❞ ✇♦r❦ t✐♠❡✱ ❛♥❞ ♠❛r❦❡t ❧❛❜♦r t✐♠❡ ❡❛❝❤ ❤❛✈❡ s❡♣❛r❛t❡ ✉t✐❧✐t② ✐♠♣❧✐❝❛t✐♦♥s✳ ❚❤✐s

❣❡♥❡r❛❧✐③❛t✐♦♥ ✐s ❝r✉❝✐❛❧ ❜❡❝❛✉s❡ ✐t ❛❧❧♦✇s t❤❡ s❤❛❞♦✇ ✈❛❧✉❡ ♦❢ t✐♠❡ t♦ ❞✐✛❡r ❢r♦♠ t❤❡ ♦❜s❡r✈❡❞

♠❛r❦❡t ✇❛❣❡✳

✷✳✶✳✶ Pr❡❢❡r❡♥❝❡s ❛♥❞ ♣r♦❞✉❝t✐♦♥

❆ s✐♥❣❧❡✲♣❡rs♦♥ ❤♦✉s❡❤♦❧❞ ❤❛s ♣r❡❢❡r❡♥❝❡s

U = U(qR, Qk, QH , Tl1, Tl2), ✭✷✳✶✮

✼



✇❤❡r❡ qR ✐s ❛ ♠❛r❦❡t ❝♦♥s✉♠♣t✐♦♥ ❣♦♦❞✱ Qk = F (qk, Tk) ✐s ❧❡✐s✉r❡ s❡r✈✐❝❡s ♣r♦❞✉❝❡❞ ❢r♦♠

❧❡✐s✉r❡ ❣♦♦❞s qk ❛♥❞ ❧❡✐s✉r❡ t✐♠❡ Tk✱ QH = H(qH , Tl2 + qS) ✐s ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ♣r♦❞✉❝❡❞

❢r♦♠ ❤♦✉s❡❤♦❧❞ ❣♦♦❞s qH ❛♥❞ ❛ ❝♦♠♣♦s✐t❡ ♦❢ ♦✇♥ ❤♦✉s❡❤♦❧❞ ✇♦r❦ t✐♠❡ Tl2 ❛♥❞ ♣✉r❝❤❛s❡❞

❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s qS ✭✇❤✐❝❤ ❛r❡ ♣❡r❢❡❝t s✉❜st✐t✉t❡s✮✱ Tl1 ✐s ♠❛r❦❡t ❧❛❜♦r t✐♠❡✱ ❛♥❞ Tl2 ✐s

♦✇♥ ❤♦✉s❡❤♦❧❞ ✇♦r❦ t✐♠❡✳ U ✐s ❝♦♥❝❛✈❡✱ U1, U2, U3 > 0✱ U4 ≤ 0 ✭❞✐s✉t✐❧✐t② ♦❢ ♠❛r❦❡t ✇♦r❦✮✱

U5 ≤ 0 ✭❞✐s✉t✐❧✐t② ♦❢ ❤♦✉s❡✇♦r❦✮✳ F ❛♥❞ H ❛r❡ ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ❝♦♥❝❛✈❡✳

✷✳✶✳✷ ❈♦♥str❛✐♥ts ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥

❚✐♠❡ ❝♦♥str❛✐♥t✿ Tl1+Tl2+Tk = T ✳ ❇✉❞❣❡t ❝♦♥str❛✐♥t✿ pRqR+pkqk+pHqH+w
r
SqS ≤ wTl1+Y ✳

❚❤❡ ❤♦✉s❡❤♦❧❞ ♠❛①✐♠✐③❡s U s✉❜❥❡❝t t♦ ❜♦t❤ ❝♦♥str❛✐♥ts ❛♥❞ ♥♦♥♥❡❣❛t✐✈✐t②✳

❇② t❤❡ ❑❛r❧✐♥✕❯③❛✇❛ t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐st ♠✉❧t✐♣❧✐❡rs λ∗ > 0 ✭❜✉❞❣❡t✮ ❛♥❞ ω∗ > 0 ✭t✐♠❡✮✱

❛♥❞ t❤❡ s❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❧❡✐s✉r❡ ✐s w∗ ≡ ω∗/λ∗ > 0✳

✷✳✶✳✸ ❚❤❡ ❙❝❤r❡②❡r✕❉✐❡✇❡rt ❜♦✉♥❞

❆t ❛♥ ✐♥t❡r✐♦r s♦❧✉t✐♦♥ ✇✐t❤ q∗S > 0 ❛♥❞ T ∗
l1 > 0✿

0 < w∗ ≤ min{wr
S, w}. ✭✷✳✷✮

❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s✿ U4 = −λ∗(w − w∗) ✐♠♣❧✐❡s w ≥ w∗✱ ❛♥❞ U5 =

−λ∗(wr
S − w∗) ✐♠♣❧✐❡s wr

S ≥ w∗✳ ❚❤❡ ❜♦✉♥❞ ✐s t❤❡ ❝❡♥tr❛❧ r❡s✉❧t ♦❢ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt

✭✷✵✶✹✮ ❛♥❞ t❤❡ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ❛❧❧ ❡①t❡♥s✐♦♥s ✐♥ t❤❡ ❝♦♠♣❛♥✐♦♥ ♣❛♣❡r ❛♥❞ t❤❡ ♣r❡s❡♥t

♣❛♣❡r✳

✷✳✶✳✹ ❋✉❧❧ ✐♥❝♦♠❡ ❛♥❞ t❤❡ ❢♦✉r✲❝❛s❡ t❛①♦♥♦♠②

❉❡✜♥❡ ❢✉❧❧ ♣r✐❝❡s P ∗
k = cF (pk, w

∗) ❛♥❞ P ∗
H = cH(pH , w

r
S)✱ ✇❤❡r❡ c

F , cH ❛r❡ ✉♥✐t ❝♦st ❢✉♥❝t✐♦♥s

❞✉❛❧ t♦ F,H✳ ❋✉❧❧ ✐♥❝♦♠❡ ✐s FI = Y +w∗T ✳ ❋✉❧❧ ❝♦♥s✉♠♣t✐♦♥ ✐s FC = pRq
∗
R+P

∗
kQ

∗
k+P

∗
HQ

∗
H ✳

❚❤❡ ✐❞❡♥t✐t② ✐s✿

FC − (wr
S − w∗)T ∗

l2 − (w − w∗)T ∗
l1 = FI . ✭✷✳✸✮

✽



❋♦✉r ❝❛s❡s ❛r✐s❡ ❢r♦♠ ❝♦r♥❡r s♦❧✉t✐♦♥s ♦♥ (q∗S, T
∗
l1)✿ ❈❛s❡ ✶ ✭q∗S > 0, T ∗

l1 > 0✮✱ ❈❛s❡ ✷

✭q∗S = 0, T ∗
l1 > 0✮✱ ❈❛s❡ ✸ ✭q∗S > 0, T ∗

l1 = 0✮✱ ❈❛s❡ ✹ ✭q∗S = 0, T ∗
l1 = 0✮✳ ■♥ ❈❛s❡s ✷ ❛♥❞ ✹✱ t❤❡

s❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❤♦✉s❡❤♦❧❞ ✇♦r❦ w∗
H ≡ U3H2/λ

∗ ✐s ✉♥♦❜s❡r✈❡❞ ❛♥❞ s❛t✐s✜❡s w∗
H ≤ wr

S✳ ❙❡❡

❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❇ ❢♦r t❤❡ s❤❛r❡ ❡q✉❛t✐♦♥s ✐♥ ❡❛❝❤ ❝❛s❡✳

✷✳✷ ❚❤❡ ❈♦♠♣❛♥✐♦♥ P❛♣❡r✿ ❚❤❡ ❙♣❛t✐❛❧ ❇❡❝❦❡r ▼♦❞❡❧

❙❤✐♠✐③✉ ✭✷✵✷✻✮ ❡①t❡♥❞s ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✮ t♦ ❛ s♣❛t✐❛❧ s❡tt✐♥❣ ✇✐t❤ t❤r❡❡ ❧♦❝❛t✐♦♥s✿

S1 ✭❤♦♠❡✮✱ S2 ✭✇♦r❦♣❧❛❝❡✮✱ S3 ✭❛♠❡♥✐t② ✈❡♥✉❡s✮✳ ▲❡✐s✉r❡ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❤♦♠❡ ❧❡✐s✉r❡

Qk1 = F (qk1, Tk1) ❛♥❞ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ Qk2 = G(qk2, Tk2)✱ ❜♦t❤ ✇✐t❤ ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s

♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s✳ ❍♦✉s✐♥❣ s❡r✈✐❝❡s qR ❡♥t❡r ✉t✐❧✐t② ❞✐r❡❝t❧②✳

✷✳✷✳✶ ❈♦♠♠✉t✐♥❣ ❛♥❞ ❧❡✐s✉r❡ tr❛✈❡❧

❈♦♠♠✉t✐♥❣ t♦ S2 ✐s ❛ ✜①❡❞ ❝♦st✿ t✐♠❡ d12 ❛♥❞ ♠♦♥❡② δ1d12 ♣❡r ♣❡r✐♦❞✳ ▲❡✐s✉r❡ tr❛✈❡❧ t♦ S3

✐s ♣r♦♣♦rt✐♦♥❛❧✿ t✐♠❡ d13Tk2 ❛♥❞ ♠♦♥❡② δ2d13Tk2✳ ❚❤❡ ✇♦r❦❡r t✐♠❡ ❝♦♥str❛✐♥t ✐s✿

Tl1 + Tl2 + Tk1 + (1 + d13)Tk2 = T − d12 ≡ T̃ . ✭✷✳✹✮

✷✳✷✳✷ ▼❛✐♥ r❡s✉❧ts ♦❢ t❤❡ ❝♦♠♣❛♥✐♦♥ ♣❛♣❡r

❙❤❛❞♦✇✲♣r✐❝❡ ❜♦✉♥❞ ✿ 0 < w∗ ≤ min{wr
S, w} ✭❚❤❡♦r❡♠ ✸✳✹✮✳ ❚❤❡ s♣❛t✐❛❧ ❡①t❡♥s✐♦♥ ❞♦❡s

♥♦t ❝❤❛♥❣❡ t❤❡ ❜♦✉♥❞❀ ✐t ❝❤❛♥❣❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡ ♦❢ w∗ t❤r♦✉❣❤ t❤❡ ❡✛❡❝t✐✈❡ t✐♠❡

❡♥❞♦✇♠❡♥t T̃ ❛♥❞ t❤❡ ❢✉❧❧ ♣r✐❝❡ ♦❢ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ πk2 = w∗(1 + d13) + δ2d13✳

❙♣❛t✐❛❧ ❢✉❧❧ ✐♥❝♦♠❡✿ FIW = Y − δ1d12 +w∗(T − d12) ✭❚❤❡♦r❡♠ ✸✳✽✮✳ ❈♦♠♠✉t✐♥❣ r❡❞✉❝❡s

❢✉❧❧ ✐♥❝♦♠❡ t❤r♦✉❣❤ ❜♦t❤ t❤❡ t✐♠❡ ♦♣♣♦rt✉♥✐t② ❝♦st w∗d12 ❛♥❞ t❤❡ ♠♦♥❡t❛r② ❝♦st δ1d12✳

✾



❘❡♥t ❣r❛❞✐❡♥ts ✭❚❤❡♦r❡♠ ✺✳✷✮✿

∂p∗R/∂d12 = −(w∗ + δ1)/q
∗
R < 0, ✭✷✳✺✮

∂p∗R/∂d13 = −(w∗ + δ2)T
∗
k2/q

∗
R ≤ 0, ✭✷✳✻✮

∂p∗R/∂w
r
S = −q∗S/q

∗
R ≤ 0. ✭✷✳✼✮

❘❡❣✐♦♥❛❧ ❤♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s s✉♣♣❧② ✿ wr
S ∈ (0,+∞]✱ ✇✐t❤ wr

S = +∞ ✐♥ r❡❣✐♦♥s ✇✐t❤♦✉t

♠❛r❦❡t ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ✭❆ss✉♠♣t✐♦♥ ✸✳✶✸ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✶✺✮✳

▲♦❝❛❧ ❛♠❡♥✐t✐❡s✿ ❆♥ ❛♠❡♥✐t② ✈❡❝t♦rAr ❡♥t❡rs ✐♥❞✐r❡❝t ✉t✐❧✐t② t❤r♦✉❣❤ Ṽ Wr = Φ(V Wr, Ar)✱

❣❡♥❡r❛t✐♥❣ ∂p∗R/∂A
r
k > 0✳

❙✉♣❡r❧❛t✐✈❡ ✐♥❞❡① t❤❡♦r② ✿ ❯♥❞❡r ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s F,G,H✱ ❋✐s❤❡r ❛♥❞ ❚ör♥q✈✐st

✐♥❞❡①❡s ②✐❡❧❞ ❛ ❘❡❣✐♦♥❛❧ ❯t✐❧✐t② ■♥❞❡① ✭❙❡❝t✐♦♥ ✻ ♦❢ ❙❤✐♠✐③✉ ✷✵✷✻✮✳ ❚❤✐s ✐s ♥♦t ✉s❡❞ ✐♥ t❤❡

♣r❡s❡♥t ♣❛♣❡r✳

❊❝♦♥♦♠❡tr✐❝ ❢r❛♠❡✇♦r❦ ✿ ❚❤❡ ❝♦♠♣❛♥✐♦♥ ♣❛♣❡r ❞❡✈❡❧♦♣s s❤❛r❡ ❡q✉❛t✐♦♥s ❢♦r ❢♦✉r ❝♦r♥❡r✲

s♦❧✉t✐♦♥ r❡❣✐♠❡s ✭❙❡❝t✐♦♥ ✽ ❛♥❞ ❆♣♣❡♥❞✐❝❡s ❆✕❇✮✳ ❚❤❡ ♣r❡s❡♥t ♣❛♣❡r ❡①t❡♥❞s t❤✐s t❛①♦♥♦♠②

t♦ ❛❝❝♦♠♠♦❞❛t❡ r❡♠♦t❡ ✇♦r❦ ❛♥❞ ❝❛r❡✳

✷✳✷✳✸ ❲❤❛t t❤❡ ♣r❡s❡♥t ♣❛♣❡r ❝❤❛♥❣❡s

❋✐✈❡ str✉❝t✉r❛❧ ♠♦❞✐✜❝❛t✐♦♥s✿

✶✳ ▼❛r❦❡t ❧❛❜♦r s♣❧✐ts✿ Tl1 → (T o
l1, T

h
l1)✱ ✇✐t❤ ✇❛❣❡s wo ❛♥❞ wh ❡♥❞♦❣❡♥✐③❡❞ t❤r♦✉❣❤ t❤❡

◆◗✳

✷✳ ❈♦♠♠✉t✐♥❣ ❜❡❝♦♠❡s ♣r♦♣♦rt✐♦♥❛❧ t♦ ♦✣❝❡ ✇♦r❦✿ d12 → ηT o
l1d12✳

✸✳ ❍♦✉s✐♥❣ ✐s ❞❡❝♦♠♣♦s❡❞✿ qR → R(SL, qD) ✇✐t❤ s♣❛❝❡ ❝♦♥str❛✐♥t SL + SW = S̄✳

✹✳ ❈❛r❡ ✐s s❡♣❛r❛t❡❞ ❢r♦♠ ❤♦✉s❡✇♦r❦✿ QH → (QH , QCC , QEC)✳

✺✳ ❆ ❣❡♥❡r❛t✐♦♥❛❧ str✉❝t✉r❡ (n1, n2, n3) ✐s ✐♥tr♦❞✉❝❡❞✱ ✇✐t❤ ❝❛r❡ ♠✐♥✐♠❛ n1q̄CC ❛♥❞ ni
3q̄EC ✳

✶✵



✸ ❚❤❡ ❋✐r♠✬s Pr♦❞✉❝t✐♦♥ ❚❡❝❤♥♦❧♦❣②

❚❤✐s s❡❝t✐♦♥ ❞❡✈❡❧♦♣s t❤❡ ♣r♦❞✉❝t✐♦♥ s✐❞❡ ♦❢ t❤❡ ♠♦❞❡❧✳ ❚❤❡ ✜r♠✬s t❡❝❤♥♦❧♦❣② ❞❡t❡r♠✐♥❡s

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇❛❣❡s ❢♦r ♦✣❝❡ ❛♥❞ r❡♠♦t❡ ❧❛❜♦r✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❞r✐✈❡ t❤❡ ❤♦✉s❡❤♦❧❞✬s t✐♠❡✲

❛❧❧♦❝❛t✐♦♥ ❞❡❝✐s✐♦♥s✳

✸✳✶ Pr♦❞✉❝t✐♦♥ ❙❡t✉♣

❆ r❡♣r❡s❡♥t❛t✐✈❡ ✜r♠ ♣r♦❞✉❝❡s ❛ s✐♥❣❧❡ ♦✉t♣✉t Y f ✉s✐♥❣ t❤r❡❡ ✐♥♣✉ts✿ ♦✣❝❡ ❧❛❜♦r T o
l1 s✉♣♣❧✐❡❞

❛t t❤❡ ✇♦r❦♣❧❛❝❡ S2✱ r❡♠♦t❡ ❧❛❜♦r T h
l1 s✉♣♣❧✐❡❞ ❛t t❤❡ ❤♦✉s❡❤♦❧❞✬s r❡s✐❞❡♥❝❡ S1✱ ❛♥❞ ❝❛♣✐t❛❧

s❡r✈✐❝❡s K✳

❆ss✉♠♣t✐♦♥ ✸✳✶ ✭❋✐r♠ t❡❝❤♥♦❧♦❣②✮✳ ❚❤❡ ✜r♠✬s ♣r♦❞✉❝t✐♦♥ ♣♦ss✐❜✐❧✐t✐❡s s❡t ✐s

SΓ = {(Y f , T o
l1, T

h
l1, K) : Y f ≤ Γ(T o

l1, T
h
l1, K; θ)}, ✭✸✳✶✮

✇❤❡r❡ Γ : R3
+ × R+ → R+ ✐s✿

✭❛✮ ❝♦♥t✐♥✉♦✉s✱ ❝♦♥❝❛✈❡✱ ❛♥❞ t✇✐❝❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ (T o
l1, T

h
l1, K)❀

✭❜✮ ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s ✐♥ (T o
l1, T

h
l1, K) ✭❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡✮❀

✭❝✮ ✐♥❝r❡❛s✐♥❣ ✐♥ ❡❛❝❤ ✐♥♣✉t✿ Γ1 > 0✱ Γ2 > 0✱ Γ3 > 0❀

✭❞✮ ♣❛r❛♠❡t❡r✐③❡❞ ❜② θ ≥ 0✱ t❤❡ r❡♠♦t❡✲✇♦r❦ t❡❝❤♥♦❧♦❣② ❧❡✈❡❧✱ ✇✐t❤ Γ2/Γ1 ✐♥❝r❡❛s✐♥❣ ✐♥ θ✳

❚❤❡ ❈❘❙ ❛ss✉♠♣t✐♦♥ ✐s st❛♥❞❛r❞ ✐♥ t❤❡ ❉✐❡✇❡rt tr❛❞✐t✐♦♥✳ ❆s ❉✐❡✇❡rt✱ ◆♦♠✉r❛✱ ❛♥❞

❙❤✐♠✐③✉ ✭✷✵✷✺✱ ♣✳ ✷✻✼✸✮ ♥♦t❡✱ ✏✐t ♣r♦✈❡s t♦ ❜❡ t♦♦ ❞✐✣❝✉❧t t♦ ❞✐st✐♥❣✉✐s❤ t❡❝❤♥✐❝❛❧ ♣r♦❣r❡ss

❢r♦♠ r❡t✉r♥s t♦ s❝❛❧❡ ✉s✐♥❣ t✐♠❡ s❡r✐❡s ❞❛t❛✳✑ ❯♥❞❡r ❈❘❙✱ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❛❞♠✐ts ❛

❞✉❛❧ r❡♣r❡s❡♥t❛t✐♦♥ t❤r♦✉❣❤ t❤❡ ✉♥✐t ❝♦st ❢✉♥❝t✐♦♥✳

✸✳✷ ❚❤❡ ◆◗ ❯♥✐t ❈♦st ❋✉♥❝t✐♦♥

❉✉❛❧✐t② ❛♥❞ ✢❡①✐❜❧❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s✳ ❇② t❤❡ ❞✉❛❧✐t② t❤❡♦r❡♠ ♦❢ ❙❤❡♣❤❛r❞ ✭✶✾✺✸✮ ❛♥❞

▼❝❋❛❞❞❡♥ ✭✶✾✼✽✮✱ ❛♥② ♣r♦❞✉❝t✐♦♥ t❡❝❤♥♦❧♦❣② s❛t✐s❢②✐♥❣ ❈❘❙✱ ❝♦♥❝❛✈✐t②✱ ❛♥❞ ♠♦♥♦t♦♥✐❝✐t②

✶✶



❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❡q✉✐✈❛❧❡♥t❧② t❤r♦✉❣❤ ✐ts ✉♥✐t ❝♦st ❢✉♥❝t✐♦♥ cΓ(w; θ)✱ ✇❤✐❝❤ ✐s ❝♦♥❝❛✈❡✱

❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s✱ ❛♥❞ ♥♦♥❞❡❝r❡❛s✐♥❣ ✐♥ ✐♥♣✉t ♣r✐❝❡s w✳ ❚❤✐s ❞✉❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ✐s

❝♦♠♣✉t❛t✐♦♥❛❧❧② ❛♥❞ ❡❝♦♥♦♠❡tr✐❝❛❧❧② ❛❞✈❛♥t❛❣❡♦✉s✿ ❙❤❡♣❤❛r❞✬s ▲❡♠♠❛ ∂cΓ/∂wn = xn/Y
f

❞❡❧✐✈❡rs ❢❛❝t♦r ❞❡♠❛♥❞ ❡q✉❛t✐♦♥s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❝♦st ❢✉♥❝t✐♦♥✱ ✇✐t❤♦✉t r❡q✉✐r✐♥❣ ❡①♣❧✐❝✐t

s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r✐♠❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳

❆ ✢❡①✐❜❧❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ✐s ❛ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ❢♦r cΓ t❤❛t ♣r♦✈✐❞❡s ❛ s❡❝♦♥❞✲♦r❞❡r ❧♦❝❛❧

❛♣♣r♦①✐♠❛t✐♦♥ t♦ ❛♥ ❛r❜✐tr❛r② t✇✐❝❡✲❞✐✛❡r❡♥t✐❛❜❧❡ ❝♦st ❢✉♥❝t✐♦♥ ❛t ❛ ❣✐✈❡♥ ♣♦✐♥t ✭❉✐❡✇❡rt

❛♥❞ ❲❛❧❡s✱ ✶✾✽✼✮✳ ❋❧❡①✐❜✐❧✐t② ✐s ❡ss❡♥t✐❛❧ ❢♦r ❡♠♣✐r✐❝❛❧ ✇♦r❦✿ ✐♠♣♦s✐♥❣ ❛♥ ✐♥✢❡①✐❜❧❡ ❢♦r♠

✭s✉❝❤ ❛s ❈♦❜❜✕❉♦✉❣❧❛s✱ ✇❤✐❝❤ r❡str✐❝ts ❛❧❧ ❆❧❧❡♥✕❯③❛✇❛ ❡❧❛st✐❝✐t✐❡s ♦❢ s✉❜st✐t✉t✐♦♥ t♦ ✉♥✐t②✱

♦r ❈❊❙✱ ✇❤✐❝❤ r❡str✐❝ts t❤❡♠ t♦ ❛ ❝♦♠♠♦♥ ❝♦♥st❛♥t σ✮ ❡♠❜❡❞s ✉♥t❡st❛❜❧❡ r❡str✐❝t✐♦♥s t❤❛t

♠❛② ❞✐st♦rt ❛❧❧ ✐♥❢❡r❡♥❝❡ ♦♥ s✉❜st✐t✉t✐♦♥ ❜❡❤❛✈✐♦r✳

❙❡✈❡r❛❧ ✢❡①✐❜❧❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞✿ t❤❡ tr❛♥s❧♦❣ ✭❈❤r✐st❡♥s❡♥✱ ❏♦r❣❡♥✲

s♦♥✱ ❛♥❞ ▲❛✉✱ ✶✾✼✸✮✱ ✇❤✐❝❤ ✐s ❧♦❝❛❧❧② ✢❡①✐❜❧❡ ❜✉t ❞♦❡s ♥♦t ✐♠♣♦s❡ ❣❧♦❜❛❧ ❝♦♥❝❛✈✐t②❀ t❤❡

❣❡♥❡r❛❧✐③❡❞ ▲❡♦♥t✐❡❢ ✭❉✐❡✇❡rt✱ ✶✾✼✶✮❀ ❛♥❞ t❤❡ ◆♦r♠❛❧✐③❡❞ ◗✉❛❞r❛t✐❝ ✭◆◗✮ ♦❢ ❉✐❡✇❡rt ❛♥❞

❲❛❧❡s ✭✶✾✽✼✱ ✶✾✽✽✮✳ ❚❤❡ ◆◗ ✐s ❞✐st✐♥❣✉✐s❤❡❞ ❢r♦♠ t❤❡ tr❛♥s❧♦❣ ❜② t✇♦ ♣r♦♣❡rt✐❡s t❤❛t

❛r❡ ❝r✐t✐❝❛❧ ❢♦r t❤✐s ♣❛♣❡r✿ ✭✐✮ ❣❧♦❜❛❧ ❝♦♥❝❛✈✐t② ❝❛♥ ❜❡ ✐♠♣♦s❡❞ ❜② ❛ s✐♠♣❧❡ ♣❛r❛♠❡t❡r✐③❛t✐♦♥

✇✐t❤♦✉t s❛❝r✐✜❝✐♥❣ ✢❡①✐❜✐❧✐t②✱ ❛♥❞ ✭✐✐✮ t❤❡ ❢❛❝t♦r ❞❡♠❛♥❞ ❡q✉❛t✐♦♥s ❛r❡ ❧✐♥❡❛r ✐♥ t❤❡ ✉♥❦♥♦✇♥

♣❛r❛♠❡t❡rs✱ ❢❛❝✐❧✐t❛t✐♥❣ ❡st✐♠❛t✐♦♥ ❜② st❛♥❞❛r❞ ❧✐♥❡❛r ♠❡t❤♦❞s✳

❊❝♦♥♦♠✐❝ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ◆◗ ✐♥ t❤❡ ♣r❡s❡♥t ❝♦♥t❡①t✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ◆◗

✐s ♥♦t ♠❡r❡❧② t❡❝❤♥✐❝❛❧✳ ❚❤❡ ❝❡♥tr❛❧ ❡♠♣✐r✐❝❛❧ q✉❡st✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ✐s ✇❤❡t❤❡r✱ ❛♥❞ ❜②

❤♦✇ ♠✉❝❤✱ r❡♠♦t❡ ❧❛❜♦r s✉❜st✐t✉t❡s ❢♦r ♦✣❝❡ ❧❛❜♦r ❛s t❤❡ t❡❝❤♥♦❧♦❣② ♣❛r❛♠❡t❡r θ r✐s❡s✳

❚❤❡ ▼♦r✐s❤✐♠❛ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ σM
j→n✖t❤❡ ♣❡r❝❡♥t❛❣❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ xn/xj r❛t✐♦

✇❤❡♥ wj r✐s❡s ❜② ♦♥❡ ♣❡r❝❡♥t✱ ❤♦❧❞✐♥❣ ♦✉t♣✉t ❛♥❞ ❛❧❧ ♦t❤❡r ♣r✐❝❡s ✜①❡❞✖♠❡❛s✉r❡s t❤✐s

s✉❜st✐t✉t❛❜✐❧✐t②✳ ❯♥❞❡r t❤❡ ❈❊❙✱ σM
j→n = σ ❢♦r ❛❧❧ ♣❛✐rs (n, j)✿ t❤❡ ♠♦❞❡❧ ✐♠♣♦s❡s ❛ s✐♥❣❧❡

s✉❜st✐t✉t✐♦♥ ♣❛r❛♠❡t❡r ❢♦r ❛❧❧ ✐♥♣✉t ♣❛✐rs s✐♠✉❧t❛♥❡♦✉s❧②✳ ❚❤❡ ◆◗ ❛❧❧♦✇s σM
j→n t♦ ❞✐✛❡r

❛❝r♦ss ♣❛✐rs ❛♥❞ t♦ ✈❛r② ✇✐t❤ ❢❛❝t♦r ♣r✐❝❡s ❛♥❞ θ✳ ❚❤✐s ✢❡①✐❜✐❧✐t② ✐s ♣r❡❝✐s❡❧② ✇❤❛t ✐s ♥❡❡❞❡❞
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t♦ ❞✐st✐♥❣✉✐s❤ ♦✣❝❡✲r❡♠♦t❡ s✉❜st✐t✉t✐♦♥ ✭σM
L2→L1✮ ❢r♦♠ ❝❛♣✐t❛❧✲❧❛❜♦r s✉❜st✐t✉t✐♦♥ ✭σM

KME→L2✮✱

❛s t❤❡ ❡♠♣✐r✐❝❛❧ r❡s✉❧ts ✐♥ ❆♣♣❡♥❞✐① ❈ ❞❡♠♦♥str❛t❡✳

❩❡r♦✲♣r♦✜t ❝♦♥❞✐t✐♦♥✳ ▲❡t w ≡ (wo, wh, rK)
′ ∈ R

3
++ ❞❡♥♦t❡ t❤❡ ✈❡❝t♦r ♦❢ ❢❛❝t♦r ♣r✐❝❡s✿

wo ✐s t❤❡ ♦✣❝❡✲❧❛❜♦r ✇❛❣❡✱ wh ✐s t❤❡ r❡♠♦t❡✲❧❛❜♦r ✇❛❣❡✱ ❛♥❞ rK ✐s t❤❡ ✉s❡r ❝♦st ♦❢ ❝❛♣✐t❛❧

s❡r✈✐❝❡s✳ ❯♥❞❡r ❈❘❙ ❛♥❞ ❝♦♠♣❡t✐t✐✈❡ ❢❛❝t♦r ♠❛r❦❡ts✱ t❤❡ ✜r♠✬s ③❡r♦✲♣r♦✜t ❝♦♥❞✐t✐♦♥ ✐s✿

pY = cΓ(w; θ), ✭✸✳✷✮

✇❤❡r❡ pY ✐s t❤❡ ♦✉t♣✉t ♣r✐❝❡ ❛♥❞ cΓ : R3
++ × R+ → R++ ✐s t❤❡ ✉♥✐t ❝♦st ❢✉♥❝t✐♦♥✳

▲❡t α ≡ (α1, α2, α3)
′ ∈ R

3
+ ✇✐t❤ α′13 = 1 ❜❡ ❛ ✈❡❝t♦r ♦❢ ♣r❡❞❡t❡r♠✐♥❡❞ ♥♦♥♥❡❣❛t✐✈❡

♥♦r♠❛❧✐③❛t✐♦♥ ✇❡✐❣❤ts✳

❉❡✜♥✐t✐♦♥ ✸✳✷ ✭◆◗ ✉♥✐t ❝♦st ❢✉♥❝t✐♦♥✮✳ ❚❤❡ ◆♦r♠❛❧✐③❡❞ ◗✉❛❞r❛t✐❝ ✉♥✐t ❝♦st ❢✉♥❝t✐♦♥ ✐s✿

cΓ(w; θ) = w′d(θ) +
1

2

w′A(θ)w

α′w
, ✭✸✳✸✮

✇❤❡r❡ d(θ) = (d1(θ), d2(θ), d3(θ))
′ ≥ 0 ✐s ❛ ✈❡❝t♦r ♦❢ ❧✐♥❡❛r ❝♦❡✣❝✐❡♥ts ❛♥❞ A(θ) ✐s ❛ 3 × 3

s②♠♠❡tr✐❝ ♠❛tr✐①✱ ❜♦t❤ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t❡❝❤♥♦❧♦❣② ♣❛r❛♠❡t❡r θ✳

❚❤❡ ❢✉♥❝t✐♦♥ ✭✸✳✸✮ ❤❛s t✇♦ t❡r♠s✳ ❚❤❡ ✜rst✱ w′d(θ)✱ ✐s ❧✐♥❡❛r ✐♥ ❢❛❝t♦r ♣r✐❝❡s ❛♥❞ ❝♦r✲

r❡s♣♦♥❞s t♦ ❛ ▲❡♦♥t✐❡❢ ✭✜①❡❞✲❝♦❡✣❝✐❡♥ts✮ t❡❝❤♥♦❧♦❣② ✐♥ ✇❤✐❝❤ dn(θ) ✉♥✐ts ♦❢ ✐♥♣✉t n ❛r❡

r❡q✉✐r❡❞ ♣❡r ✉♥✐t ♦❢ ♦✉t♣✉t✳ ❚❤❡ s❡❝♦♥❞✱ 1
2
w′A(θ)w/(α′w)✱ ✐s ❛ q✉❛❞r❛t✐❝✲♦✈❡r✲❧✐♥❡❛r t❡r♠

t❤❛t ❝❛♣t✉r❡s s✉❜st✐t✉t✐♦♥ ♣♦ss✐❜✐❧✐t✐❡s✳ ❲❤❡♥ A = 0✱ t❤❡r❡ ✐s ♥♦ s✉❜st✐t✉t✐♦♥ ❛♥❞ t❤❡

t❡❝❤♥♦❧♦❣② ✐s ▲❡♦♥t✐❡❢✳

❆ss✉♠♣t✐♦♥ ✸✳✸ ✭◆◗ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s✮✳

✭❛✮ ▲✐♥❡❛r ❤♦♠♦❣❡♥❡✐t② ✐♥ w✿ w′d ✐s ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s✳ ❋♦r w′Aw/(α′w)✿ ♥✉♠❡r❛t♦r

✐s ❞❡❣r❡❡ ✷✱ ❞❡♥♦♠✐♥❛t♦r ❞❡❣r❡❡ ✶✱ s♦ t❤❡ r❛t✐♦ ✐s ❞❡❣r❡❡ ✶ ♦✈❡r❛❧❧✳

✶✸



✭❜✮ ●❧♦❜❛❧ ❝♦♥❝❛✈✐t② ✿ A(θ) ✐s ♣❛r❛♠❡t❡r✐③❡❞ ❛s A(θ) = −U(θ)U(θ)′ ✇❤❡r❡ U(θ) ✐s 3 × 3

❧♦✇❡r tr✐❛♥❣✉❧❛r s❛t✐s❢②✐♥❣

U(θ)′13 = 03. ✭✸✳✹✮

❚❤❡♥ w′A(θ)w = −∥U(θ)′w∥2 ≤ 0 ❢♦r ❛❧❧ w ≥ 0✱ ❡♥s✉r✐♥❣ ❣❧♦❜❛❧ ❝♦♥❝❛✈✐t② ♦❢ cΓ ✐♥ w✳

❚❤❡ r❡str✐❝t✐♦♥ ✭✸✳✹✮ s❡r✈❡s t✇♦ ♣✉r♣♦s❡s✳ ❋✐rst✱ ✐t ❡♥s✉r❡s A1 = −UU ′1 = 0 ✭s✐♥❝❡

U ′1 = 0✮✱ ✇❤✐❝❤ ✐s r❡q✉✐r❡❞ ❢♦r cΓ t♦ ❜❡ ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s ✐♥ w ✭t❤❡ q✉❛❞r❛t✐❝ t❡r♠

♠✉st s❛t✐s❢② ❊✉❧❡r✬s t❤❡♦r❡♠✮✳ ❙❡❝♦♥❞✱ ✐t ✐♠♣♦s❡s ✸ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❧♦✇❡r tr✐❛♥❣✉❧❛r

U ✭✇❤✐❝❤ ❤❛s ✻ ❢r❡❡ ❡❧❡♠❡♥ts✮✱ ❧❡❛✈✐♥❣ ✸ ❢r❡❡ ♣❛r❛♠❡t❡rs ♣❡r ♠❛tr✐①✳

✭❝✮ ◆♦r♠❛❧✐③❛t✐♦♥✿ ❚❤❡r❡ ❡①✐sts ❛ r❡❢❡r❡♥❝❡ ♣r✐❝❡ ✈❡❝t♦r w0 ∈ R
3
++✱ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ✭✸✳✹✮✱

s✉❝❤ t❤❛t A(θ0)w0 = 03✳ ❚❤✐s ✐s s❛t✐s✜❡❞ ❜② ❝❤♦♦s✐♥❣ α = w0/(1′w0)✱ ✐✳❡✳✱ s❡tt✐♥❣

t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ✇❡✐❣❤ts ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ r❡❢❡r❡♥❝❡ ♣r✐❝❡s✳ ❆t w0✱ cΓ(w0; θ0) =

(w0)′d(θ0)✳

✭❞✮ ❘❡❣✉❧❛r✐t② r❡❣✐♦♥✿ ❋❛❝t♦r ❞❡♠❛♥❞s ❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ W ♦❢ w0✿

∂cΓ(w; θ)

∂wn

> 0 ❢♦r ❛❧❧ w ∈ W , n = 1, 2, 3. ✭✸✳✺✮

❆t w0✱ t❤✐s r❡q✉✐r❡s dn(θ) > 0 ❢♦r ❛❧❧ n ✭str✐❝t ♣♦s✐t✐✈✐t② ♦❢ ▲❡♦♥t✐❡❢ ❝♦❡✣❝✐❡♥ts✮✳ ❚❤❡

r❡❣✉❧❛r✐t② r❡❣✐♦♥ W ✐s t❤❡ s❡t ♦❢ ♣r✐❝❡s ✇❤❡r❡ ✭✸✳✺✮ ❤♦❧❞s❀ ❡♠♣✐r✐❝❛❧ ✇♦r❦ s❤♦✉❧❞ ✈❡r✐❢②

t❤❛t t❤❡ ❞❛t❛ ❧✐❡ ✐♥ W ✳

❘❡♠❛r❦ ✸✳✹ ✭P❛r❛♠❡t❡r ❝♦✉♥t ✉♥❞❡r U ′1 = 0✮✳ ❆ 3× 3 ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① ❤❛s ✻ ❢r❡❡

❡❧❡♠❡♥ts✳ ❚❤❡ r❡str✐❝t✐♦♥ U ′1 = 0 ✐s ✸ s❝❛❧❛r ❡q✉❛t✐♦♥s✱ ❧❡❛✈✐♥❣ 6 − 3 = 3 ❢r❡❡ ♣❛r❛♠❡t❡rs

♣❡r ♠❛tr✐①✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ U0 ❛♥❞ U1 ✭❢r♦♠ t❤❡ t✐♠❡✲✈❛r②✐♥❣ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ ✸✳✶✸✮✱ t❤❡

s✉❜st✐t✉t✐♦♥ ❜❧♦❝❦ ❝♦♥tr✐❜✉t❡s 3 + 3 = 6 ❢r❡❡ ♣❛r❛♠❡t❡rs✳ ❚♦❣❡t❤❡r ✇✐t❤ ✻ ♣❛r❛♠❡t❡rs ✐♥

d(θ)✱ t❤❡ ❣r❛♥❞ t♦t❛❧ ✐s ✶✷✳ ❚❤✐s ❝♦✉♥t ✐s ❝♦rr❡❝t ❛♥❞ ❝♦♥s✐st❡♥t ✇✐t❤ ❉✐❡✇❡rt ❛♥❞ ❲❛❧❡s

✭✶✾✽✼✮✳

✶✹



✸✳✸ ❋❛❝t♦r ❉❡♠❛♥❞ ❊q✉❛t✐♦♥s

Pr♦♣♦s✐t✐♦♥ ✸✳✺ ✭◆◗ ❢❛❝t♦r ❞❡♠❛♥❞s✮✳ ❯♥❞❡r t❤❡ ◆◗ s♣❡❝✐✜❝❛t✐♦♥ ✭✸✳✸✮✱ ❜② ❙❤❡♣❤❛r❞✬s

▲❡♠♠❛ ✭❙❤❡♣❤❛r❞✱ ✶✾✺✸✮✱ t❤❡ ❝♦st✲♠✐♥✐♠✐③✐♥❣ ❞❡♠❛♥❞ ❢♦r ✐♥♣✉t n ♣❡r ✉♥✐t ♦❢ ♦✉t♣✉t ✐s✿

xn
Y f

=
∂cΓ(w; θ)

∂wn

= dn(θ) +
[A(θ)w]n

α′w
−
αn

2

w′A(θ)w

(α′w)2
, n = 1, 2, 3, ✭✸✳✻✮

✇❤❡r❡ [A(θ)w]n ❞❡♥♦t❡s t❤❡ n✲t❤ ❡❧❡♠❡♥t ♦❢ t❤❡ ✈❡❝t♦r A(θ)w✳

Pr♦♦❢✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✶✳ ■

❲r✐t✐♥❣ ♦✉t t❤❡ t❤r❡❡ ❡q✉❛t✐♦♥s ❡①♣❧✐❝✐t❧② ✇✐t❤ w = (wo, wh, rK)
′ ❛♥❞ A(θ) = [anj(θ)]✿

T o
l1

Y f
= d1(θ) +

a11w
o + a12w

h + a13rK
α1wo + α2wh + α3rK

−
α1

2

w′Aw

(α′w)2
, ✭✸✳✼✮

T h
l1

Y f
= d2(θ) +

a12w
o + a22w

h + a23rK
α1wo + α2wh + α3rK

−
α2

2

w′Aw

(α′w)2
, ✭✸✳✽✮

K

Y f
= d3(θ) +

a13w
o + a23w

h + a33rK
α1wo + α2wh + α3rK

−
α3

2

w′Aw

(α′w)2
. ✭✸✳✾✮

❚❤❡s❡ ❛r❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❡st✐♠❛t✐♥❣ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ✜r♠ s✐❞❡ ♦❢ t❤❡ ♠♦❞❡❧✳ ❊❛❝❤

❡q✉❛t✐♦♥ ❡①♣r❡ss❡s t❤❡ ✐♥♣✉t✲♦✉t♣✉t ❝♦❡✣❝✐❡♥t ❛s t❤❡ s✉♠ ♦❢ t❤r❡❡ t❡r♠s✿ ❛ ❜❛s❡ ▲❡♦♥✲

t✐❡❢ r❡q✉✐r❡♠❡♥t dn(θ)✱ ❛ s✉❜st✐t✉t✐♦♥ ❡✛❡❝t [Aw]n/(α
′w)✱ ❛♥❞ ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦rr❡❝t✐♦♥

−αn(w
′Aw)/(2(α′w)2)✳

✸✳✹ ❊❧❛st✐❝✐t✐❡s ♦❢ ❋❛❝t♦r ❙✉❜st✐t✉t✐♦♥

Pr♦♣♦s✐t✐♦♥ ✸✳✻ ✭◆◗ ❡❧❛st✐❝✐t② ♠❛tr✐①✮✳ ❚❤❡ 3 × 3 ♠❛tr✐① ♦❢ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ ❢❛❝t♦r

❞❡♠❛♥❞s ✇✐t❤ r❡s♣❡❝t t♦ ❢❛❝t♦r ♣r✐❝❡s ✐s✿

∇
w
x(w, θ) = Y f

[
A(θ)

α′w
−
A(θ)wα′

(α′w)2
−

α [A(θ)w]′

(α′w)2
+

αα′(w′A(θ)w)

(α′w)3

]

, ✭✸✳✶✵✮

✇❤❡r❡ x = (T o
l1, T

h
l1, K)′✳

✶✺



Pr♦♦❢✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✷✳ ■

❉❡✜♥✐t✐♦♥ ✸✳✼ ✭Pr✐❝❡ ❡❧❛st✐❝✐t✐❡s ♦❢ ❢❛❝t♦r ❞❡♠❛♥❞✮✳ ❚❤❡ ❡❧❛st✐❝✐t② ♦❢ ❞❡♠❛♥❞ ❢♦r ✐♥♣✉t n

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r✐❝❡ ♦❢ ✐♥♣✉t j ✐s✿

Ex
nj(w, θ) ≡

∂ ln xn
∂ lnwj

=
[∇

w
x]nj · wj

xn
. ✭✸✳✶✶✮

❉❡✜♥✐t✐♦♥ ✸✳✽ ✭❆❧❧❡♥✕❯③❛✇❛ ❛♥❞ ▼♦r✐s❤✐♠❛ ❡❧❛st✐❝✐t✐❡s ♦❢ s✉❜st✐t✉t✐♦♥✮✳ ❚✇♦ st❛♥❞❛r❞

♠❡❛s✉r❡s ♦❢ ♣❛✐r✇✐s❡ s✉❜st✐t✉t❛❜✐❧✐t② ❜❡t✇❡❡♥ ✐♥♣✉ts n ❛♥❞ j ❛r❡✿

✭❛✮ ❆❧❧❡♥✕❯③❛✇❛ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✭❆❊❙✮✿

σAU
nj ≡

cΓ · ∂2cΓ/∂wn∂wj

(∂cΓ/∂wn)(∂cΓ/∂wj)
. ✭✸✳✶✷✮

■♥♣✉ts n ❛♥❞ j ❛r❡ ❆❧❧❡♥ s✉❜st✐t✉t❡s ✐❢ σAU
nj > 0 ❛♥❞ ❝♦♠♣❧❡♠❡♥ts ✐❢ σAU

nj < 0✳ ❚❤❡

❆❊❙ ✐s s②♠♠❡tr✐❝✿ σAU
nj = σAU

jn ✳

✭❜✮ ▼♦r✐s❤✐♠❛ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✭▼❊❙✮✿

σM
j→n ≡ Ex

nj − Ex
jj =

∂ ln(xn/xj)

∂ lnwj

∣
∣
∣
∣
Y f , wk ̸=j ✜①❡❞

. ✭✸✳✶✸✮

❚❤❡ ▼❊❙ ✐s t❤❡ ♣❡r❝❡♥t❛❣❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ✐♥♣✉t r❛t✐♦ xn/xj ✇❤❡♥ wj r✐s❡s ❜② ♦♥❡

♣❡r❝❡♥t✱ ❛❧❧ ❡❧s❡ ✜①❡❞✳ ❯♥❧✐❦❡ t❤❡ ❆❊❙✱ t❤❡ ▼❊❙ ✐s ❛s②♠♠❡tr✐❝✿ σM
j→n ̸= σM

n→j ✐♥

❣❡♥❡r❛❧✳

❘❡♠❛r❦ ✸✳✾ ✭❲❤② r❡♣♦rt ▼♦r✐s❤✐♠❛ r❛t❤❡r t❤❛♥ ❆❧❧❡♥✕❯③❛✇❛ ❡❧❛st✐❝✐t✐❡s✮✳ ❋♦r t✇♦✲✐♥♣✉t

t❡❝❤♥♦❧♦❣✐❡s t❤❡ t✇♦ ♠❡❛s✉r❡s ❝♦✐♥❝✐❞❡✳ ❋♦r t❤r❡❡ ♦r ♠♦r❡ ✐♥♣✉ts✱ t❤❡ ❆❊❙ ❝♦♥✢❛t❡s t❤❡

♦✇♥✲♣r✐❝❡ r❡s♣♦♥s❡ ♦❢ ✐♥♣✉t j ✇✐t❤ t❤❡ ❝r♦ss✲♣r✐❝❡ r❡s♣♦♥s❡ ♦❢ ✐♥♣✉t n✱ ❛♥❞ ✐ts s✐❣♥ ❝❛♥

❜❡ ♠✐s❧❡❛❞✐♥❣ ✇❤❡♥ ♠✉❧t✐♣❧❡ ✐♥♣✉ts ✐♥t❡r❛❝t✳ ❚❤❡ ▼❊❙ ❢♦❝✉s❡s ❞✐r❡❝t❧② ♦♥ t❤❡ ♦❜s❡r✈❛❜❧❡

✐♥♣✉t✲r❛t✐♦ r❡s♣♦♥s❡ t♦ ❛ s✐♥❣❧❡ ♣r✐❝❡ ❝❤❛♥❣❡ ❛♥❞ ❝♦♥♥❡❝ts ♥❛t✉r❛❧❧② t♦ t❤❡ r❡♥t✲❣r❛❞✐❡♥t

❢♦r♠✉❧❛ ✭✻✳✷✮✿ ❛ ❤✐❣❤❡r σM
L2→L1 ♠❡❛♥s ❛ ❧❛r❣❡r s❤✐❢t ❢r♦♠ ♦✣❝❡ t♦ r❡♠♦t❡ ❧❛❜♦r ✇❤❡♥ ♦✣❝❡

✇❛❣❡s r✐s❡✱ ❛♠♣❧✐❢②✐♥❣ t❤❡ ❞❡❝❧✐♥❡ ✐♥ T o,i∗
l1 ❛♥❞ ❤❡♥❝❡ t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ t❤❡ r❡♥t ❣r❛❞✐❡♥t✳ ❲❡

✶✻



t❤❡r❡❢♦r❡ r❡♣♦rt ▼❊❙ t❤r♦✉❣❤♦✉t ❆♣♣❡♥❞✐① ❈ ❛♥❞ ❙❡❝t✐♦♥ ✾✳✹✳

❘❡♠❛r❦ ✸✳✶✵ ✭❱❛r✐❛❜❧❡ ❡❧❛st✐❝✐t✐❡s✮✳ ❚❤❡ ❡❧❛st✐❝✐t✐❡s Ex
nj ❞❡♣❡♥❞ ♦♥ t❤❡ ❢✉❧❧ ❢❛❝t♦r✲♣r✐❝❡

✈❡❝t♦r w ❛♥❞ ♦♥ t❤❡ t❡❝❤♥♦❧♦❣② ♣❛r❛♠❡t❡r θ✳ ❚❤❡② ❛r❡ ♥♦t ❝♦♥st❛♥t✳ ❚❤✐s ✐s t❤❡ ❦❡②

❞✐st✐♥❝t✐♦♥ ❢r♦♠ t❤❡ ❈❊❙✳

❘❡♠❛r❦ ✸✳✶✶ ✭❈❊❙ ❛s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ◆◗✮✳ ❚❤❡ ❈❊❙ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ Γ = [γo(T
o
l1)

ρ+

γh(T
h
l1)

ρ + γKK
ρ]1/ρ ❣❡♥❡r❛t❡s ❛ ✉♥✐t ❝♦st ❢✉♥❝t✐♦♥ ✐♥ ✇❤✐❝❤ σAU

nj = 1/(1 − ρ) ❢♦r ❛❧❧ ♣❛✐rs✱

❛♥❞ ❝♦♥s❡q✉❡♥t❧② σM
j→n = 1/(1 − ρ) ❢♦r ❛❧❧ (n, j)✿ ❛ s✐♥❣❧❡ s✉❜st✐t✉t✐♦♥ ♣❛r❛♠❡t❡r ❣♦✈❡r♥s

❛❧❧ ♣❛✐r✇✐s❡ r❡❧❛t✐♦♥s❤✐♣s s✐♠✉❧t❛♥❡♦✉s❧②✳ ❚❤❡ ◆◗ ❡♥❝♦♠♣❛ss❡s t❤❡ ❈❊❙ ❛s ❛ s♣❡❝✐❛❧ ❝❛s❡

❜✉t ❛❧❧♦✇s ❡❛❝❤ ♣❛✐r t♦ ❤❛✈❡ ❞✐st✐♥❝t✱ ♣r✐❝❡✲❞❡♣❡♥❞❡♥t ❡❧❛st✐❝✐t✐❡s✳ ■♥ t❤❡ ♥✐♥❡✲✐♥♣✉t s②st❡♠

❡st✐♠❛t❡❞ ✐♥ ❆♣♣❡♥❞✐① ❈✱ ♦✣❝❡ ❧❛❜♦r ✭▲✷✮ ❛♥❞ r❡♠♦t❡ ❧❛❜♦r ✭▲✶✮ ❤❛✈❡ σM
L2→L1 ≈ 6.1 ✐♥ t❤❡

♣♦st✲♣❛♥❞❡♠✐❝ r❡❣✐♠❡✱ ✇❤✐❧❡ ♠❛❝❤✐♥❡r② ❝❛♣✐t❛❧ ❛♥❞ ♦✣❝❡ ❧❛❜♦r ❤❛✈❡ σM
KME→L2 ≈ 0.43✖❛

❢♦✉rt❡❡♥✲❢♦❧❞ ❞✐✛❡r❡♥❝❡ t❤❛t ♥♦ ❈❊❙ ❝❛♥ ❛❝❝♦♠♠♦❞❛t❡✳

❘❡♠❛r❦ ✸✳✶✷ ✭❊♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ❢r♦♠ ❉✐❡✇❡rt✱ ◆♦♠✉r❛✱ ❛♥❞ ❙❤✐♠✐③✉ ✷✵✷✺✮✳ ❉✐❡✇❡rt✱

◆♦♠✉r❛✱ ❛♥❞ ❙❤✐♠✐③✉ ✭✷✵✷✺✮ ❡st✐♠❛t❡ ❛ s✐①✲✐♥♣✉t ◆◗ ❥♦✐♥t ❝♦st ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❯❙ ❡❝♦♥♦♠②

✭✶✾✼✵✕✷✵✷✷✮ ❛♥❞ ✜♥❞ t❤❛t ✽ ♣❛✐rs ♦❢ ✐♥♣✉ts ❛r❡ s✉❜st✐t✉t❡s ❛♥❞ ✼ ❛r❡ ❝♦♠♣❧❡♠❡♥ts ✉♥❞❡r t❤❡

❆❊❙✳ ❚❤✐s ♣❛tt❡r♥ ♦❢ ♠✐①❡❞ ❝♦♠♣❧❡♠❡♥t❛r✐t② ✐s ✐♥❝♦♥s✐st❡♥t ✇✐t❤ ❛♥② ❈❊❙ s♣❡❝✐✜❝❛t✐♦♥✱ ✐♥

✇❤✐❝❤ ❛❧❧ ♣❛✐rs ♠✉st ❜❡ ❆❧❧❡♥ s✉❜st✐t✉t❡s ✇✐t❤ t❤❡ s❛♠❡ ❝♦♥st❛♥t ❡❧❛st✐❝✐t②✳ ❚❤❡✐r ✜♥❞✐♥❣

❞✐r❡❝t❧② ♠♦t✐✈❛t❡s t❤❡ ✉s❡ ♦❢ t❤❡ ◆◗ ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✬s ✜r♠ t❡❝❤♥♦❧♦❣② ❛♥❞ ✐♥ t❤❡

❏❛♣❛♥❡s❡ ❝❛❧✐❜r❛t✐♦♥ ♦❢ ❆♣♣❡♥❞✐① ❈✳

✸✳✺ ❚❡❝❤♥✐❝❛❧ ❈❤❛♥❣❡ ❛♥❞ ❘❡♠♦t❡✲❲♦r❦ ❚❡❝❤♥♦❧♦❣②

❚❤❡ t❡❝❤♥♦❧♦❣② ♣❛r❛♠❡t❡r θ r❡♣r❡s❡♥ts t❤❡ st❛t❡ ♦❢ r❡♠♦t❡✲✇♦r❦ t❡❝❤♥♦❧♦❣②✿ ■❚ ✐♥❢r❛str✉❝✲

t✉r❡ q✉❛❧✐t②✱ ❝♦❧❧❛❜♦r❛t✐♦♥ s♦❢t✇❛r❡✱ ♠❛♥❛❣❡r✐❛❧ ♣r❛❝t✐❝❡s ❢♦r r❡♠♦t❡ t❡❛♠s✱ ❛♥❞ t❤❡ ❝✉♠✉✲

❧❛t✐♦♥ ♦❢ ❧❡❛r♥✐♥❣✲❜②✲❞♦✐♥❣ ✐♥ r❡♠♦t❡ ✇♦r❦✳ ■ ♠♦❞❡❧ t❤❡ ❡✛❡❝ts ♦❢ θ ♦♥ t❤❡ ❝♦st ❢✉♥❝t✐♦♥

t❤r♦✉❣❤ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ❜♦t❤ d(θ) ❛♥❞ A(θ) ♦♥ θ✳

❆ss✉♠♣t✐♦♥ ✸✳✶✸ ✭P❛r❛♠❡t❡r✐③❛t✐♦♥ ♦❢ t❡❝❤♥✐❝❛❧ ❝❤❛♥❣❡✮✳
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✭❛✮ ❚❤❡ ❧✐♥❡❛r ❝♦❡✣❝✐❡♥ts ❞❡♣❡♥❞ ❧✐♥❡❛r❧② ♦♥ θ✿

dn(θ) = d0n + d1nθ, n = 1, 2, 3. ✭✸✳✶✹✮

❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r r❡♠♦t❡✲❧❛❜♦r ❜✐❛s ✐s d12 > 0 > d11✿ t❤❡ ❜❛s❡ r❡♠♦t❡✲❧❛❜♦r

r❡q✉✐r❡♠❡♥t r✐s❡s ❛♥❞ t❤❡ ❜❛s❡ ♦✣❝❡✲❧❛❜♦r r❡q✉✐r❡♠❡♥t ❢❛❧❧s ✇✐t❤ θ✳

✭❜✮ ❚❤❡ s✉❜st✐t✉t✐♦♥ ♠❛tr✐① ✈❛r✐❡s ✇✐t❤ θ✿

A(θ) = −

[(

1−
θ

θ̄

)

U0U
′
0 +

θ

θ̄
U1U

′
1

]

, ✭✸✳✶✺✮

✇❤❡r❡ U0 ❛♥❞ U1 ❛r❡ ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s ✇✐t❤ U ′
013 = 03 ❛♥❞ U ′

113 = 03✱ ❛♥❞

θ̄ > 0 ✐s ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t✳

❚❤❡ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ ✭✸✳✶✺✮ ❢♦❧❧♦✇s t❤❡ t✐♠❡✲✈❛r②✐♥❣ ❛♣♣r♦❛❝❤ ♦❢ ❉✐❡✇❡rt✱ ◆♦♠✉r❛✱ ❛♥❞

❙❤✐♠✐③✉ ✭✷✵✷✺✮✱ r❡♣❧❛❝✐♥❣ ❝❛❧❡♥❞❛r t✐♠❡ ✇✐t❤ t❤❡ t❡❝❤♥♦❧♦❣② ♣❛r❛♠❡t❡r θ✳ ❆t θ = 0 ✭♣r❡✲

r❡♠♦t❡ ❡r❛✮✱ A(0) = −U0U
′
0✳ ❆t θ = θ̄ ✭❢✉❧❧ t❡❝❤♥♦❧♦❣②✮✱ A(θ̄) = −U1U

′
1✳ ❋♦r ✐♥t❡r♠❡❞✐❛t❡

✈❛❧✉❡s✱ A(θ) ✐s ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ t❤❛t ♣r❡s❡r✈❡s ♥❡❣❛t✐✈❡ s❡♠✐❞❡✜♥✐t❡♥❡ss ✭❛♥❞ ❤❡♥❝❡

❣❧♦❜❛❧ ❝♦♥❝❛✈✐t②✮✳

❉❡✜♥✐t✐♦♥ ✸✳✶✹ ✭❘❡♠♦t❡✲❧❛❜♦r ❜✐❛s ♦❢ t❡❝❤♥✐❝❛❧ ❝❤❛♥❣❡✮✳ ❚❤❡ r❡♠♦t❡✲❧❛❜♦r ❜✐❛s ✐s✿

Bh(θ,w) ≡
∂

∂θ

(
T h
l1/Y

f

T o
l1/Y

f

)

=
∂

∂θ

(
∂cΓ/∂wh

∂cΓ/∂wo

)

. ✭✸✳✶✻✮

■❢ Bh > 0✱ t❡❝❤♥✐❝❛❧ ❝❤❛♥❣❡ ✐s ❜✐❛s❡❞ t♦✇❛r❞ r❡♠♦t❡ ❧❛❜♦r✿ t❤❡ r❡♠♦t❡✲t♦✲♦✣❝❡ ❧❛❜♦r r❛t✐♦

✐♥❝r❡❛s❡s ✇✐t❤ θ ❛t ❝♦♥st❛♥t ❢❛❝t♦r ♣r✐❝❡s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✺ ✭❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r r❡♠♦t❡✲❧❛❜♦r ❜✐❛s ❛t t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♣♦✐♥t✮✳

❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✸✳✶✕✸✳✶✸✱ ❛t w = w0 ✭✇❤❡r❡ A(θ0)w0 = 0 ❛♥❞ t❤❡ s✉❜st✐t✉t✐♦♥ t❡r♠s
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✈❛♥✐s❤✮✱ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r Bh(θ0,w0) > 0 ✐s✿

d12d
0
1 > d11d

0
2,

✐✳❡✳✱ t❤❡ r❡♠♦t❡✲❧❛❜♦r ❝♦❡✣❝✐❡♥t ❣r♦✇s ♣r♦♣♦rt✐♦♥❛❧❧② ❢❛st❡r ✇✐t❤ θ t❤❛♥ t❤❡ ♦✣❝❡✲❧❛❜♦r ❝♦✲

❡✣❝✐❡♥t✳ ❚❤❡ str♦♥❣❡r ❝♦♥❞✐t✐♦♥ d12 > 0 > d11 ✐♠♣❧✐❡s t❤✐s✳ ❆✇❛② ❢r♦♠ w0✱ t❡r♠s ✐♥✈♦❧✈✐♥❣

∂A/∂θ ❡♥t❡r Bh ❛♥❞ ♠❛② ♦✛s❡t ♦r r❡✐♥❢♦r❝❡ t❤❡ ▲❡♦♥t✐❡❢✲❝♦❡✣❝✐❡♥t ❡✛❡❝t❀ t❤❡ s✉✣❝✐❡♥t

❝♦♥❞✐t✐♦♥ ❛t w0 ❞♦❡s ♥♦t ❡①t❡♥❞ ❣❧♦❜❛❧❧② ✇✐t❤♦✉t ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s ♦♥ (U1U
′
1 − U0U

′
0)✳

Pr♦♦❢✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✸✳ ■

✸✳✻ ❈❛♣✐t❛❧ ❉❡❝♦♠♣♦s✐t✐♦♥✿ ❖✣❝❡ ❙♣❛❝❡ ❛♥❞ ◆♦♥✲❙♣❛❝❡ ❈❛♣✐t❛❧

❆ss✉♠♣t✐♦♥ ✸✳✶✻ ✭❈❛♣✐t❛❧ str✉❝t✉r❡✮✳ ❚❤❡ ❝♦♠♣♦s✐t❡ ❝❛♣✐t❛❧ ✐♥♣✉t K ✐s ♣r♦❞✉❝❡❞ ❢r♦♠

♦✣❝❡ s♣❛❝❡ KO ❛♥❞ ♥♦♥✲s♣❛❝❡ ❝❛♣✐t❛❧ KN ✭■❚ s❡r✈❡rs✱ ❡q✉✐♣♠❡♥t✮✿

K = Ξ(KO, KN), ✭✸✳✶✼✮

✇❤❡r❡ Ξ ✐s ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s✳ ❚❤❡ ✉s❡r ❝♦st ♦❢ ♦✣❝❡ s♣❛❝❡ ✐s rrO ✭r❡❣✐♦♥✲s♣❡❝✐✜❝✮ ❛♥❞

t❤❡ ✉s❡r ❝♦st ♦❢ ♥♦♥✲s♣❛❝❡ ❝❛♣✐t❛❧ ✐s rN ✭❝♦♠♠♦♥ ❛❝r♦ss r❡❣✐♦♥s✮✳ ❚❤❡ ❝♦♠♣♦s✐t❡ ✉s❡r ❝♦st

✐s rK = cΞ(rrO, rN)✳

❚♦ ❞✐s❝✉ss ❝r♦ss✲❡✛❡❝ts ❜❡t✇❡❡♥ ♦✣❝❡ ❧❛❜♦r ❛♥❞ ♦✣❝❡ s♣❛❝❡✱ ❞❡✜♥❡ t❤❡ ❡①♣❛♥❞❡❞ ♣r♦❞✉❝✲

t✐♦♥ ❢✉♥❝t✐♦♥

Γ̃(T o
l1, T

h
l1, KO, KN ; θ) ≡ Γ

(
T o
l1, T

h
l1,Ξ(KO, KN); θ

)
, ✭✸✳✶✽✮

✇❤✐❝❤ tr❡❛ts KO ❛♥❞ KN ❛s ❞✐r❡❝t ✐♥♣✉ts✳ ❆❧❧ r❡❣✉❧❛r✐t② ♣r♦♣❡rt✐❡s ♦❢ Γ ❝❛rr② ♦✈❡r t♦ Γ̃✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✼ ✭❖✣❝❡ s♣❛❝❡ ❞❡♠❛♥❞✮✳ ❇② ❙❤❡♣❤❛r❞✬s ▲❡♠♠❛ ❛♣♣❧✐❡❞ t♦ cΞ✱ t❤❡ ❞❡♠❛♥❞

❢♦r ♦✣❝❡ s♣❛❝❡ ♣❡r ✉♥✐t ♦❢ ❝❛♣✐t❛❧ ✐s KO/K = ∂cΞ/∂rrO✳ ❚❤❡ t♦t❛❧ ♦✣❝❡✲s♣❛❝❡ ✐♥t❡♥s✐t② ♦❢

♣r♦❞✉❝t✐♦♥ ✐s✿

KO

Y f
=
∂cΓ

∂rK
·
∂cΞ

∂rrO
. ✭✸✳✶✾✮

✶✾



Pr♦♣♦s✐t✐♦♥ ✸✳✶✽ ✭❖✣❝❡ s♣❛❝❡ s❛✈✐♥❣ ❢r♦♠ r❡♠♦t❡ ✇♦r❦✮✳ ❙✉♣♣♦s❡ ♦✣❝❡ ❧❛❜♦r ❛♥❞ ♦✣❝❡

s♣❛❝❡ ❛r❡ ❝♦♠♣❧❡♠❡♥ts ✐♥ t❤❡ ❡①♣❛♥❞❡❞ t❡❝❤♥♦❧♦❣②✿

∂2Γ̃

∂T o
l1 ∂KO

> 0. ✭✸✳✷✵✮

❚❤❡♥ ❛♥ ✐♥❝r❡❛s❡ ✐♥ θ ✭✇❤✐❝❤ r❡❞✉❝❡s T o
l1/Y

f ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✺✮ r❡❞✉❝❡s ♦✣❝❡✲s♣❛❝❡ ✐♥t❡♥✲

s✐t②✿

∂(KO/Y
f )

∂θ
< 0. ✭✸✳✷✶✮

Pr♦♦❢✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✹✳ ■

❘❡♠❛r❦ ✸✳✶✾ ✭❈♦♠♠❡r❝✐❛❧ r❡♥t ✐♠♣❧✐❝❛t✐♦♥s✮✳ ❚❤❡ ❞❡❝❧✐♥❡ ✐♥ ♦✣❝❡✲s♣❛❝❡ ✐♥t❡♥s✐t② tr❛♥s✲

❧❛t❡s ✐♥t♦ ❧♦✇❡r ❞❡♠❛♥❞ ❢♦r ❝♦♠♠❡r❝✐❛❧ r❡❛❧ ❡st❛t❡✳ ■♥ ❛ ♠❛r❦❡t ✇✐t❤ ✐♥❡❧❛st✐❝ ❝♦♠♠❡r❝✐❛❧

s♣❛❝❡ s✉♣♣❧② ✭t❤❡ s❤♦rt✲r✉♥ ❝❛s❡✮✱ t❤✐s r❡❞✉❝❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♠♠❡r❝✐❛❧ r❡♥t rrO✳ ❚❤✐s ✐s

♦♥❡ s✐❞❡ ♦❢ t❤❡ ✏r❡♥t r♦t❛t✐♦♥✑ ❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳

✸✳✼ ❚❤❡ ❊♥❞♦❣❡♥♦✉s ❲❛❣❡ ❘❛t✐♦

❉❡✜♥✐t✐♦♥ ✸✳✷✵ ✭❘❡♠♦t❡✲✇♦r❦ ✇❛❣❡ r❛t✐♦✮✳

ϕ(θ,w) ≡
wh∗

wo∗
=

Γ2(T
o∗
l1 , T

h∗
l1 , K

∗; θ)

Γ1(T o∗
l1 , T

h∗
l1 , K

∗; θ)
. ✭✸✳✷✷✮

❯♥❞❡r ❈❘❙✱ ϕ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ③❡r♦✲♣r♦✜t ❝♦♥❞✐t✐♦♥ ✭✸✳✷✮ ❛♥❞ t❤❡ ❢❛❝t♦r ❞❡♠❛♥❞ ❡q✉❛✲

t✐♦♥s ✭✸✳✼✮✕✭✸✳✾✮✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✶ ✭❚❤❡ ✇❛❣❡ r❛t✐♦ ✉♥❞❡r ◆◗ ✈s✳ ❈❊❙✮✳

✭❛✮ ❯♥❞❡r t❤❡ ❈❊❙✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇❛❣❡ r❛t✐♦ ❡q✉❛❧s t❤❡ ♠❛r❣✐♥❛❧ r❛t❡ ♦❢ t❡❝❤♥✐❝❛❧ s✉❜st✐✲

t✉t✐♦♥✿ wh∗/wo∗ = Γ2/Γ1 = (γh/γo)(T
h
l1/T

o
l1)

ρ−1✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ✐♥♣✉t r❛t✐♦

T h
l1/T

o
l1 ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r ρ✳

✭❜✮ ❯♥❞❡r t❤❡ ◆◗✱ ❝♦♠♣❡t✐t✐✈❡ ❢❛❝t♦r ♣r✐❝✐♥❣ r❡q✉✐r❡s wo∗ = pY Γ1 ❛♥❞ wh∗ = pY Γ2 ❛t t❤❡

✷✵



♦♣t✐♠✉♠✳ ❇② ❞✉❛❧✐t②✱ wn = pY · ∂cΓ/∂(xn/Y
f )−1❀ t❤❡ r❛t✐♦ wh∗/wo∗ ✐s ♥♦t ❡q✉❛❧ t♦

t❤❡ r❛t✐♦ ♦❢ ❙❤❡♣❤❛r❞ ❞❡r✐✈❛t✐✈❡s (∂cΓ/∂wh)/(∂cΓ/∂wo)✖t❤❡ ❧❛tt❡r ✐s t❤❡ ✐♥♣✉t r❛t✐♦

T h
l1/T

o
l1✱ ♥♦t t❤❡ ✇❛❣❡ r❛t✐♦✳ ❚❤❡ ✇❛❣❡ r❛t✐♦ ϕ ≡ wh∗/wo∗ = Γ2/Γ1 ❞❡♣❡♥❞s ♦♥ t❤❡

❡♥t✐r❡ ✐♥♣✉t ✈❡❝t♦r (T o∗
l1 , T

h∗
l1 , K

∗)✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❞❡♣❡♥❞s ♦♥ (pY ,w, θ) t❤r♦✉❣❤ t❤❡

❢❛❝t♦r ❞❡♠❛♥❞ ❡q✉❛t✐♦♥s ✭✸✳✼✮✕✭✸✳✾✮ ❛♥❞ ♠❛r❦❡t ❝❧❡❛r✐♥❣✳

❘❡♠❛r❦ ✸✳✷✷ ✭P❛rt✐❛❧ ❡q✉✐❧✐❜r✐✉♠ tr❡❛t♠❡♥t ♦❢ ✇❛❣❡s✮✳ ❚❤❡ ✜r♠✬s ③❡r♦✲♣r♦✜t ❝♦♥❞✐t✐♦♥

✭✸✳✷✮ ❛♥❞ t❤❡ t❤r❡❡ ❢❛❝t♦r✲❞❡♠❛♥❞ ❡q✉❛t✐♦♥s ✭✸✳✼✮✕✭✸✳✾✮ t♦❣❡t❤❡r ❝❤❛r❛❝t❡r✐③❡ ❝♦st✲♠✐♥✐♠✐③✐♥❣

✐♥♣✉t r❛t✐♦s ❛t ❣✐✈❡♥ ♣r✐❝❡s w✳ ❚♦ ❞❡t❡r♠✐♥❡ t❤❡ ❧❡✈❡❧ ♦❢ ✇❛❣❡s✱ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ❝♦♥❞✐t✐♦♥s

❛r❡ r❡q✉✐r❡❞✳ ■♥ t❤❡ s♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ♦❢ ❙❡❝t✐♦♥ ✼✱ ❧❛❜♦r ♠❛r❦❡ts ❝❧❡❛r r❡❣✐♦♥✲❜②✲r❡❣✐♦♥✿
∑

i µ
i(r)[T o,i∗

l1 +T h,i∗
l1 ] = Lr ✭t♦t❛❧ ❧❛❜♦r ❞❡♠❛♥❞ ❡q✉❛❧s s✉♣♣❧②✮ ❛♥❞ t❤❡ ❝❛♣✐t❛❧ ♠❛r❦❡t ❝❧❡❛rs

❛t t❤❡ ❡❝♦♥♦♠②✲✇✐❞❡ ✉s❡r ❝♦st rK ✳ ❚❤❡s❡ ❝❧❡❛r✐♥❣ ❝♦♥❞✐t✐♦♥s✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✸✳✷✮✕✭✸✳✾✮✱ ♣✐♥

❞♦✇♥ (wo∗, wh∗, r∗K) ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡ ♣r❡s❡♥t ♣❛♣❡r t❛❦❡s ❢❛❝t♦r ♣r✐❝❡s ❛s ❣✐✈❡♥ ❢r♦♠ t❤❡

❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡s ❤♦✉s❡❤♦❧❞ ❜❡❤❛✈✐♦r ❛♥❞ r❡♥t ❣r❛❞✐❡♥ts ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤♦s❡

♣r✐❝❡s✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ♣❛rt✐❛❧✲❡q✉✐❧✐❜r✐✉♠ tr❛❞✐t✐♦♥ ♦❢ ❘♦❜❛❝❦ ✭✶✾✽✷✮ ❛♥❞ ❙❤✐♠✐③✉ ✭✷✵✷✻✮✳

✸✳✽ ❊st✐♠❛t✐♥❣ ❊q✉❛t✐♦♥s ❢♦r t❤❡ ❋✐r♠

❚❤❡ ◆◗ ♠♦❞❡❧ ❣❡♥❡r❛t❡s ❛ s②st❡♠ ♦❢ ❡st✐♠❛t✐♥❣ ❡q✉❛t✐♦♥s t❤❛t ❝❛♥ ❜❡ t❛❦❡♥ t♦ ❞❛t❛✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✸ ✭◆◗ ❡st✐♠❛t✐♥❣ s②st❡♠✮✳ ❚❤❡ ✜r♠ ♠♦❞❡❧ ❣❡♥❡r❛t❡s N + 1 = 4 ❡q✉❛t✐♦♥s

♣❡r ♦❜s❡r✈❛t✐♦♥✿

✶✳ ❚❤r❡❡ ❢❛❝t♦r ❞❡♠❛♥❞ ❡q✉❛t✐♦♥s ✭✸✳✼✮✕✭✸✳✾✮ ✭❢r♦♠ ❙❤❡♣❤❛r❞✬s ▲❡♠♠❛✮✳

✷✳ ❖♥❡ ③❡r♦✲♣r♦✜t ❝♦♥❞✐t✐♦♥ ✭✸✳✷✮ ✭❢r♦♠ ❈❘❙✮✳

❚❤❡ s②st❡♠ ❤❛s ❝r♦ss✲❡q✉❛t✐♦♥ r❡str✐❝t✐♦♥s✿ t❤❡ s❛♠❡ ♣❛r❛♠❡t❡rs d(θ) ❛♥❞ A(θ) ❛♣♣❡❛r ✐♥

❛❧❧ ❢♦✉r ❡q✉❛t✐♦♥s✳

❘❡♠❛r❦ ✸✳✷✹ ✭P❛r❛♠❡t❡r ❝♦✉♥t✮✳ ❲✐t❤ N = 3 ✐♥♣✉ts✿

❼ d(θ)✿ ✸ ✐♥t❡r❝❡♣ts (d01, d
0
2, d

0
3) ❛♥❞ ✸ s❧♦♣❡s (d11, d

1
2, d

1
3) ❂ ✻ ♣❛r❛♠❡t❡rs✳

✷✶



❼ A(θ)✿ ❡❛❝❤ ♦❢ U0, U1 ✐s ❛ 3 × 3 ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① ✇✐t❤ 3(3 + 1)/2 = 6 ❡❧❡♠❡♥ts✱

♠✐♥✉s ✸ r❡str✐❝t✐♦♥s ❢r♦♠ U ′1 = 0✱ ❣✐✈✐♥❣ ✸ ❢r❡❡ ❡❧❡♠❡♥ts ♣❡r ♠❛tr✐①✱ ❢♦r ❛ t♦t❛❧ ♦❢ ✻

♣❛r❛♠❡t❡rs✳

❼ ●r❛♥❞ t♦t❛❧✿ ✶✷ ♣❛r❛♠❡t❡rs✳

❚❤✐s ✐s ❛ tr❛❝t❛❜❧❡ s②st❡♠✳ ❋♦r ❝♦♠♣❛r✐s♦♥✱ ❛ ❢✉❧❧② ✢❡①✐❜❧❡ ❉✐❡✇❡rt✲t②♣❡ ❤♦✉s❡❤♦❧❞ ✉t✐❧✐t②

❢✉♥❝t✐♦♥ ✇✐t❤ K = 6 ❛r❣✉♠❡♥ts ✇♦✉❧❞ r❡q✉✐r❡ K(K+1)/2 = 21 s❡❝♦♥❞✲♦r❞❡r ♣❛r❛♠❡t❡rs ❢♦r

t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❛❧♦♥❡✱ ♣❧✉s t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❤♦✉s❡❤♦❧❞ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s✳ ❚❤✐s

❛s②♠♠❡tr②✖✐♥✈❡st✐♥❣ ♠♦❞❡❧ ❝♦♠♣❧❡①✐t② ♦♥ t❤❡ ✜r♠ s✐❞❡ ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ ❤♦✉s❡❤♦❧❞ s✐❞❡

str✉❝t✉r❛❧❧② r✐❝❤ ❜✉t ❢✉♥❝t✐♦♥❛❧❧② ♣❛rs✐♠♦♥✐♦✉s✖✐s ❛ ❞❡❧✐❜❡r❛t❡ ❞❡s✐❣♥ ❝❤♦✐❝❡✳

✹ ❍♦✉s❡❤♦❧❞s✱ ●❡♥❡r❛t✐♦♥s✱ ❛♥❞ Pr♦❞✉❝t✐♦♥

✹✳✶ ●❡♥❡r❛t✐♦♥❛❧ ❙tr✉❝t✉r❡

❉❡✜♥✐t✐♦♥ ✹✳✶ ✭❍♦✉s❡❤♦❧❞ ❝♦♠♣♦s✐t✐♦♥✮✳ ❆ ❤♦✉s❡❤♦❧❞ ♦❢ t②♣❡ i ❝♦♥s✐sts ♦❢✿

❼ ni
1 ≥ 0 ❝❤✐❧❞r❡♥ ✭●❡♥❡r❛t✐♦♥ ✶✮✿ ❞❡♣❡♥❞❡♥t✱ r❡q✉✐r❡ ❝❤✐❧❞❝❛r❡✱ ❞♦ ♥♦t s✉♣♣❧② ❧❛❜♦r✳

❼ ni
2 ≥ 0 ✇♦r❦✐♥❣✲❛❣❡ ❛❞✉❧ts ✭●❡♥❡r❛t✐♦♥ ✷✮✿ ❞❡❝✐s✐♦♥✲♠❛❦❡rs ✇❤❡♥ ♣r❡s❡♥t✱ s✉♣♣❧② ❧❛❜♦r✱

♣r♦✈✐❞❡ ❝❛r❡✳

❼ ni
3 ≥ 0 ❡❧❞❡r❧② ♠❡♠❜❡rs ✭●❡♥❡r❛t✐♦♥ ✸✮✿ ❞❡♣❡♥❞❡♥t✱ r❡q✉✐r❡ ❡❧❞❡r❝❛r❡✱ ❞♦ ♥♦t ❝♦♠♠✉t❡✳

❚♦t❛❧ ❤♦✉s❡❤♦❧❞ s✐③❡ ✐s N i = ni
1 + ni

2 + ni
3 ≥ 1✳ ❆ ✇♦r❦❡r ❤♦✉s❡❤♦❧❞ s❛t✐s✜❡s ni

2 ≥ 1❀ ❛♥

❡❧❞❡r❧②✲♦♥❧② ❤♦✉s❡❤♦❧❞ s❛t✐s✜❡s ni
2 = 0✱ ni

3 ≥ 1✳ ❚❤❡ ♠❛✐♥ ❛♥❛❧②s✐s ✭❙❡❝t✐♦♥s ✺✕✼✮ ❢♦❝✉s❡s

♦♥ ✇♦r❦❡r ❤♦✉s❡❤♦❧❞s❀ ❙❡❝t✐♦♥ ✽ ✐♥tr♦❞✉❝❡s ❡❧❞❡r❧②✲♦♥❧② ❤♦✉s❡❤♦❧❞s ❛s ❛ s❡♣❛r❛t❡ ❤♦✉s❡❤♦❧❞

t②♣❡✱ ✇❤♦s❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s st❛t❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✱ ❈❛s❡ ❘❲✽✳

❆ss✉♠♣t✐♦♥ ✹✳✷ ✭●❡♥❡r❛t✐♦♥❛❧ r♦❧❡s✮✳

✭❛✮ ●❡♥❡r❛t✐♦♥ ✶ ♠❡♠❜❡rs r❡s✐❞❡ ❛t S1✱ ❞♦ ♥♦t s✉♣♣❧② ♠❛r❦❡t ❧❛❜♦r✱ ❛♥❞ r❡q✉✐r❡ ❝❤✐❧❞❝❛r❡

♦❢ ❛t ❧❡❛st q̄CC ♣❡r ❝❤✐❧❞ ♣❡r ♣❡r✐♦❞✳

✭❜✮ ●❡♥❡r❛t✐♦♥ ✷ ♠❡♠❜❡rs ❛r❡ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡rs✳ ❚❤❡② ❛❧❧♦❝❛t❡ t❤❡✐r ❛❣❣r❡❣❛t❡ t✐♠❡ ❡♥✲

✷✷



❞♦✇♠❡♥t ni
2 ·T ❛❝r♦ss s❡✈❡♥ ❛❝t✐✈✐t✐❡s✿ ♦✣❝❡ ✇♦r❦✱ r❡♠♦t❡ ✇♦r❦✱ ❤♦✉s❡✇♦r❦✱ ❝❤✐❧❞❝❛r❡✱

❡❧❞❡r❝❛r❡✱ ❤♦♠❡ ❧❡✐s✉r❡✱ ❛♥❞ ❡①t❡r♥❛❧ ❧❡✐s✉r❡✳

✭❝✮ ●❡♥❡r❛t✐♦♥ ✸ ♠❡♠❜❡rs r❡s✐❞❡ ❛t S1✱ ❞♦ ♥♦t s✉♣♣❧② ♠❛r❦❡t ❧❛❜♦r ♦r ❝♦♠♠✉t❡✱ ❛♥❞

r❡q✉✐r❡ ❡❧❞❡r❝❛r❡ ♦❢ ❛t ❧❡❛st q̄EC(h
3,i) ♣❡r ♣❡rs♦♥ ♣❡r ♣❡r✐♦❞✱ ✇❤❡r❡ h3,i ∈ [0, 1] ✐s ❛

❤❡❛❧t❤ ✐♥❞❡① ✭h = 1✿ ❢✉❧❧② ❤❡❛❧t❤②✱ h = 0✿ ❢✉❧❧② ❞❡♣❡♥❞❡♥t✮✳

❘❡♠❛r❦ ✹✳✸ ✭❙♣❛t✐❛❧ ❜✐♥❞✐♥❣ ♦❢ ●❡♥❡r❛t✐♦♥s ✶ ❛♥❞ ✸✮✳ ❖♥❧② ●❡♥❡r❛t✐♦♥ ✷ ❢❛❝❡s t❤❡ ❝♦♠♠✉t✲

✐♥❣ ❞❡❝✐s✐♦♥✳ ●❡♥❡r❛t✐♦♥s ✶ ❛♥❞ ✸ ❛r❡ ❜♦✉♥❞ t♦ S1✳ ❚❤✐s ❤❛s ❛ ❞✐r❡❝t ❛♥❛❧②t✐❝❛❧ ❝♦♥s❡q✉❡♥❝❡✿

t❤❡ ❝♦♠♠✉t✐♥❣✲❞✐st❛♥❝❡ r❡♥t ❣r❛❞✐❡♥t ❛✛❡❝ts ♦♥❧② ●❡♥❡r❛t✐♦♥✲✷ ❞❡❝✐s✐♦♥s✱ ✇❤✐❧❡ ●❡♥❡r❛✲

t✐♦♥s ✶ ❛♥❞ ✸ ❝r❡❛t❡ ❝❛r❡✲❞r✐✈❡♥ ❧♦❝❛t✐♦♥ ❞❡♠❛♥❞s t❤❛t ❞❡♣❡♥❞ ♦♥ wr
CC ✱ w

r
EC ✱ ❛♥❞ r❡❣✐♦♥❛❧

❛♠❡♥✐t✐❡s Ar ❜✉t ♥♦t ♦♥ d12✳

✹✳✷ ❙❡✈❡♥ Pr♦❞✉❝t✐♦♥ ❋✉♥❝t✐♦♥s

❚❤❡ ♠♦❞❡❧ ❝♦♥t❛✐♥s s❡✈❡♥ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ✜rst ✐s t❤❡ ✜r♠✬s ◆◗ t❡❝❤♥♦❧♦❣② ❢r♦♠

❙❡❝t✐♦♥ ✸✳ ❚❤❡ r❡♠❛✐♥✐♥❣ s✐① ♦♣❡r❛t❡ ❛t t❤❡ ❤♦✉s❡❤♦❧❞ ❧❡✈❡❧✳

✹✳✷✳✶ Pr♦❞✉❝t✐♦♥ ❋✉♥❝t✐♦♥ ✶✿ ❍♦✉s✐♥❣ s❡r✈✐❝❡s

❆ss✉♠♣t✐♦♥ ✹✳✹ ✭❘❡s✐❞❡♥t✐❛❧ s♣❛❝❡ ❞❡❝♦♠♣♦s✐t✐♦♥✮✳ ❚❤❡ ❤♦✉s❡❤♦❧❞ ♦❝❝✉♣✐❡s t♦t❛❧ r❡s✐❞❡♥✲

t✐❛❧ ✢♦♦r ❛r❡❛ S̄i ✭❛ ❝❤♦✐❝❡ ✈❛r✐❛❜❧❡✮✱ ❛❧❧♦❝❛t❡❞ ❜❡t✇❡❡♥ ❧✐✈✐♥❣ s♣❛❝❡ Si
L ❛♥❞ ❤♦♠❡✲♦✣❝❡ s♣❛❝❡

Si
W ✿

Si
L + Si

W = S̄i. ✭✹✳✶✮

❚❤❡ ♣❡r✲✉♥✐t r❡s✐❞❡♥t✐❛❧ r❡♥t ✐s ρrR ✭♣r✐❝❡ ♣❡r sq✉❛r❡ ♠❡t❡r ♣❡r ♣❡r✐♦❞ ✐♥ r❡❣✐♦♥ r✮✳ ▼✐♥✐♠✉♠

❧✐✈✐♥❣ s♣❛❝❡ ❞❡♣❡♥❞s ♦♥ ❤♦✉s❡❤♦❧❞ ❝♦♠♣♦s✐t✐♦♥✿

Si
L ≥ S̄L(n

i
1, n

i
2, n

i
3) ≡ ni

1s1 + ni
2s2 + ni

3s3, ✭✹✳✷✮

✷✸



✇❤❡r❡ sg ✐s t❤❡ ♣❡r✲❝❛♣✐t❛ ♠✐♥✐♠✉♠ s♣❛❝❡ r❡q✉✐r❡♠❡♥t ❢♦r ❣❡♥❡r❛t✐♦♥ g✳ ❊❧❞❡r❧② ♠❡♠❜❡rs

r❡q✉✐r✐♥❣ ✐♥✲❤♦♠❡ ❝❛r❡ ♠❛② ♥❡❡❞ s3 > s2 ✭❡✳❣✳✱ ❢♦r ❜❛rr✐❡r✲❢r❡❡ s♣❛❝❡ ❛♥❞ ❝❛r❡ ❡q✉✐♣♠❡♥t✮✳

❉❡✜♥✐t✐♦♥ ✹✳✺ ✭❍♦✉s✐♥❣ s❡r✈✐❝❡s ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✮✳ ❍♦✉s✐♥❣ s❡r✈✐❝❡s ❛r❡ ♣r♦❞✉❝❡❞ ❢r♦♠

❧✐✈✐♥❣ s♣❛❝❡ ❛♥❞ ❤♦✉s❡❤♦❧❞ ❞✉r❛❜❧❡s✿

qR = R(Si
L, q

i
D), ✭✹✳✸✮

✇❤❡r❡ qiD ✐s t❤❡ ✢♦✇ ♦❢ ❤♦✉s❡❤♦❧❞ ❞✉r❛❜❧❡s ✭❢✉r♥✐t✉r❡✱ ❛♣♣❧✐❛♥❝❡s✮ ❛♥❞ R ✐s ❝♦♥t✐♥✉♦✉s✱

❝♦♥❝❛✈❡✱ ❛♥❞ ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s ♦♥ R
2
+✱ ✇✐t❤ R1 > 0 ❛♥❞ R2 > 0✳ ❚❤❡ ✉♥✐t ❝♦st ❢✉♥❝t✐♦♥

❞✉❛❧ t♦ R ✐s cR(ρrR, pD)✳

❘❡♠❛r❦ ✹✳✻ ✭❲❤② ❞❡❝♦♠♣♦s❡ ❤♦✉s✐♥❣✮✳ ■♥ ❙❤✐♠✐③✉ ✭✷✵✷✻✮✱ qR ✇❛s ♣✉r❝❤❛s❡❞ ❛t ♣r✐❝❡

pR ❛♥❞ ❡♥t❡r❡❞ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❞✐r❡❝t❧②✳ ❚❤✐s ✇❛s ❛❞❡q✉❛t❡ ✇❤❡♥ S1 ✇❛s ♣✉r❡❧② ❛

❝♦♥s✉♠♣t✐♦♥ s✐t❡✳ ❲✐t❤ r❡♠♦t❡ ✇♦r❦✱ S1 s❡r✈❡s ❞✉❛❧ ♣✉r♣♦s❡s✿ ❧✐✈✐♥❣ ❛♥❞ ✇♦r❦✐♥❣✳ ❚❤❡

❞❡❝♦♠♣♦s✐t✐♦♥ ✭✹✳✶✮ ❝❛♣t✉r❡s t❤❡ ❞✐r❡❝t tr❛❞❡✲♦✛ ✇✐t❤✐♥ t❤❡ ❞✇❡❧❧✐♥❣✿ ❛❧❧♦❝❛t✐♥❣ ♠♦r❡ s♣❛❝❡

t♦ ❛ ❤♦♠❡ ♦✣❝❡ r❡❞✉❝❡s ❧✐✈✐♥❣ s♣❛❝❡ ✉♥❧❡ss t♦t❛❧ ❛r❡❛ ❡①♣❛♥❞s✳ ❚❤✐s ✐s t❤❡ ♠❡❝❤❛♥✐s♠

t❤r♦✉❣❤ ✇❤✐❝❤ r❡♠♦t❡ ✇♦r❦ ✐♥❝r❡❛s❡s r❡s✐❞❡♥t✐❛❧ s♣❛❝❡ ❞❡♠❛♥❞ ❛♥❞ t♦t❛❧ ❤♦✉s✐♥❣ r❡♥t ρrRS̄
i✳

✹✳✷✳✷ Pr♦❞✉❝t✐♦♥ ❋✉♥❝t✐♦♥ ✷✿ ❍♦♠❡✲♦✣❝❡ ✭❡✛❡❝t✐✈❡ r❡♠♦t❡ ❧❛❜♦r✮

❉❡✜♥✐t✐♦♥ ✹✳✼ ✭❍♦♠❡✲♦✣❝❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✮✳ ❚❤❡ ❡✛❡❝t✐✈❡ s✉♣♣❧② ♦❢ r❡♠♦t❡ ❧❛❜♦r

T h,eff
l1 r❡q✉✐r❡s t❤r❡❡ ✐♥♣✉ts✿ ❤♦♠❡✲♦✣❝❡ s♣❛❝❡ Si

W ✱ ■❚ ❝❛♣✐t❛❧ ✢♦✇ qiIT ✱ ❛♥❞ r❛✇ r❡♠♦t❡✲✇♦r❦

t✐♠❡ T h
l1✿

T h,eff
l1 = Ω(Si

W , q
i
IT , T

h
l1), ✭✹✳✹✮

✇❤❡r❡ Ω ✐s ❝♦♥t✐♥✉♦✉s✱ ❝♦♥❝❛✈❡✱ ❛♥❞ ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s ♦♥ R
3
+✱ ✇✐t❤ Ω1,Ω2,Ω3 > 0✳

❋♦r ❛ ❣✐✈❡♥ ❧❡✈❡❧ ♦❢ ❡✛❡❝t✐✈❡ r❡♠♦t❡ ❧❛❜♦r✱ t❤❡ ❤♦✉s❡❤♦❧❞ ♠✐♥✐♠✐③❡s t❤❡ ❝♦st ♦❢ (SW , qIT )✱

t❛❦✐♥❣ r❛✇ t✐♠❡ T h
l1 ❛s ❣✐✈❡♥✳ ❚❤❡ ✐♥♥❡r ❝♦st✲♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛t ✜①❡❞ T h

l1 ✐s✿

min
SW , qIT≥0

{
ρrRSW + pIT qIT

}
s✳t✳ Ω(SW , qIT , T

h
l1) ≥ T h,eff

l1 . ✭✹✳✺✮

✷✹



❇❡❝❛✉s❡ t❤❡ ✜r♠ ♣❛②s t❤❡ r❡♠♦t❡ ✇♦r❦❡r ❢♦r ❡✛❡❝t✐✈❡ ❧❛❜♦r ❛t ✇❛❣❡ wh ♣❡r ✉♥✐t ♦❢ T h,eff
l1 ✱ t❤❡

❤♦✉s❡❤♦❧❞ tr❡❛ts T h,eff
l1 = T h

l1 ✭♦♥❡ ❡✣❝✐❡♥❝② ✉♥✐t ♣❡r ✉♥✐t ♦❢ r❛✇ t✐♠❡✱ ✉♣ t♦ ♥♦r♠❛❧✐③❛t✐♦♥✮

❛♥❞ t❤❡ r❡❧❡✈❛♥t ♦❜❥❡❝t ✐s t❤❡ ✈❛r✐❛❜❧❡ ❝♦st ♦❢ ❡q✉✐♣♣✐♥❣ ♦♥❡ ✉♥✐t ♦❢ r❡♠♦t❡✲✇♦r❦ t✐♠❡✿

m(ρrR, pIT ; T
h
l1) ≡ min

SW , qIT

{
ρrRSW + pIT qIT : Ω(SW , qIT , T

h
l1) ≥ T h

l1

}
. ✭✹✳✻✮

❇② ❧✐♥❡❛r ❤♦♠♦❣❡♥❡✐t② ♦❢ Ω✱ t❤✐s s✐♠♣❧✐✜❡s t♦ m = T h
l1 · c

Ω(ρrR, pIT ) ✇❤❡r❡ c
Ω ✐s t❤❡ ✉♥✐t ❝♦st

❢✉♥❝t✐♦♥ ♦❢ t❤❡ t✇♦✲✐♥♣✉t s✉❜✲♣r♦❜❧❡♠ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ♦♥❡ ✉♥✐t ♦❢ T h
l1✿

cΩ(ρrR, pIT ) ≡ min
sW , q

{
ρrRsW + pIT q : Ω(sW , q, 1) ≥ 1

}
. ✭✹✳✼✮

❆ss✉♠♣t✐♦♥ ✹✳✽ ✭❘❡♠♦t❡✲✇♦r❦ ✐♥❝♦♠❡ ❛♥❞ ❝♦st✮✳ ❚❤❡ ❤♦✉s❡❤♦❧❞ r❡❝❡✐✈❡s ♥❡t r❡♠♦t❡✲✇♦r❦

✐♥❝♦♠❡ w̃hT h
l1 ♣❡r ♣❡r✐♦❞✱ ✇❤❡r❡

w̃h ≡ wh − cΩ(ρrR, pIT ) ✭✹✳✽✮

✐s t❤❡ ♥❡t r❡♠♦t❡ ✇❛❣❡ ❛❢t❡r ❞❡❞✉❝t✐♥❣ t❤❡ ♣❡r✲✉♥✐t ❡q✉✐♣♠❡♥t ❝♦st✳ ❲❡ ❛ss✉♠❡ w̃h > 0

✭r❡♠♦t❡ ✇♦r❦ ✐s ♣r✐✈❛t❡❧② ♣r♦✜t❛❜❧❡ ♥❡t ♦❢ ❡q✉✐♣♠❡♥t ❝♦sts✮✳

❘❡♠❛r❦ ✹✳✾ ✭❘❡❞✉❝❡❞✲❢♦r♠ ❡♠❜❡❞❞✐♥❣✮✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✹✳✽✱ t❤❡ ✐♥♥❡r ♠✐♥✐♠✐③❛t✐♦♥

✭✹✳✺✮ ✐s s♦❧✈❡❞ ❛t ❛♥② ♦♣t✐♠✉♠✱ ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡♠❛♥❞s ❢♦r Si∗
W ❛♥❞ qi∗IT ❛r❡ r❡❝♦✈❡r❡❞

❜② ❙❤❡♣❤❛r❞✬s ▲❡♠♠❛✿

Si∗
W = T h∗

l1 ·
∂cΩ

∂ρrR
, qi∗IT = T h∗

l1 ·
∂cΩ

∂pIT
. ✭✹✳✾✮

❚❤❡ ❤♦✉s❡❤♦❧❞✬s ♦✉t❡r ♣r♦❜❧❡♠ ✐s t❤❡♥ st❛t❡❞ s♦❧❡❧② ✐♥ t❡r♠s ♦❢ (T h
l1, S̄

i)✱ ✇✐t❤ Si∗
W ❛♥❞ qi∗IT

s✉❜st✐t✉t❡❞ ♦✉t✳ ❚❤✐s ❛✈♦✐❞s t❤❡ ✐♥❝♦♥s✐st❡♥❝② ♦❢ ❤❛✈✐♥❣ SW ❛♥❞ qIT ❛♣♣❡❛r ✐♥ t❤❡ ❜✉❞❣❡t

✇✐t❤♦✉t ❡♥t❡r✐♥❣ ✉t✐❧✐t② ❞✐r❡❝t❧②✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✵ ✭❍♦♠❡✲♦✣❝❡ s♣❛❝❡ ❞❡♠❛♥❞✮✳ ❆t ❛♥ ✐♥t❡r✐♦r ♦♣t✐♠✉♠✱ ∂Si∗
W/∂T

h∗
l1 =

✷✺



∂cΩ/∂ρrR > 0✿ ♠♦r❡ r❡♠♦t❡ ✇♦r❦ ✐♥❝r❡❛s❡s r❡s✐❞❡♥t✐❛❧ s♣❛❝❡ ❞❡♠❛♥❞✳

✹✳✷✳✸ Pr♦❞✉❝t✐♦♥ ❋✉♥❝t✐♦♥s ✸✕✹✿ ❍♦♠❡ ❧❡✐s✉r❡ ❛♥❞ ❣❡♥❡r❛❧ ❤♦✉s❡✇♦r❦

❘❡t❛✐♥❡❞ ❢r♦♠ ❙❤✐♠✐③✉ ✭✷✵✷✻✮✿

Qk1 = F (qk1, Tk1), ✭✹✳✶✵✮

Qk2 = G(qk2, Tk2), ✭✹✳✶✶✮

QH = H(qH , Tl2 + qS). ✭✹✳✶✷✮

F ✱ G✱ H ❛r❡ ❝♦♥t✐♥✉♦✉s✱ ❝♦♥❝❛✈❡✱ ❛♥❞ ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s✳ ■♥ H✱ ♦✇♥ ❤♦✉s❡❤♦❧❞ ✇♦r❦

t✐♠❡ Tl2 ❛♥❞ ♣✉r❝❤❛s❡❞ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s qS ❛r❡ ♣❡r❢❡❝t s✉❜st✐t✉t❡s✱ ❢♦❧❧♦✇✐♥❣ ❙❝❤r❡②❡r ❛♥❞

❉✐❡✇❡rt ✭✷✵✶✹✮✳ ❚❤❡ ♣r✐❝❡ ♦❢ ♣✉r❝❤❛s❡❞ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ✐s wr
S ∈ (0,+∞]✳

✹✳✷✳✹ Pr♦❞✉❝t✐♦♥ ❋✉♥❝t✐♦♥ ✺✿ ❈❤✐❧❞❝❛r❡

❉❡✜♥✐t✐♦♥ ✹✳✶✶ ✭❈❤✐❧❞❝❛r❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✮✳ ❈❤✐❧❞❝❛r❡ s❡r✈✐❝❡s ❛r❡ ♣r♦❞✉❝❡❞ ❢r♦♠

❝❤✐❧❞❝❛r❡ ❣♦♦❞s✱ ♦✇♥ ❝❤✐❧❞❝❛r❡ t✐♠❡✱ ❛♥❞ ♣✉r❝❤❛s❡❞ ❝❤✐❧❞❝❛r❡✿

Qi
CC = CCC(qiCC , T

CC,i
l3 + qiCS,CC), ✭✹✳✶✸✮

✇❤❡r❡ qiCC ✐s ❝❤✐❧❞❝❛r❡ ❣♦♦❞s ✭❢♦♦❞ ❢♦r ❝❤✐❧❞r❡♥✱ ❡❞✉❝❛t✐♦♥❛❧ ♠❛t❡r✐❛❧s✮✱ TCC,i
l3 ✐s ●❡♥❡r❛t✐♦♥✲

✷✬s ♦✇♥ ❝❤✐❧❞❝❛r❡ t✐♠❡✱ qiCS,CC ✐s ♣✉r❝❤❛s❡❞ ❝❤✐❧❞❝❛r❡ ✭❞❛②❝❛r❡✱ ❜❛❜②s✐tt✐♥❣✮✱ ❛♥❞ ♦✇♥ t✐♠❡

❛♥❞ ♣✉r❝❤❛s❡❞ s❡r✈✐❝❡s ❛r❡ ♣❡r❢❡❝t s✉❜st✐t✉t❡s ✐♥ t❤❡ s❡❝♦♥❞ ❛r❣✉♠❡♥t✳ CCC ✐s ❧✐♥❡❛r❧②

❤♦♠♦❣❡♥❡♦✉s✳ ❚❤❡ ♣r✐❝❡ ♦❢ ♣✉r❝❤❛s❡❞ ❝❤✐❧❞❝❛r❡ ✐s wr
CC ∈ (0,+∞]✳

❘❡♠❛r❦ ✹✳✶✷ ✭❈❤✐❧❞❝❛r❡ ♠✐♥✐♠✉♠✮✳ ❚❤❡ ❤♦✉s❡❤♦❧❞ ♠✉st s❛t✐s❢② Qi
CC ≥ ni

1q̄CC ✿ ❡❛❝❤ ❝❤✐❧❞

r❡q✉✐r❡s ❛ ♠✐♥✐♠✉♠ ❛♠♦✉♥t ♦❢ ❝❛r❡ ♣❡r ♣❡r✐♦❞✳ ❲❤❡♥ wr
CC = +∞ ✭♥♦ ♠❛r❦❡t ❝❤✐❧❞❝❛r❡

❛✈❛✐❧❛❜❧❡✮✱ t❤❡ ❤♦✉s❡❤♦❧❞ ♠✉st s❡❧❢✲♣r♦✈✐❞❡ ❛❧❧ ❝❤✐❧❞❝❛r❡✿ TCC,i
l3 ≥ ni

1q̄CC/C
CC
2 ✳

✷✻



✹✳✷✳✺ Pr♦❞✉❝t✐♦♥ ❋✉♥❝t✐♦♥ ✻✿ ❊❧❞❡r❝❛r❡

❉❡✜♥✐t✐♦♥ ✹✳✶✸ ✭❊❧❞❡r❝❛r❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✮✳ ❊❧❞❡r❝❛r❡ s❡r✈✐❝❡s ❛r❡ ♣r♦❞✉❝❡❞ ❢r♦♠

❡❧❞❡r❝❛r❡ ❣♦♦❞s✱ ♦✇♥ ❡❧❞❡r❝❛r❡ t✐♠❡✱ ❛♥❞ ♣✉r❝❤❛s❡❞ ❡❧❞❡r❝❛r❡✿

Qi
EC = CEC(qiEC , T

EC,i
l3 + qiCS,EC), ✭✹✳✶✹✮

✇✐t❤ t❤❡ s❛♠❡ str✉❝t✉r❡ ❛s ❝❤✐❧❞❝❛r❡✳ CEC ✐s ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s✳ ❚❤❡ ♣r✐❝❡ ♦❢ ♣✉r❝❤❛s❡❞

❡❧❞❡r❝❛r❡ ✐s wr
EC ∈ (0,+∞]✳

❘❡♠❛r❦ ✹✳✶✹ ✭❊❧❞❡r❝❛r❡ ♠✐♥✐♠✉♠✮✳ Qi
EC ≥ ni

3q̄EC(h
3,i)✱ ✇❤❡r❡ q̄EC ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ h3,i

✭❤❡❛❧t❤✐❡r ❡❧❞❡r❧② ♥❡❡❞ ❧❡ss ❝❛r❡✮✳

❘❡♠❛r❦ ✹✳✶✺ ✭❲❤② s❡♣❛r❛t❡ ❝❤✐❧❞❝❛r❡ ❢r♦♠ ❡❧❞❡r❝❛r❡✮✳ ❚❤r❡❡ ❛s②♠♠❡tr✐❡s ♠♦t✐✈❛t❡ t❤❡

s❡♣❛r❛t✐♦♥✿

✭✐✮ ❚✐♠❡ str✉❝t✉r❡✿ ❈❤✐❧❞❝❛r❡ ♣❡❛❦s ✐♥ t❤❡ ♠♦r♥✐♥❣ ❛♥❞ ❡✈❡♥✐♥❣ ✭s❝❤♦♦❧ s❝❤❡❞✉❧❡s✮✱ ✇❤✐❧❡

❡❧❞❡r❝❛r❡ ♠❛② r❡q✉✐r❡ ❝♦♥t✐♥✉♦✉s ♦r ✉♥♣r❡❞✐❝t❛❜❧❡ ♣r❡s❡♥❝❡✳ ❈♦♠♠✉t✐♥❣ t✐♠❡ s❛✈✐♥❣s

✭♠♦r♥✐♥❣✴❡✈❡♥✐♥❣✮ t❤❡r❡❢♦r❡ ❞✐s♣r♦♣♦rt✐♦♥❛t❡❧② ❜❡♥❡✜t ❝❤✐❧❞❝❛r❡✳

✭✐✐✮ ▼❛r❦❡t ♣r✐❝❡s ✿ ❊❧❞❡r❝❛r❡ ✐s t②♣✐❝❛❧❧② ♠♦r❡ ❡①♣❡♥s✐✈❡ t❤❛♥ ❝❤✐❧❞❝❛r❡ ✭wr
EC > wr

CC✮ ❞✉❡

t♦ t❤❡ ❤✐❣❤❡r s❦✐❧❧ ✐♥t❡♥s✐t② ❛♥❞ t❤❡ ♣❤②s✐❝❛❧ ❞❡♠❛♥❞s ♦❢ ❡❧❞❡r❝❛r❡✳

✭✐✐✐✮ ❉✐s✉t✐❧✐t② ✿ ❚❤❡ ❞✐s✉t✐❧✐t② ♦❢ ❡❧❞❡r❝❛r❡ ✭|Ψi
6|✮ ✐s ♦❢t❡♥ ❧❛r❣❡r t❤❛♥ t❤❛t ♦❢ ❝❤✐❧❞❝❛r❡ ✭|Ψi

5|✮

❞✉❡ t♦ t❤❡ ❡♠♦t✐♦♥❛❧ ❛♥❞ ♣❤②s✐❝❛❧ ❜✉r❞❡♥ ♦❢ ❝❛r✐♥❣ ❢♦r ❞❡❝❧✐♥✐♥❣ ❢❛♠✐❧② ♠❡♠❜❡rs✳

❚❤❡s❡ ❛s②♠♠❡tr✐❡s ❣❡♥❡r❛t❡ ❞✐✛❡r❡♥t ♦✉ts♦✉r❝✐♥❣ ❞❡❝✐s✐♦♥s✱ ❞✐✛❡r❡♥t r❡s♣♦♥s❡s t♦ r❡♠♦t❡✲

✇♦r❦ t❡❝❤♥♦❧♦❣②✱ ❛♥❞ ❞✐✛❡r❡♥t s♣❛t✐❛❧ ✐♠♣❧✐❝❛t✐♦♥s✳

✷✼



✹✳✸ Pr❡❢❡r❡♥❝❡s

❆ss✉♠♣t✐♦♥ ✹✳✶✻ ✭◆♦♥❤♦♠♦t❤❡t✐❝ ♣r❡❢❡r❡♥❝❡s✮✳ ●❡♥❡r❛t✐♦♥✲✷ ♠❡♠❜❡rs ♦❢ ❤♦✉s❡❤♦❧❞ i ❤❛✈❡

♣r❡❢❡r❡♥❝❡s✿

U i = Ψi



ui(qR−q̄
i
R, Qk1, Qk2, QH , Q

i
CC−n

i
1q̄CC , Q

i
EC−n

i
3q̄EC)

︸ ︷︷ ︸
❛r❣✉♠❡♥t ✶

, T o
l1

︸︷︷︸
2

, T h
l1

︸︷︷︸
3

, Tl2
︸︷︷︸

4

, TCC
l3

︸︷︷︸
5

, TEC
l3

︸︷︷︸
6



 ,

✭✹✳✶✺✮

✇❤❡r❡ Ψi : R+×R
5
− → R❀ ❛r❣✉♠❡♥t ✶ ✐s ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ ❛r❣✉♠❡♥ts ✷✕✻ ❛r❡ ♥♦♥✲♣♦s✐t✐✈❡

✭❞✐s✉t✐❧✐t② ♦❢ ❧❛❜♦r ❛♥❞ ❝❛r❡ t✐♠❡✮✳ Ψi
k ✭uij✮ ❞❡♥♦t❡s t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦

❛r❣✉♠❡♥t k ✭j✮✳

✭❛✮ q̄iR = R(S̄i
L, q̄D) ≥ 0✿ s✉❜s✐st❡♥❝❡ ❤♦✉s✐♥❣✱ ❤♦✉s❡❤♦❧❞✲❝♦♠♣♦s✐t✐♦♥ ❞❡♣❡♥❞❡♥t✳

✭❜✮ ui : R6
+ → R+✿ ❝♦♥t✐♥✉♦✉s✱ ❝♦♥❝❛✈❡✱ ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s✳

✭❝✮ Ψi ✐s ❝♦♥❝❛✈❡ ❛♥❞ t✇✐❝❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡❀ Ψi
1 > 0 ✭✐♥❝r❡❛s✐♥❣ ✐♥ s✉❜✉t✐❧✐t②✮✳

✭❞✮ Ψi
2,Ψ

i
3,Ψ

i
4,Ψ

i
5,Ψ

i
6 ≤ 0✿ ❞✐s✉t✐❧✐t② ♦❢ ♦✣❝❡ ✇♦r❦✱ r❡♠♦t❡ ✇♦r❦✱ ❤♦✉s❡✇♦r❦✱ ❝❤✐❧❞❝❛r❡✱

❛♥❞ ❡❧❞❡r❝❛r❡ r❡s♣❡❝t✐✈❡❧②✳

❘❡♠❛r❦ ✹✳✶✼ ✭◆♦♥❤♦♠♦t❤❡t✐❝✐t②✮✳ ❚❤❡ s✉❜s✐st❡♥❝❡ ♣❛r❛♠❡t❡rs q̄iR ❛♥❞ (ni
1q̄CC , n

i
3q̄EC) ❣❡♥✲

❡r❛t❡ ❊♥❣❡❧ ❝✉r✈❡s t❤❛t ❛r❡ ♥♦t r❛②s ❢r♦♠ t❤❡ ♦r✐❣✐♥✳ ❚❤✐s ✐s t❤❡ ❙t♦♥❡✕●❡❛r② ✭●♦r♠❛♥✱ ✶✾✻✶✮

str✉❝t✉r❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❇❡❝❦❡r✕❉✐❡✇❡rt ❢r❛♠❡✇♦r❦✳ ❚❤❡ ✐♥❝♦♠❡ ❡❧❛st✐❝✐t② ♦❢ ❤♦✉s✐♥❣ ❞❡✲

♠❛♥❞ ❞✐✛❡rs ❢r♦♠ ✉♥✐t②✱ ❛♥❞ t❤❡ ❡①♣❡♥❞✐t✉r❡ s❤❛r❡s ♦❢ ❤♦✉s✐♥❣ ❛♥❞ ❝❛r❡ ❞❡❝❧✐♥❡ ✇✐t❤ ✐♥❝♦♠❡✳

❘❡♠❛r❦ ✹✳✶✽ ✭◆❡st✐♥❣✮✳ ❙❡tt✐♥❣ ni
1 = ni

3 = 0 ✭♥♦ ❞❡♣❡♥❞❡♥ts✮ ❛♥❞ T h
l1 = 0 ✭♥♦ r❡♠♦t❡

✇♦r❦✮ r❡❝♦✈❡rs t❤❡ ❝♦♠♣❛♥✐♦♥ ♣❛♣❡r✬s ✉t✐❧✐t② str✉❝t✉r❡✳ ❙❡tt✐♥❣ ❛❞❞✐t✐♦♥❛❧❧② q̄iR = 0 ❣✐✈❡s

t❤❡ ❤♦♠♦t❤❡t✐❝ ✈❡rs✐♦♥✳

✹✳✹ ❈♦♥str❛✐♥ts

❉❡✜♥✐t✐♦♥ ✹✳✶✾ ✭❚✐♠❡ ❝♦♥str❛✐♥t✮✳

(1 + η d12)T
o
l1 + T h

l1 + Tl2 + TCC
l3 + TEC

l3 + Tk1 + (1 + d13)Tk2 = ni
2 · T, ✭✹✳✶✻✮

✷✽



✇❤❡r❡ η > 0 ✐s t❤❡ ❝♦♠♠✉t✐♥❣✲❢r❡q✉❡♥❝② ♣❛r❛♠❡t❡r ❛♥❞ d12✱ d13 ❛r❡ ❞✐st❛♥❝❡s✳

❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ni
2T ❜❡❝❛✉s❡ ❡❛❝❤ ●❡♥❡r❛t✐♦♥✲✷ ♠❡♠❜❡r ❝♦♥tr✐❜✉t❡s T ✉♥✐ts ♦❢

t✐♠❡✳

❉❡✜♥✐t✐♦♥ ✹✳✷✵ ✭❇✉❞❣❡t ❝♦♥str❛✐♥t✮✳ ❆❢t❡r s✉❜st✐t✉t✐♥❣ t❤❡ ✐♥♥❡r ♦♣t✐♠✉♠ ✭✹✳✾✮✱ t♦t❛❧

r❡s✐❞❡♥t✐❛❧ ❝♦st ✐s ρrR(S
i
L + Si∗

W ) = ρrRS
i
L + cΩ(ρrR, pIT )T

h
l1✱ ❛♥❞ t❤❡ ■❚ ❝♦st pIT q

i∗
IT ✐s ❧✐❦❡✇✐s❡

❛❜s♦r❜❡❞✳ ❚❤❡ r❡❞✉❝❡❞✲❢♦r♠ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✐s✿

ρrRS
i
L + pDq

i
D + p2qk1 + p1qk2 + pHqH + wr

SqS

+ pCCq
i
CC + wr

CCq
i
CS,CC + pECq

i
EC + wr

ECq
i
CS,EC + δ1ηT

o
l1d12 + δ2d13Tk2

≤ woT o
l1 + w̃hT h

l1 + ni
3Ppension + Y i, ✭✹✳✶✼✮

✇❤❡r❡ w̃h ≡ wh − cΩ(ρrR, pIT ) ✐s t❤❡ ♥❡t r❡♠♦t❡ ✇❛❣❡ ✭❆ss✉♠♣t✐♦♥ ✹✳✽✮✱ ❛♥❞ pR ≡ cR(ρrR, pD)

✐s t❤❡ ✉♥✐t ❝♦st ♦❢ ❤♦✉s✐♥❣ s❡r✈✐❝❡s ❢r♦♠ ❧✐✈✐♥❣ s♣❛❝❡ ❛♥❞ ❞✉r❛❜❧❡s✳ ❚❤❡ ❤♦✉s✐♥❣ ❡①♣❡♥❞✐t✉r❡

ρrRS
i
L + pDq

i
D = pRq

i∗
R ❛t t❤❡ ✐♥♥❡r ♦♣t✐♠✉♠ ❢♦r ❤♦✉s✐♥❣ s❡r✈✐❝❡s✳

❉❡✜♥✐t✐♦♥ ✹✳✷✶ ✭❙♣❛❝❡ ❝♦♥str❛✐♥t✮✳ Si
L + Si

W = S̄i✱ ✇✐t❤ Si
L ≥ S̄i

L ❛♥❞ Si
W ≥ 0✳

❉❡✜♥✐t✐♦♥ ✹✳✷✷ ✭❈❛r❡ ♠✐♥✐♠❛✮✳ Qi
CC ≥ ni

1q̄CC ❛♥❞ Qi
EC ≥ ni

3q̄EC(h
3,i)✳

✹✳✺ ❚❤❡ ❖♣t✐♠✐③❛t✐♦♥ Pr♦❜❧❡♠

●❡♥❡r❛t✐♦♥✲✷ ♦❢ ❤♦✉s❡❤♦❧❞ i s♦❧✈❡s✿

max U i s✳t✳ (4.1), (4.16), (4.17), Qi
CC ≥ ni

1q̄CC , Q
i
EC ≥ ni

3q̄EC , ❛♥❞ ♥♦♥♥❡❣❛t✐✈✐t②.

✭✹✳✶✽✮

Pr♦♣♦s✐t✐♦♥ ✹✳✷✸ ✭❊①✐st❡♥❝❡ ♦❢ s❛❞❞❧❡ ♣♦✐♥t✮✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✹✳✶✻ ❛♥❞ t❤❡ ♠❛✐♥t❛✐♥❡❞

❛ss✉♠♣t✐♦♥s ♦♥ R,F,G,H,CCC , CEC ,Ω ✭❛❧❧ ❝♦♥t✐♥✉♦✉s✱ ❝♦♥❝❛✈❡✱ ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s✮✱

t❤❡ ♣r♦❜❧❡♠ ✭✹✳✶✽✮ ✐s ❛ ❝♦♥❝❛✈❡ ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠ ✇✐t❤ ❛ ❝♦♥✈❡① ❢❡❛s✐❜❧❡ s❡t✳ ❙❧❛t❡r✬s

✷✾



❝♦♥str❛✐♥t q✉❛❧✐✜❝❛t✐♦♥ ❤♦❧❞s✿ t❤❡r❡ ❡①✐sts ❛ str✐❝t❧② ❢❡❛s✐❜❧❡ ♣♦✐♥t ✭❡✳❣✳✱ s❡t ❛❧❧ ❣♦♦❞s ❛♥❞

t✐♠❡ ✈❛r✐❛❜❧❡s t♦ s♠❛❧❧ ♣♦s✐t✐✈❡ ✈❛❧✉❡s✱ s❡t Si
L > S̄i

L t♦ s❛t✐s❢② t❤❡ s♣❛❝❡ ♠✐♥✐♠✉♠✱ ❛♥❞ s❡t

TCC,i
l3 = ni

1q̄CC/C
CC
2 +ϵ ❛♥❞ TEC,i

l3 = ni
3q̄EC/C

EC
2 +ϵ ❢♦r s♠❛❧❧ ϵ > 0 t♦ s❛t✐s❢② t❤❡ ❝❛r❡ ♠✐♥✐♠❛

str✐❝t❧②✮✳ ❇② t❤❡ ❑❛r❧✐♥✕❯③❛✇❛ ❙❛❞❞❧❡ P♦✐♥t ❚❤❡♦r❡♠ ✭❑❛r❧✐♥✱ ✶✾✺✾❀ ❯③❛✇❛✱ ✶✾✺✽✮✱ t❤❡r❡

❡①✐st ✉♥✐q✉❡ ♠✉❧t✐♣❧✐❡rs λi∗ > 0 ✭❜✉❞❣❡t✮✱ ωi∗ > 0 ✭t✐♠❡✮✱ ❛♥❞ µi∗
S ≥ 0 ✭s♣❛❝❡✮ s✉❝❤ t❤❛t t❤❡

❑❑❚ ❝♦♥❞✐t✐♦♥s ❛r❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❢♦r ❛ ❣❧♦❜❛❧ ♦♣t✐♠✉♠✳

Pr♦♦❢✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✺✳ ■

❉❡✜♥✐t✐♦♥ ✹✳✷✹ ✭❙❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❧❡✐s✉r❡✮✳ w∗i ≡ ωi∗/λi∗ > 0✳

✺ ❊q✉✐❧✐❜r✐✉♠ ❈❤❛r❛❝t❡r✐③❛t✐♦♥

✺✳✶ ❋✐rst✲❖r❞❡r ❈♦♥❞✐t✐♦♥s

❆t ❛♥ ✐♥t❡r✐♦r s♦❧✉t✐♦♥ ✇✐t❤ T o∗
l1 > 0✱ T h∗

l1 > 0✱ q∗S > 0✱ q∗CS,CC > 0✱ q∗CS,EC > 0 ✭❈❛s❡ ❘❲✶✱

t❤❡ ✏❢✉❧❧ ✐♥t❡r✐♦r✑ ❝❛s❡✮✱ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ▲❛❣r❛♥❣✐❛♥ ♦❢ ♣r♦❜❧❡♠ ✭✹✳✶✽✮ ❛r❡

❞❡r✐✈❡❞ ✐♥ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✻✳ ❚❤r♦✉❣❤♦✉t✱ λi∗ > 0 ❞❡♥♦t❡s t❤❡ ✭r❛✇✱ ✉♥♥♦r♠❛❧✐③❡❞✮

❜✉❞❣❡t ♠✉❧t✐♣❧✐❡r✱ ωi∗ > 0 t❤❡ t✐♠❡ ♠✉❧t✐♣❧✐❡r✱ ❛♥❞ w∗i ≡ ωi∗/λi∗ t❤❡ s❤❛❞♦✇ ♣r✐❝❡ ♦❢ t✐♠❡✳

✸✵



●♦♦❞s✿

❍♦✉s✐♥❣✿ Ψi
1u

i
1 = λi∗pR, ✇❤❡r❡ pR ≡ cR(ρrR, pD), ✭✺✳✶✮

❍♦♠❡✲❧❡✐s✉r❡ ❣♦♦❞s✿ Ψi
1u

i
2F1 = λi∗p2, ✭✺✳✷✮

❊①t❡r♥❛❧✲❧❡✐s✉r❡ ❣♦♦❞s✿ Ψi
1u

i
3G1 = λi∗p1, ✭✺✳✸✮

❍♦✉s❡✇♦r❦ ❣♦♦❞s✿ Ψi
1u

i
4H1 = λi∗pH , ✭✺✳✹✮

P✉r❝❤❛s❡❞ ❤♦✉s❡✇♦r❦✿ Ψi
1u

i
4H2 = λi∗wr

S, ✭✺✳✺✮

❈❤✐❧❞❝❛r❡ ❣♦♦❞s✿ Ψi
1u

i
5C

CC
1 = λi∗pCC , ✭✺✳✻✮

P✉r❝❤❛s❡❞ ❝❤✐❧❞❝❛r❡✿ Ψi
1u

i
5C

CC
2 = λi∗wr

CC , ✭✺✳✼✮

❊❧❞❡r❝❛r❡ ❣♦♦❞s✿ Ψi
1u

i
6C

EC
1 = λi∗pEC , ✭✺✳✽✮

P✉r❝❤❛s❡❞ ❡❧❞❡r❝❛r❡✿ Ψi
1u

i
6C

EC
2 = λi∗wr

EC . ✭✺✳✾✮

❚✐♠❡✿

❍♦♠❡✲❧❡✐s✉r❡ t✐♠❡✿ Ψi
1u

i
2F2 = λi∗w∗i, ✭✺✳✶✵✮

❊①t❡r♥❛❧✲❧❡✐s✉r❡ t✐♠❡✿ Ψi
1u

i
3G2 = λi∗πi

k2, ✭✺✳✶✶✮

❍♦✉s❡✇♦r❦ t✐♠❡✿ Ψi
1u

i
4H2 +Ψi

4 = λi∗w∗i, ✭✺✳✶✷✮

❈❤✐❧❞❝❛r❡ t✐♠❡✿ Ψi
1u

i
5C

CC
2 +Ψi

5 = λi∗w∗i, ✭✺✳✶✸✮

❊❧❞❡r❝❛r❡ t✐♠❡✿ Ψi
1u

i
6C

EC
2 +Ψi

6 = λi∗w∗i, ✭✺✳✶✹✮

❖✣❝❡ ✇♦r❦✿ Ψi
2 = −λi∗(1 + ηd12)(w̃

o − w∗i), ✭✺✳✶✺✮

❘❡♠♦t❡ ✇♦r❦✿ Ψi
3 = −λi∗(w̃h − w∗i), ✭✺✳✶✻✮

✇❤❡r❡

w̃o ≡
wo − δ1ηd12
1 + ηd12

✭✺✳✶✼✮

✸✶



✐s t❤❡ ❝♦♠♠✉t✐♥❣✲❛❞❥✉st❡❞ ❡✛❡❝t✐✈❡ ♦✣❝❡ ✇❛❣❡ ✭s❡❡ ❡q✳ ✺✳✶✺✮✱

w̃h ≡ wh − cΩ(ρrR, pIT ) ✭✺✳✶✽✮

✐s t❤❡ ♥❡t r❡♠♦t❡ ✇❛❣❡ ❛❢t❡r ❡q✉✐♣♠❡♥t ❝♦st ✭❆ss✉♠♣t✐♦♥ ✹✳✽✮✱ ❛♥❞

πi
k2 ≡ w∗i(1 + d13) + δ2d13 ✭✺✳✶✾✮

✐s t❤❡ ❢✉❧❧ ♣r✐❝❡ ♦❢ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ t✐♠❡ ✭❛s ✐♥ ❙❤✐♠✐③✉ ✷✵✷✻✮✳

❘❡♠❛r❦ ✺✳✶ ✭❋❖❈ ❢♦r ♦✣❝❡ ✇♦r❦✿ ❞❡r✐✈❛t✐♦♥ ♦❢ w̃o✮✳ ❚❤❡ ❋❖❈ ❢♦r T o
l1 ❢r♦♠ t❤❡ r❛✇ ▲❛✲

❣r❛♥❣✐❛♥ ✐s Ψi
2 + λi∗(wo − δ1ηd12) − ωi∗(1 + ηd12) = 0✱ ✇❤✐❝❤ r❡❛rr❛♥❣❡s t♦ ✭✺✳✶✺✮✳ ❚❤❡r❡

✐s ♥♦ ♠✉❧t✐♣❧✐❡r r❡♥♦r♠❛❧✐③❛t✐♦♥❀ t❤❡ ❢❛❝t♦r (1 + ηd12) ✐s ❝❛rr✐❡❞ ❡①♣❧✐❝✐t❧②✳ ❋♦r t❤❡ ❜♦✉♥❞

❞❡r✐✈❛t✐♦♥✱ Ψi
2 ≤ 0 ❛♥❞ λi∗(1 + ηd12) > 0 ✐♠♣❧② w̃o ≥ w∗i✳

❙♣❛❝❡✿ ❚❤❡ s♣❛❝❡ ❝♦♥str❛✐♥t Si
L + Si∗

W (T h
l1) = S̄i ✭✇❤❡r❡ Si∗

W ✐s ❣✐✈❡♥ ❜② ✭✹✳✾✮✮ ②✐❡❧❞s ❛

s✐♥❣❧❡ ❜✐♥❞✐♥❣ ❝♦♥str❛✐♥t ♦♥ S̄i✳ ▲❡t µi∗
S ≥ 0 ❜❡ t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r ♦♥ Si

L + Si∗
W ≤ S̄i

❛♥❞ ❞❡✜♥❡ µ̂i∗
S ≡ µi∗

S /λ
i∗✳ ❚❤❡ s♣❛❝❡ ❋❖❈ ❢♦r ❧✐✈✐♥❣ s♣❛❝❡ Si

L ✐s✿

Ψi
1u

i
1R1(S

i∗
L , q

i∗
D)

λi∗
= µ̂i∗

S = ρrR. ✭✺✳✷✵✮

❚❤❡ ♦♣t✐♠❛❧ S̄i ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❜❛❧❛♥❝✐♥❣ t❤❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ s♣❛❝❡ ✭✈✐❛ R1✮ ❛❣❛✐♥st

t❤❡ ♣❡r✲✉♥✐t r❡♥t❛❧ ❝♦st ρrR✳ ❚❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ S̄i ❜❡t✇❡❡♥ Si
L ❛♥❞ Si∗

W ✐s t❤❡♥ r❡❝♦✈❡r❡❞ ❢r♦♠

✭✹✳✾✮✳

✺✳✷ ❙❤❛❞♦✇✲Pr✐❝❡ ❇♦✉♥❞s

❚❤❡♦r❡♠ ✺✳✷ ✭❙❤❛❞♦✇✲♣r✐❝❡ ❜♦✉♥❞ ✉♥❞❡r r❡♠♦t❡ ✇♦r❦ ❛♥❞ ❝❛r❡✮✳ ❆t ❛♥ ✐♥t❡r✐♦r s♦❧✉t✐♦♥

✭❈❛s❡ ❘❲✶✮✿

0 < w∗i ≤ min{wr
S, w

r
CC , w

r
EC , w̃

o, w̃h}. ✭✺✳✷✶✮

✸✷



Pr♦♦❢✳ ❋r♦♠ ✭✺✳✶✺✮✿ Ψi
2 ≤ 0✱ λi∗(1+ηd12) > 0 ✐♠♣❧② w̃o ≥ w∗i✳ ❋r♦♠ ✭✺✳✶✻✮✿ Ψi

3 ≤ 0✱ λi∗ > 0

✐♠♣❧② w̃h ≥ w∗i✳ ❋r♦♠ ✭✺✳✺✮ ❛♥❞ ✭✺✳✶✷✮✿ Ψi
1u

i
4H2 = λi∗wr

S s✉❜st✐t✉t❡❞ ✐♥t♦ ✭✺✳✶✷✮ ❣✐✈❡s

Ψi
4 = −λi∗(wr

S−w
∗i)❀ s✐♥❝❡ Ψi

4 ≤ 0✱ wr
S ≥ w∗i✳ ❋r♦♠ ✭✺✳✼✮ ❛♥❞ ✭✺✳✶✸✮✿ Ψi

5 = −λi∗(wr
CC−w

∗i)❀

s✐♥❝❡ Ψi
5 ≤ 0✱ wr

CC ≥ w∗i✳ ❋r♦♠ ✭✺✳✾✮ ❛♥❞ ✭✺✳✶✹✮✿ Ψi
6 = −λi∗(wr

EC − w∗i)❀ s✐♥❝❡ Ψi
6 ≤ 0✱

wr
EC ≥ w∗i✳ P♦s✐t✐✈✐t② ❢♦❧❧♦✇s ❢r♦♠ ωi∗, λi∗ > 0✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✼ ❢♦r ❢✉❧❧ ❞❡t❛✐❧s✳ ■

❘❡♠❛r❦ ✺✳✸ ✭●❡♥❡❛❧♦❣② ♦❢ t❤❡ ❜♦✉♥❞✮✳ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✱ ♣✳ ✾✼✮✿ w∗ ≤ min{wr
S, w}✳

❙❤✐♠✐③✉ ✭✷✵✷✻✱ ❚❤❡♦r❡♠ ✸✳✹✮✿ w∗ ≤ min{wr
S, w}✳ Pr❡s❡♥t ♣❛♣❡r✿ w

∗i ≤ min{wr
S, w

r
CC , w

r
EC , w̃

o, w̃h}✱

❛❞❞✐♥❣ ❝❛r❡ ♣r✐❝❡s✱ ❞❡❝♦♠♣♦s✐♥❣ t❤❡ ✇❛❣❡ ✐♥t♦ ❝♦♠♠✉t✐♥❣✲❛❞❥✉st❡❞ ♦✣❝❡ ✇❛❣❡ ❛♥❞ ♥❡t r❡✲

♠♦t❡ ✇❛❣❡✳

✺✳✸ ❈❛r❡ ❖✉ts♦✉r❝✐♥❣ ❈♦♥❞✐t✐♦♥s

Pr♦♣♦s✐t✐♦♥ ✺✳✹ ✭❍♦✉s❡✇♦r❦ ♦✉ts♦✉r❝✐♥❣✮✳ qi∗S > 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ w∗i + |Ψi
4|/λ

i∗ ≥ wr
S✳

Pr♦♣♦s✐t✐♦♥ ✺✳✺ ✭❈❤✐❧❞❝❛r❡ ♦✉ts♦✉r❝✐♥❣✮✳ qi∗CS,CC > 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢

w∗i +
|Ψi

5|

λi∗
≥ wr

CC . ✭✺✳✷✷✮

Pr♦♣♦s✐t✐♦♥ ✺✳✻ ✭❊❧❞❡r❝❛r❡ ♦✉ts♦✉r❝✐♥❣✮✳ qi∗CS,EC > 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢

w∗i +
|Ψi

6|

λi∗
≥ wr

EC . ✭✺✳✷✸✮

❊❛❝❤ ❝♦♥❞✐t✐♦♥ ❜❛❧❛♥❝❡s t✇♦ ❜❡♥❡✜ts ♦❢ ♦✇♥✲t✐♠❡ ♣r♦✈✐s✐♦♥ ✭s❤❛❞♦✇ ✈❛❧✉❡ ♦❢ r❡❧❡❛s❡❞

t✐♠❡ w∗i ♣❧✉s ❛✈♦✐❞❡❞ ❞✐s✉t✐❧✐t② |Ψi
k|/λ

i∗✮ ❛❣❛✐♥st t❤❡ ♠❛r❦❡t ♣r✐❝❡✳ ❲❤❡♥ |Ψi
5| ✐s s♠❛❧❧

✭♣❛r❡♥ts ❡♥❥♦② ❝❤✐❧❞❝❛r❡✮✱ t❤❡ ♦✉ts♦✉r❝✐♥❣ t❤r❡s❤♦❧❞ ✐s ❧♦✇✳ ❲❤❡♥ |Ψi
6| ✐s ❧❛r❣❡ ✭❡❧❞❡r❝❛r❡

✐s ❜✉r❞❡♥s♦♠❡✮✱ t❤❡ t❤r❡s❤♦❧❞ ✐s ❤✐❣❤✱ ❜✉t t❤❡ ❤✐❣❤❡r ♠❛r❦❡t ♣r✐❝❡ wr
EC ♠❛② st✐❧❧ ♣r❡❝❧✉❞❡

♦✉ts♦✉r❝✐♥❣✳

Pr♦♦❢✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✽✳ ■

✸✸



✺✳✹ ■♥t❡r♥❛❧ ❙❤❛❞♦✇ Pr✐❝❡ ♦❢ ❍♦♠❡✲❖✣❝❡ ❙♣❛❝❡

Pr♦♣♦s✐t✐♦♥ ✺✳✼ ✭❙♣❛❝❡ ❛❧❧♦❝❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠✮✳ ❆t ❛♥ ✐♥t❡r✐♦r ♦♣t✐♠✉♠ ✇✐t❤ Si∗
L > S̄i

L

❛♥❞ T h∗
l1 > 0✱ t❤❡ ❤♦✉s✐♥❣ ❋❖❈ ✭✺✳✷✵✮ ❛♥❞ t❤❡ ❡♥✈❡❧♦♣❡ ♦❢ t❤❡ ✐♥♥❡r ♠✐♥✐♠✐③❛t✐♦♥ ❥♦✐♥t❧②

❞❡t❡r♠✐♥❡ t❤❡ s♣❛❝❡ ❛❧❧♦❝❛t✐♦♥✿

Ψi
1u

i
1R1(S

i∗
L , q

i∗
D)

λi∗
︸ ︷︷ ︸

s❤❛❞♦✇ ✈❛❧✉❡ ♦❢ ❧✐✈✐♥❣ s♣❛❝❡ ✭✐♥ ♠♦♥❡t❛r② ✉♥✐ts✮

= ρrR = wh ·
∂cΩ/∂ρrR
∂cΩ/∂wh

∣
∣
∣
∣
ρr
R
,pIT

. ✭✺✳✷✹✮

❚❤❡ t❤r❡❡✲✇❛② ❡q✉❛❧✐t② st❛t❡s✿ ✭✐✮ t❤❡ ♠♦♥❡t✐③❡❞ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❧✐✈✐♥❣ s♣❛❝❡ ❡q✉❛❧s t❤❡

r❡♥t❛❧ ♣r✐❝❡ ρrR❀ ✭✐✐✮ t❤❡ r❡♥t❛❧ ♣r✐❝❡ ❡q✉❛❧s t❤❡ s❤❛❞♦✇ ❝♦st ♦❢ ♦✣❝❡ s♣❛❝❡ ♣❡r ✉♥✐t ♦❢ r❡♠♦t❡

t✐♠❡✱ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✐♥♥❡r ♠✐♥✐♠✐③❛t✐♦♥✳ ❚❤❡ ❤♦♠❡✲♦✣❝❡ s♣❛❝❡ Si∗
W = T h∗

l1 · ∂cΩ/∂ρrR ✐s

t❤❡♥ r❡❝♦✈❡r❡❞ ❢r♦♠ ❙❤❡♣❤❛r❞✬s ▲❡♠♠❛ ♦♥ cΩ✳

Pr♦♦❢✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✾✳ ■

❈♦r♦❧❧❛r② ✺✳✽ ✭❘❡♠♦t❡ ✇♦r❦ ✐♥❝r❡❛s❡s t♦t❛❧ s♣❛❝❡ ❞❡♠❛♥❞✮✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ T h∗
l1 r❛✐s❡s

Si∗
W = T h∗

l1 · ∂cΩ/∂ρrR ♣r♦♣♦rt✐♦♥❛❧❧②✳ ❚♦t❛❧ ❤♦✉s✐♥❣ ❡①♣❡♥❞✐t✉r❡ ρrR(S
i∗
L + Si∗

W ) r✐s❡s ✇✐t❤

r❡♠♦t❡✲✇♦r❦ ✐♥t❡♥s✐t②✳

✺✳✺ ❙♣❛t✐❛❧ ❋✉❧❧ ■♥❝♦♠❡

❚❤❡♦r❡♠ ✺✳✾ ✭❙♣❛t✐❛❧ ❢✉❧❧✲✐♥❝♦♠❡ ✐❞❡♥t✐t②✮✳ ❋♦r ❛ ●❡♥❡r❛t✐♦♥✲✷ ❤♦✉s❡❤♦❧❞ ❛t ❛♥ ✐♥t❡r✐♦r

s♦❧✉t✐♦♥✱ ✉s✐♥❣ t❤❡ r❡❞✉❝❡❞✲❢♦r♠ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✭✹✳✶✼✮ ✇✐t❤ ♥❡t r❡♠♦t❡ ✇❛❣❡ w̃h✿

FC
i,RW − (wr

S − w∗i)T i∗
l2 − (wr

CC − w∗i)TCC,i∗
l3 − (wr

EC − w∗i)TEC,i∗
l3

− (w̃o − w∗i)(1 + ηd12)T
o,i∗
l1 − (w̃h − w∗i)T h,i∗

l1 = ni
3Ppension + Y i + w∗ini

2T ≡ FI
i,RW ,

✭✺✳✷✺✮

✇❤❡r❡ ❢✉❧❧ ❝♦♥s✉♠♣t✐♦♥ ✐s

FC
i,RW ≡ pRq

i∗
R + P i∗

k1Q
i∗
k1 + P̃ i∗

k2Q
i∗
k2 + P i∗

HQ
i∗
H + P i∗

CCQ
i∗
CC + P i∗

ECQ
i∗
EC ✭✺✳✷✻✮

✸✹



✇✐t❤ ❢✉❧❧ ♣r✐❝❡s P ∗
k1 = cF (p2, w

∗i)✱ P̃ ∗
k2 = cG(p1, π

i
k2)✱ P

∗
H = cH(pH , w

r
S)✱ P

∗
CC = cCC(pCC , w

r
CC)✱

P ∗
EC = cEC(pEC , w

r
EC)✱ ❛♥❞ pR = cR(ρrR, pD)✳

Pr♦♦❢✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✶✵✳ ❚❤❡ ❤♦♠❡✲♦✣❝❡ ❡q✉✐♣♠❡♥t ❝♦st cΩ(ρrR, pIT )T
h∗
l1 ❛♣♣❡❛rs

♦♥ t❤❡ ❡①♣❡♥❞✐t✉r❡ s✐❞❡ ♦❢ ✭✹✳✶✼✮ ❛♥❞ ✐s ❡①❛❝t❧② ❝❛♥❝❡❧❧❡❞ ❜② t❤❡ ❞✐✛❡r❡♥❝❡ wh − w̃h✱ s♦ ✐t

❞r♦♣s ❢r♦♠ t❤❡ ✐❞❡♥t✐t②✳ ■

❘❡♠❛r❦ ✺✳✶✵ ✭❖✣❝❡✲✇♦r❦ s✉r♣❧✉s t❡r♠✮✳ ❚❤❡ t❡r♠ (w̃o − w∗i)(1 + ηd12)T
o,i∗
l1 ❝❛rr✐❡s t❤❡

❢❛❝t♦r (1+ηd12) ❜❡❝❛✉s❡ t❤❡ r❛✇ ❋❖❈ ❢♦r T o
l1 ❞♦❡s✳ ❚❤✐s ❝♦rr❡❝t❧② ❛❝❝♦✉♥ts ❢♦r t❤❡ t✐♠❡ ❝♦st

♦❢ ❝♦♠♠✉t✐♥❣ ✐♥ t❤❡ ❢✉❧❧✲✐♥❝♦♠❡ ❛❝❝♦✉♥t✐♥❣✳

❘❡♠❛r❦ ✺✳✶✶ ✭❈❛r❡ s✉r♣❧✉s❡s✮✳ ❚❤❡ t❡r♠s (wr
CC − w∗i)TCC,i∗

l3 ❛♥❞ (wr
EC − w∗i)TEC,i∗

l3 ❛r❡

✏❝❛r❡ s✉r♣❧✉s❡s✑✿ t❤❡ ✐♠♣❧✐❝✐t ✐♥❝♦♠❡ ❣❛✐♥ ❢r♦♠ s❡❧❢✲♣r♦✈✐❞✐♥❣ ❝❛r❡ r❛t❤❡r t❤❛♥ ♣✉r❝❤❛s✐♥❣ ✐t

❛t ♠❛r❦❡t ♣r✐❝❡s✳

✺✳✻ ◆♦♥❤♦♠♦t❤❡t✐❝ ❊①♣❡♥❞✐t✉r❡ ❙❤❛r❡s

Pr♦♣♦s✐t✐♦♥ ✺✳✶✷ ✭■♥❝♦♠❡✲❞❡♣❡♥❞❡♥t ❤♦✉s✐♥❣ s❤❛r❡✮✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✹✳✶✻✱ ♦♣t✐♠❛❧

❤♦✉s✐♥❣ ❞❡♠❛♥❞ ✐s✿

qi∗R = q̄iR + (FI i,RW − cRq̄iR) · s
i
R(P

i), ✭✺✳✷✼✮

✇❤❡r❡ siR(P
i) ✐s t❤❡ ❤♦✉s✐♥❣ ❡①♣❡♥❞✐t✉r❡ s❤❛r❡ ♦❢ t❤❡ ❤♦♠♦t❤❡t✐❝ s✉❜✉t✐❧✐t② ui ❡✈❛❧✉❛t❡❞ ❛t t❤❡

❢✉❧❧✲♣r✐❝❡ ✈❡❝t♦r Pi✳ ❚❤❡ ❡①♣❡♥❞✐t✉r❡ s❤❛r❡ ♦❢ ❤♦✉s✐♥❣ ✐♥ ❢✉❧❧ ✐♥❝♦♠❡ ❞❡❝❧✐♥❡s ✇✐t❤ FI
i,RW ✳

Pr♦♦❢✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✶✶✳ ■

❘❡♠❛r❦ ✺✳✶✸ ✭❲❡❧❢❛r❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤♦✉t s✉♣❡r❧❛t✐✈❡ ✐♥❞❡①❡s✮✳ ❙❤✐♠✐③✉ ✭✷✵✷✻✮ ✉s❡s s✉✲

♣❡r❧❛t✐✈❡ ✐♥❞❡① t❤❡♦r② t♦ ❝♦♥str✉❝t ❛ ❘❡❣✐♦♥❛❧ ❯t✐❧✐t② ■♥❞❡①✳ ❚❤❡ ♣r❡s❡♥t ♣❛♣❡r ❞♦❡s ♥♦t

♣✉rs✉❡ t❤❛t r♦✉t❡ ❞✉❡ t♦ ♣❛r❛♠❡t❡r ♣r♦❧✐❢❡r❛t✐♦♥ ✉♥❞❡r ♥♦♥❤♦♠♦t❤❡t✐❝ ♣r❡❢❡r❡♥❝❡s✳ ■♥st❡❛❞✱

✇❡❧❢❛r❡ ❝♦♠♣❛r✐s♦♥s ❝❛♥ ✉s❡ t❤❡ ❡q✉✐✈❛❧❡♥t ✈❛r✐❛t✐♦♥ ❞❡r✐✈❡❞ ❢r♦♠ V i,r✿ ❢♦r ❛ ❝❤❛♥❣❡ ❢r♦♠ θ0

t♦ θ1✱ t❤❡ ❊❱ ✐s t❤❡ ✐♥❝♦♠❡ tr❛♥s❢❡r ∆Y s❛t✐s❢②✐♥❣ V i,r(. . . , θ0, Y
i +∆Y ) = V i,r(. . . , θ1, Y

i)✳

❚❤❡ ❢✉❧❧✲✐♥❝♦♠❡ ✐❞❡♥t✐t② ✭✺✳✷✺✮ ♣r♦✈✐❞❡s t❤❡ str✉❝t✉r❛❧ ❧✐♥❦✳

✸✺



✻ ❊q✉✐❧✐❜r✐✉♠ ❘❡♥t ●r❛❞✐❡♥ts

✻✳✶ ■♥❞✐r❡❝t ❯t✐❧✐t② ❛♥❞ ❋r❡❡ ▼♦❜✐❧✐t②

▲❡t V i,r ❞❡♥♦t❡ t❤❡ ✐♥❞✐r❡❝t ✉t✐❧✐t② ♦❢ t②♣❡ i ✐♥ r❡❣✐♦♥ r✳ ❚❤❡ ❛♠❡♥✐t②✲❛✉❣♠❡♥t❡❞ ✐♥❞✐r❡❝t

✉t✐❧✐t② ✐s✿

Ṽ i,r = Φi(V i,r, Ar; ξi), ✭✻✳✶✮

✇❤❡r❡ Ar ✐s t❤❡ r❡❣✐♦♥❛❧ ❛♠❡♥✐t② ✈❡❝t♦r ❛♥❞ ξi ❣♦✈❡r♥s t②♣❡✲i✬s s❡♥s✐t✐✈✐t②✳ ❋r❡❡ ♠♦❜✐❧✐t②

r❡q✉✐r❡s Ṽ i,r = V̄ i ❢♦r ❛❧❧ r ✇✐t❤ ♣♦s✐t✐✈❡ t②♣❡✲i ♣♦♣✉❧❛t✐♦♥✳

✻✳✷ ❚❤❡ ❘❡♥t ●r❛❞✐❡♥t

❚❤❡♦r❡♠ ✻✳✶ ✭❘❡♥t ❣r❛❞✐❡♥t ✉♥❞❡r r❡♠♦t❡ ✇♦r❦✮✳ ❆t ❛♥ ✐♥t❡r✐♦r ❡q✉✐❧✐❜r✐✉♠✿

∂p∗rR
∂dr12

= −
(w∗i + δ1)η T

o,i∗
l1

qi∗R
. ✭✻✳✷✮

Pr♦♦❢✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✶✷✳ ■

❘❡♠❛r❦ ✻✳✷ ✭❋❧❛tt❡♥✐♥❣ r❡❧❛t✐✈❡ t♦ t❤❡ ❝♦♠♣❛♥✐♦♥ ♣❛♣❡r✮✳ ❙❤✐♠✐③✉ ✭✷✵✷✻✮✬s ❣r❛❞✐❡♥t ✭✷✳✺✮

✇❛s −(w∗ + δ1)/q
∗
R✳ ■♥ t❤❡ ♣r❡s❡♥t ♠♦❞❡❧✱ t❤❡ ❢❛❝t♦r ηT o,i∗

l1 r❡♣❧❛❝❡s t❤❡ ✐♠♣❧✐❝✐t ❢❛❝t♦r ♦❢ ✶✳

❙✐♥❝❡ T o,i∗
l1 < ni

2T ✭♦✣❝❡ ✇♦r❦ ✐s ♦♥❧② ♣❛rt ♦❢ t♦t❛❧ t✐♠❡✮ ❛♥❞ η < 1 ✐♥ t②♣✐❝❛❧ ❝❛❧✐❜r❛t✐♦♥s✱

t❤❡ ❣r❛❞✐❡♥t ✐s ✢❛tt❡r✳ ❆s θ ✐♥❝r❡❛s❡s ❛♥❞ T o,i∗
l1 ❢❛❧❧s✱ t❤❡ ❣r❛❞✐❡♥t ✢❛tt❡♥s ❢✉rt❤❡r✳

✸✻



✻✳✸ ❆❞❞✐t✐♦♥❛❧ ❘❡♥t ●r❛❞✐❡♥ts

Pr♦♣♦s✐t✐♦♥ ✻✳✸ ✭❈❛r❡ ❝❛♣✐t❛❧✐③❛t✐♦♥ ✐♥t♦ r❡♥ts✮✳

∂p∗rR /∂d
r
13 = −(w∗i + δ2)T

i∗
k2/q

i∗
R ≤ 0, ✭✻✳✸✮

∂p∗rR /∂w
r
S = −qi∗S /q

i∗
R ≤ 0, ✭✻✳✹✮

∂p∗rR /∂w
r
CC = −qi∗CS,CC/q

i∗
R ≤ 0, ✭✻✳✺✮

∂p∗rR /∂w
r
EC = −qi∗CS,EC/q

i∗
R ≤ 0, ✭✻✳✻✮

∂p∗rR /∂A
r
k > 0 ❢♦r ✈❛❧✉❡❞ ❛♠❡♥✐t✐❡s✳ ✭✻✳✼✮

Pr♦♦❢✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✶✸✳ ■

❘❡♠❛r❦ ✻✳✹ ✭▼✐❝r♦✲❢♦✉♥❞❛t✐♦♥ ❢♦r ❝❛r❡ r❡♥t ♣r❡♠✐❛✮✳ ❊q✉❛t✐♦♥s ✭✻✳✺✮✕✭✻✳✻✮ s❤♦✇ t❤❛t ❛❝✲

❝❡ss t♦ ❛✛♦r❞❛❜❧❡ ❝❤✐❧❞❝❛r❡ ❛♥❞ ❡❧❞❡r❝❛r❡ ✐s ❝❛♣✐t❛❧✐③❡❞ ✐♥t♦ r❡♥ts✳ ❚❤✐s ♣r♦✈✐❞❡s ❛ str✉❝t✉r❛❧

❢♦✉♥❞❛t✐♦♥ ❢♦r t❤❡ ❡♠♣✐r✐❝❛❧ ♦❜s❡r✈❛t✐♦♥ t❤❛t ✉r❜❛♥ ❛r❡❛s ✇✐t❤ ❛❜✉♥❞❛♥t ❝❛r❡ ✐♥❢r❛str✉❝t✉r❡

❝♦♠♠❛♥❞ r❡♥t ♣r❡♠✐❛✳

✻✳✹ ❘❡♥t ❘♦t❛t✐♦♥

Pr♦♣♦s✐t✐♦♥ ✻✳✺ ✭❘❡♥t r♦t❛t✐♦♥✮✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ θ s✐♠✉❧t❛♥❡♦✉s❧②✿

✭❛✮ r❛✐s❡s r❡s✐❞❡♥t✐❛❧ r❡♥ts ✭t❤r♦✉❣❤ ❈♦r♦❧❧❛r② ✺✳✽✿ ♠♦r❡ r❡s✐❞❡♥t✐❛❧ s♣❛❝❡ ❞❡♠❛♥❞✮❀

✭❜✮ ❧♦✇❡rs ❝♦♠♠❡r❝✐❛❧ r❡♥ts ✭t❤r♦✉❣❤ Pr♦♣♦s✐t✐♦♥ ✸✳✶✽✿ ❧❡ss ♦✣❝❡ s♣❛❝❡ ❞❡♠❛♥❞✮✳

❚❤❡ r❡s✐❞❡♥t✐❛❧ ✐♥❝r❡❛s❡ ✐s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ s✉❜✉r❜❛♥ r❡❣✐♦♥s ✭✇❤❡r❡ r❡♠♦t❡✲❝❛♣❛❜❧❡ ❤♦✉s❡❤♦❧❞s

s♦rt✮✱ ❛♥❞ t❤❡ ❝♦♠♠❡r❝✐❛❧ ❞❡❝r❡❛s❡ ✐s ❝♦♥❝❡♥tr❛t❡❞ ✐♥ ❈❇❉s✳

Pr♦♦❢✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✶✹✳ ■
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✼ ❙♦rt✐♥❣ ❊q✉✐❧✐❜r✐✉♠

✼✳✶ ❍♦✉s❡❤♦❧❞ ❚②♣❡s

❉❡✜♥✐t✐♦♥ ✼✳✶ ✭❚②♣❡✮✳ ❆ ❤♦✉s❡❤♦❧❞ t②♣❡ ✐s i = (ϕi, ni
1, n

i
2, n

i
3, h

3,i, ξi)✱ ✇❤❡r❡ ϕi ≡ wh,i/wo,i ∈

[0, 1] ✐s t❤❡ r❡♠♦t❡✲✇♦r❦ ✇❛❣❡ r❛t✐♦ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ◆◗ ✜r♠ t❡❝❤♥♦❧♦❣② ❛♥❞ t❤❡ ❤♦✉s❡✲

❤♦❧❞✬s ♦❝❝✉♣❛t✐♦♥✳

✼✳✷ ❙♣❛t✐❛❧ ❊q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❍❡t❡r♦❣❡♥❡♦✉s ❚②♣❡s

❉❡✜♥✐t✐♦♥ ✼✳✷ ✭❙♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠✮✳ ❆ s♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥s✐sts ♦❢ ❛ r❡♥t ✈❡❝t♦r p∗
R =

(p∗1R , . . . , p
∗M
R )′ ❛♥❞ ❛♥ ❛❧❧♦❝❛t✐♦♥ µi(r) ✭t②♣❡✲i ❤♦✉s❡❤♦❧❞ ♠❡❛s✉r❡ ✐♥ r❡❣✐♦♥ r✮ s❛t✐s❢②✐♥❣✿

✭✐✮ Ṽ i,r(p∗rR , . . .) = V̄ i ❢♦r ❛❧❧ r ✇✐t❤ µi(r) > 0❀

✭✐✐✮ Ṽ i,r(p∗rR , . . .) ≤ V̄ i ❢♦r ❛❧❧ r ✇✐t❤ µi(r) = 0❀

✭✐✐✐✮
∑

i µ
i(r)qi∗R (r) = Hr ❢♦r ❛❧❧ r ✭❤♦✉s✐♥❣ ♠❛r❦❡t ❝❧❡❛r✐♥❣✮✳

❘❡♠❛r❦ ✼✳✸ ✭❊①✐st❡♥❝❡ ♦❢ ❡q✉✐❧✐❜r✐✉♠✮✳ ❊①✐st❡♥❝❡ ❢♦❧❧♦✇s ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ t②♣❡s ✐s

✜♥✐t❡ ❛♥❞ ❤♦✉s✐♥❣ s✉♣♣❧② Hr ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ prR✳ ❚❤❡ ✐♥❞✐r❡❝t ✉t✐❧✐t②

Ṽ i,r ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ prR ✭❡♥✈❡❧♦♣❡ t❤❡♦r❡♠✱ qi∗R > 0✮✱ s♦ ❡❛❝❤ t②♣❡✬s

❜✐❞✲r❡♥t ❢✉♥❝t✐♦♥ ψi(d12) ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ r❡♥t ✐s t❤❡ ✉♣♣❡r ❡♥✈❡❧♦♣❡❀ ♠❛r❦❡t

❝❧❡❛r✐♥❣ ♣✐♥s ❞♦✇♥ r❡s❡r✈❛t✐♦♥ ✉t✐❧✐t✐❡s✳ ❯♥✐q✉❡♥❡ss r❡q✉✐r❡s str♦♥❣❡r ❝♦♥❞✐t✐♦♥s ✭❡✳❣✳✱ ❣r♦ss

s✉❜st✐t✉t❛❜✐❧✐t②✮✱ ♥♦t ✐♠♣♦s❡❞ ❤❡r❡✳ ❚❤❡ s♦rt✐♥❣ r❡s✉❧ts ❤♦❧❞ ❢♦r ❛♥② ❡q✉✐❧✐❜r✐✉♠ s❛t✐s❢②✐♥❣

❉❡✜♥✐t✐♦♥ ✼✳✷✳

✼✳✸ ❙♦rt✐♥❣ ❜② ❘❡♠♦t❡✲❲♦r❦ ❈❛♣❛❝✐t②

❚❤❡♦r❡♠ ✼✳✹ ✭❙♦rt✐♥❣ ❜② ϕ✮✳ ❙✉♣♣♦s❡ r❡❣✐♦♥s ❛r❡ ♦r❞❡r❡❞ ❜② d112 < · · · < dM12 ❛♥❞ ❤♦✉s❡❤♦❧❞s

❛r❡ ♦❢ t✇♦ t②♣❡s✿ ❢❛❝❡✲t♦✲❢❛❝❡ ✭ϕi = 0✱ t②♣❡ F ✮ ❛♥❞ r❡♠♦t❡✲❝❛♣❛❜❧❡ ✭ϕi > 0✱ t②♣❡ R✮✳ ❆ss✉♠❡

t❤❛t ❛t ❡❛❝❤ d12✱ w
i∗✱ qi∗R ❛♥❞ T o,i∗

l1 ❛r❡ ❝♦♥t✐♥✉♦✉s ✐♥ d12✱ ❛♥❞ t❤❛t T o,R∗

l1 < T o,F∗

l1 ❛t ❡✈❡r②

❞✐st❛♥❝❡ ✭t②♣❡ R ✇♦r❦s ❧❡ss ✐♥ t❤❡ ♦✣❝❡ t❤❛♥ t②♣❡ F ✮✳ ❉❡✜♥❡ t❤❡ ❜✐❞✲r❡♥t ❢✉♥❝t✐♦♥ ψi(d12)
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❛s t❤❡ r❡♥t t❤❛t ❡q✉❛❧✐③❡s Ṽ i,r = V̄ i✳ ❚❤❡♥✿

✭❛✮ ❚②♣❡ F ❤❛s ❜✐❞✲r❡♥t s❧♦♣❡ ∂ψF/∂d12 = −(w∗F + δ1)ηT
o,F∗

l1 /qF∗
R < 0✳

✭❜✮ ❚②♣❡ R ❤❛s |∂ψR/∂d12| < |∂ψF/∂d12| ❜❡❝❛✉s❡ T
o,R∗

l1 < T o,F∗

l1 ❛♥❞ ♦t❤❡r ❞❡t❡r♠✐♥❛♥ts

❛r❡ ❝♦♠♣❛r❛❜❧❡✳

✭❝✮ ■❢ ❛❞❞✐t✐♦♥❛❧❧② ψF (0) ≥ ψR(0) ✭t②♣❡ F ♦✉t❜✐❞s t②♣❡ R ❛t t❤❡ ❝❡♥t❡r✮✱ t❤❡♥ ❛t ❧❡❛st ♦♥❡

❝r♦ss✐♥❣ d̂12 ❡①✐sts❀ t②♣❡ F ♦❝❝✉♣✐❡s ❝❡♥tr❛❧ r❡❣✐♦♥s ❛♥❞ t②♣❡ R ♦❝❝✉♣✐❡s ❞✐st❛♥t r❡❣✐♦♥s

✐♥ ❛♥② ❡q✉✐❧✐❜r✐✉♠ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❜✐❞✲r❡♥t ♦r❞❡r✐♥❣✳

❘❡♠❛r❦ ✼✳✺ ✭▲✐♠✐t❛t✐♦♥s ♦❢ t❤❡ s♦rt✐♥❣ r❡s✉❧t✮✳ P❛rts ✭❛✮✕✭❜✮ ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ❋❖❈s ❛♥❞

t❤❡ r❡♥t✲❣r❛❞✐❡♥t t❤❡♦r❡♠✳ P❛rt ✭❝✮ r❡q✉✐r❡s t❤❡ ❛✉①✐❧✐❛r② ❛ss✉♠♣t✐♦♥ ψF (0) ≥ ψR(0)✱ ✇❤✐❝❤

❤♦❧❞s ✐❢ t❤❡ ♣r♦❞✉❝t✐✈✐t② ❛❞✈❛♥t❛❣❡ ♦❢ ❢❛❝❡✲t♦✲❢❛❝❡ ✇♦r❦ ❛t t❤❡ ❈❇❉ ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳ ❯♥✐q✉❡✲

♥❡ss ♦❢ t❤❡ ❝r♦ss✐♥❣ ❛♥❞ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ✉♣♣❡r ❡♥✈❡❧♦♣❡ p∗R = max{ψF , ψR} r❡q✉✐r❡ ❛❞❞✐✲

t✐♦♥❛❧ ♣❛r❛♠❡tr✐❝ ❝♦♥❞✐t✐♦♥s ✭❡✳❣✳✱ ❛✣♥❡ ❜✐❞✲r❡♥ts✮ t❤❛t ❛r❡ ♥♦t ✐♠♣♦s❡❞ ✐♥ t❤❡ ❣❡♥❡r❛❧ ♠♦❞❡❧✳

Pr♦♦❢✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✶✺✳ ■

✼✳✹ ❙♦rt✐♥❣ ❜② ❈❛r❡ ◆❡❡❞s

Pr♦♣♦s✐t✐♦♥ ✼✳✻ ✭❈❛r❡✲❞r✐✈❡♥ s♦rt✐♥❣ ✉♥❞❡r t✐❣❤t ❝♦♥str❛✐♥ts✮✳

✭❛✮ ❯♥❞❡r t✐❣❤t t✐♠❡ ♦r ❜✉❞❣❡t ❝♦♥str❛✐♥ts ✭❢♦r♠❛❧❧②✱ ✇❤❡♥ t❤❡ ❝❛r❡ ♠✐♥✐♠❛ ni
1q̄CC ❛♥❞

ni
3q̄EC ❜✐♥❞ ❛♥❞ ♦✇♥✲❝❛r❡ t✐♠❡ ✐s ✐♥s✉✣❝✐❡♥t t♦ s❛t✐s❢② t❤❡ ♠✐♥✐♠❛ ❛❧♦♥❡✮✱ ❤♦✉s❡❤♦❧❞s

✇✐t❤ ni
1 > 0 s♦rt t♦✇❛r❞ r❡❣✐♦♥s ✇✐t❤ wr

CC < ∞✱ ❛♥❞ ❤♦✉s❡❤♦❧❞s ✇✐t❤ ni
3 > 0 s♦rt

t♦✇❛r❞ r❡❣✐♦♥s ✇✐t❤ wr
EC <∞✳

✭❜✮ ❘❡♠♦t❡✲❝❛♣❛❜❧❡ ❤♦✉s❡❤♦❧❞s ✇✐t❤ ❝❛r❡ ♥❡❡❞s ❢❛❝❡ ❛ r❡❧❛①❡❞ ❝♦♥str❛✐♥t✿ t❤❡ ❝♦♠♠✉t✐♥❣✲

t✐♠❡ s❛✈✐♥❣ (1 + ηd12)∆T
o
l1 ❝❛♥ ❜❡ r❡❞✐r❡❝t❡❞ t♦ ♦✇♥ ❝❛r❡✱ ♠❛❦✐♥❣ s❡❧❢✲❝❛r❡ ❢❡❛s✐❜❧❡ ❛t

❣r❡❛t❡r ❞✐st❛♥❝❡s ❢r♦♠ t❤❡ ❈❇❉✳ ❚❤✉s θ ❡①♣❛♥s✐♦♥ ✇❡❛❦❧② ❡①♣❛♥❞s t❤❡ ❢❡❛s✐❜❧❡ ❧♦❝❛t✐♦♥

s❡t ❢♦r ❝❛r❡✲❝♦♥str❛✐♥❡❞ ❤♦✉s❡❤♦❧❞s✳

Pr♦♦❢✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✶✻✳ ■
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✼✳✺ ❊❧❞❡r❧②✲❖♥❧② ❍♦✉s❡❤♦❧❞s

Pr♦♣♦s✐t✐♦♥ ✼✳✼ ✭❊❧❞❡r❧②✲♦♥❧② ❤♦✉s❡❤♦❧❞s✮✳ ❍♦✉s❡❤♦❧❞s ✇✐t❤ (ni
1, n

i
2, n

i
3) = (0, 0, n3) ❤❛✈❡

③❡r♦ ❝♦♠♠✉t✐♥❣✱ s♦ ∂p∗R/∂d12 = 0 ❢♦r t❤❡s❡ ❤♦✉s❡❤♦❧❞s✳ ❚❤❡② r❡s♣♦♥❞ ♦♥❧② t♦ ❛♠❡♥✐t② ❛❝❝❡ss

❛♥❞ ❡❧❞❡r❝❛r❡ ❛✈❛✐❧❛❜✐❧✐t②✳ ❆s t❤❡✐r ♣♦♣✉❧❛t✐♦♥ s❤❛r❡ r✐s❡s✱ t❤❡ ❛❣❣r❡❣❛t❡ r❡♥t ❣r❛❞✐❡♥t ✢❛tt❡♥s✳

Pr♦♦❢✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✶✼✳ ■

✼✳✻ ◆♦♥❤♦♠♦t❤❡t✐❝ ❊✛❡❝ts ♦♥ ❙♦rt✐♥❣

Pr♦♣♦s✐t✐♦♥ ✼✳✽ ✭■♥❝♦♠❡✲❞❡♣❡♥❞❡♥t s♦rt✐♥❣✮✳ ❯♥❞❡r ♥♦♥❤♦♠♦t❤❡t✐❝ ♣r❡❢❡r❡♥❝❡s✱ ❛♠♦♥❣

t②♣❡✲R ❤♦✉s❡❤♦❧❞s✱ t❤♦s❡ ✇✐t❤ ❤✐❣❤❡r FI
i,RW ❤❛✈❡ ❧♦✇❡r ❤♦✉s✐♥❣ ❡①♣❡♥❞✐t✉r❡ s❤❛r❡s✳ ❚❤❡s❡

❤✐❣❤✲✐♥❝♦♠❡ r❡♠♦t❡ ✇♦r❦❡rs s♦rt t♦ s✉❜✉r❜❛♥ ❧♦❝❛t✐♦♥s t❤❛t ❝♦♠❜✐♥❡ ❧♦✇❡r ❞❡♥s✐t② ✇✐t❤ ❣♦♦❞

❛♠❡♥✐t✐❡s✱ r❛t❤❡r t❤❛♥ s✐♠♣❧② ♠❛①✐♠✐③✐♥❣ ❞✐st❛♥❝❡ ❢r♦♠ S2✳ ❚❤❡ s✉❜s✐st❡♥❝❡ ♣❛r❛♠❡t❡r q̄iR

❝r❡❛t❡s ❛ ♠✐♥✐♠✉♠ ❤♦✉s✐♥❣ ❞❡♠❛♥❞ t❤❛t ❝♦♥str❛✐♥s s♦rt✐♥❣ ❢♦r ❧❛r❣❡ ❤♦✉s❡❤♦❧❞s✳

Pr♦♦❢✳ ❋♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✺✳✶✷ ❛♥❞ t❤❡ ❜✐❞✲r❡♥t ❛r❣✉♠❡♥t ✐♥ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✶✺✳

■

✽ P♦♣✉❧❛t✐♦♥ ❆❣✐♥❣ ❛♥❞ ❙♣❛t✐❛❧ ❊q✉✐❧✐❜r✐✉♠

✽✳✶ P❛r❛♠❡t❡r✐③✐♥❣ ❉❡♠♦❣r❛♣❤✐❝ ❈❤❛♥❣❡

❉❡✜♥❡ t❤❡ ❞❡♣❡♥❞❡♥❝② r❛t✐♦s✿

δC ≡

∑

i n
i
1µ

i

∑

i n
i
2µ

i
, δE ≡

∑

i n
i
3µ

i

∑

i n
i
2µ

i
. ✭✽✳✶✮

P♦♣✉❧❛t✐♦♥ ❛❣✐♥❣✿ δC ↓ ❛♥❞ δE ↑✳

✽✳✷ ❊✛❡❝ts ♦♥ ❈❛r❡ ▼❛r❦❡ts

Pr♦♣♦s✐t✐♦♥ ✽✳✶ ✭❈❛r❡ ♠❛r❦❡t r❡str✉❝t✉r✐♥❣✮✳
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✭❛✮ δC ↓✿ ❛❣❣r❡❣❛t❡ ❝❤✐❧❞❝❛r❡ ❞❡♠❛♥❞ ❢❛❧❧s✳ ■♥ t❤✐❝❦ ♠❛r❦❡ts✱ wr
CC ❞❡❝❧✐♥❡s✳ ■♥ t❤✐♥ ♠❛r✲

❦❡ts✱ ❝❤✐❧❞❝❛r❡ ♣r♦✈✐❞❡rs ❡①✐t ❛♥❞ wr
CC → +∞✳

✭❜✮ δE ↑✿ ❛❣❣r❡❣❛t❡ ❡❧❞❡r❝❛r❡ ❞❡♠❛♥❞ r✐s❡s✳ wr
EC ✐♥❝r❡❛s❡s ✭❝❛r❡ ✇♦r❦❡r s❤♦rt❛❣❡✮✳ ❊①❝❡ss

❞❡♠❛♥❞ ❛♣♣❡❛rs ✐♥ s✉♣♣❧②✲❝♦♥str❛✐♥❡❞ r❡❣✐♦♥s✳

✭❝✮ ❈♦♠❜✐♥❡❞✿ s♣❛t✐❛❧ ♣❛tt❡r♥ ♦❢ ✏❡❧❞❡r❝❛r❡✲r✐❝❤✱ ❝❤✐❧❞❝❛r❡✲♣♦♦r✑ r❡❣✐♦♥s ❡♠❡r❣❡s✳

✽✳✸ ❊✛❡❝ts ♦♥ t❤❡ ❙♣❛t✐❛❧ ❊q✉✐❧✐❜r✐✉♠

❚❤❡♦r❡♠ ✽✳✷ ✭❆❣✐♥❣ ❛♥❞ s♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠✮✳ ❙✉♣♣♦s❡ t❤❡ ❡❧❞❡r❧② ❞❡♣❡♥❞❡♥❝② r❛t✐♦ δE =

ni
3/n

i
2 r✐s❡s ❡①♦❣❡♥♦✉s❧②✳ ❆ss✉♠❡ ✭✐✮ ❤♦✉s✐♥❣ s✉♣♣❧② ✐s ✉♣✇❛r❞✲s❧♦♣✐♥❣ ✐♥ ❡❛❝❤ r❡❣✐♦♥❀ ✭✐✐✮ ❝❛r❡✲

♠❛r❦❡t ✇❛❣❡s wr
EC ❛r❡ r❡❣✐♦♥✲s♣❡❝✐✜❝ ❛♥❞ ❞♦ ♥♦t ❛❞❥✉st ✐♥st❛♥t❛♥❡♦✉s❧②❀ ✭✐✐✐✮ t❤❡ ♣r❡❢❡r❡♥❝❡

❢♦r ❡❧❞❡r❝❛r❡ ♣r♦①✐♠✐t② ✐s ♠♦♥♦t♦♥❡ ✐♥ ni
3✳ ❚❤❡♥✿

✭❛✮ ❚❤❡ ❛❣❣r❡❣❛t❡ r❡♥t ❣r❛❞✐❡♥t ✢❛tt❡♥s t❤r♦✉❣❤ t✇♦ ❝❤❛♥♥❡❧s✿ ✭✐✮ ♠♦r❡ ❡❧❞❡r❧②✲♦♥❧② ❤♦✉s❡✲

❤♦❧❞s ✭✇✐t❤ ∂p∗R/∂d12 = 0✮❀ ✭✐✐✮ ♠♦r❡ ●❡♥❡r❛t✐♦♥✲✷ ✇♦r❦❡rs ✇❤♦ s❤✐❢t t✐♠❡ t♦ ❡❧❞❡r❝❛r❡

✭r❡❞✉❝✐♥❣ T o,i∗
l1 ✱ ✢❛tt❡♥✐♥❣ t❤❡✐r ✐♥❞✐✈✐❞✉❛❧ ❜✐❞✲r❡♥t s❧♦♣❡✮✳

✭❜✮ ❯♥❞❡r ❛ss✉♠♣t✐♦♥ ✭✐✐✮✱ ❡q✉✐❧✐❜r✐✉♠ r❡♥ts ✐♥ r❡❣✐♦♥s ✇✐t❤ ❧♦✇ wr
EC ✭❡❧❞❡r❝❛r❡✲r✐❝❤✮ r✐s❡

r❡❧❛t✐✈❡ t♦ ❡❧❞❡r❝❛r❡✲♣♦♦r r❡❣✐♦♥s✱ ❛s ♠♦r❡ ❤♦✉s❡❤♦❧❞s ❜✐❞ ❢♦r ❛❝❝❡ss t♦ ❝❛r❡ s❡r✈✐❝❡s✳

✭❝✮ ❯♥❞❡r ♠✐❧❞ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s ✭s❡❡ ❆♣♣❡♥❞✐① ❆✳✶✽✮✱ t❤❡ ♠❛r❣✐♥❛❧ ✇❡❧❢❛r❡ ❣❛✐♥

∂V i,r/∂θ ✐s ❧❛r❣❡r ✇❤❡♥ ni
3 > 0 t❤❛♥ ✇❤❡♥ ni

3 = 0✿ r❡♠♦t❡ ✇♦r❦ ❛❧❧♦✇s ❝♦♠♠✉t✐♥❣

t✐♠❡ t♦ ❜❡ r❡❞✐r❡❝t❡❞ t♦ ❡❧❞❡r❝❛r❡✱ ❛ ✉s❡ ✇✐t❤ ❤✐❣❤❡r ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ✐♥ ❛❣✐♥❣ ❤♦✉s❡❤♦❧❞s✳

Pr♦♦❢✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✶✽✳ ■

❘❡♠❛r❦ ✽✳✸ ✭❘❡♠♦t❡ ✇♦r❦ ❛s ❛ ❝❛r❡✲❡♥❛❜❧✐♥❣ t❡❝❤♥♦❧♦❣②✮✳ ■♥ ❛ ②♦✉♥❣ s♦❝✐❡t② ✇✐t❤ s♠❛❧❧

δE✱ r❡♠♦t❡ ✇♦r❦ ✐s ♣r✐♠❛r✐❧② ❛ ❝♦♠♠✉t✐♥❣✲s❛✈✐♥❣ ❛♥❞ r❡s✐❞❡♥t✐❛❧✲s♦rt✐♥❣ ❞❡✈✐❝❡✳ ■♥ ❛♥ ❛❣✐♥❣

s♦❝✐❡t② ✇✐t❤ ❧❛r❣❡ δE✱ r❡♠♦t❡ ✇♦r❦ ❜❡❝♦♠❡s ❛ ❝❛r❡✲❡♥❛❜❧✐♥❣ t❡❝❤♥♦❧♦❣② ✿ ✐t ❛❧❧♦✇s ●❡♥❡r❛t✐♦♥✲

✷ ✇♦r❦❡rs t♦ r❡♠❛✐♥ ❡♠♣❧♦②❡❞ ✇❤✐❧❡ ♣r♦✈✐❞✐♥❣ ❡❧❞❡r❝❛r❡ ❛t S1✳ ❲✐t❤♦✉t r❡♠♦t❡ ✇♦r❦✱ t❤❡s❡

✹✶



✇♦r❦❡rs ❢❛❝❡ t❤❡ ❜✐♥❛r② ❝❤♦✐❝❡ ❜❡t✇❡❡♥ ❡♠♣❧♦②♠❡♥t ✭r❡q✉✐r✐♥❣ S2 ❝♦♠♠✉t✐♥❣✮ ❛♥❞ ❡❧❞❡r❝❛r❡

✭r❡q✉✐r✐♥❣ S1 ♣r❡s❡♥❝❡✮✖t❤❡ ✏❝❛r❡✲♦r✲✇♦r❦✑ ❞✐❧❡♠♠❛ t❤❛t ❧❡❛❞s t♦ ❧❛❜♦r✲❢♦r❝❡ ✇✐t❤❞r❛✇❛❧

✭✏❝❛r❡ r❡t✐r❡♠❡♥t✑✮✳ ❘❡♠♦t❡ ✇♦r❦ ❜r❡❛❦s t❤✐s ❜✐♥❛r② ❜② ❛❧❧♦✇✐♥❣ T o∗
l1 t♦ ❞❡❝❧✐♥❡ s♠♦♦t❤❧②

r❛t❤❡r t❤❛♥ ❥✉♠♣ t♦ ③❡r♦✳

✽✳✹ ■♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ◆◗ ❋✐r♠ ❚❡❝❤♥♦❧♦❣②

Pr♦♣♦s✐t✐♦♥ ✽✳✹ ✭❆❣✐♥❣ ❛♥❞ t❤❡ ◆◗✮✳ ❆❣✐♥❣ r❡❞✉❝❡s t❤❡ ❧❛❜♦r ❢♦r❝❡ ✭
∑

i n
i
2T ❞❡❝❧✐♥❡s✮✱

r❛✐s✐♥❣ (wo, wh)✳ ❚❤r♦✉❣❤ t❤❡ ◆◗ ❢❛❝t♦r ❞❡♠❛♥❞ ❡q✉❛t✐♦♥s ✭✸✳✼✮✕✭✸✳✾✮✱ t❤✐s ✐♥❞✉❝❡s s✉❜st✐✲

t✉t✐♦♥ t♦✇❛r❞ ❝❛♣✐t❛❧✳ ❚❤❡ ❞✐r❡❝t✐♦♥ ♦❢ s✉❜st✐t✉t✐♦♥ ❜❡t✇❡❡♥ ♦✣❝❡ ❛♥❞ r❡♠♦t❡ ❧❛❜♦r ❞❡♣❡♥❞s

♦♥ a12(θ)✿ ✐❢ a12 > 0 ✭♦✣❝❡ ❛♥❞ r❡♠♦t❡ ❧❛❜♦r ❛r❡ ❣r♦ss s✉❜st✐t✉t❡s✮✱ ❛❣✐♥❣ r❛✐s❡s t❤❡ r❡♠♦t❡✲

❧❛❜♦r s❤❛r❡✳ ❚❤❡ ◆◗ ❛❧❧♦✇s t❤✐s ❝r♦ss✲❡❧❛st✐❝✐t② t♦ ❜❡ ❡st✐♠❛t❡❞ r❛t❤❡r t❤❛♥ ❛ss✉♠❡❞✳

Pr♦♦❢✳ ❙❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❆✳✶✾✳ ■

✾ ■❞❡♥t✐✜❝❛t✐♦♥✱ ❈❛❧✐❜r❛t✐♦♥✱ ❛♥❞ ❊♠♣✐r✐❝❛❧ ❘❡❧❡✈❛♥❝❡

❚❤✐s s❡❝t✐♦♥ s❡r✈❡s t✇♦ ♣✉r♣♦s❡s✳ ❋✐rst✱ ✐t ♦✉t❧✐♥❡s t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ str❛t❡❣② ❢♦r t❛❦✐♥❣ t❤❡

♠♦❞❡❧ t♦ ❞❛t❛✳ ❙❡❝♦♥❞✱ ✐t ♣r❡s❡♥ts ❛ q✉❛♥t✐t❛t✐✈❡ ❝❛❧✐❜r❛t✐♦♥ ❢♦r t❤❡ ❏❛♣❛♥❡s❡ ❡❝♦♥♦♠②✖

✉s✐♥❣ t❤❡ ◆◗ ❥♦✐♥t ❝♦st ❡st✐♠❛t❡s r❡♣♦rt❡❞ ✐♥ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❈ ❛♥❞ ♣✉❜❧✐❝❧② ❛✈❛✐❧❛❜❧❡

♠✐❝r♦❞❛t❛✖t♦ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ♠♦❞❡❧✬s ❦❡② ♣r❡❞✐❝t✐♦♥s ❛r❡ ❡♠♣✐r✐❝❛❧❧② ❣r♦✉♥❞❡❞✳

✾✳✶ ▼♦❜✐❧❡✲P❤♦♥❡ ❈❛rr✐❡r ❉❛t❛

❋♦❧❧♦✇✐♥❣ ❙❤✐♠✐③✉ ✭✷✵✷✻✮ ✭❙❡❝t✐♦♥ ✼✮✱ ❑r❡✐♥❞❧❡r ❛♥❞ ▼✐②❛✉❝❤✐ ✭✷✵✷✸✮✱ ❛♥❞ ▼✐②❛✉❝❤✐✱ ◆❛❦❛✲

❥✐♠❛✱ ❛♥❞ ❘❡❞❞✐♥❣ ✭✷✵✷✺✮✱ ❝❛rr✐❡r ❞❛t❛ ❝❧❛ss✐❢② st❛②s ✐♥t♦ ❤♦♠❡✱ ✇♦r❦♣❧❛❝❡✱ ❛♥❞ ♦t❤❡r ❧♦❝❛✲

t✐♦♥s✳ ❚❤❡ ♦❜s❡r✈❛❜❧❡s ❛r❡✿

✶✳ ❲❡❡❦❞❛② S2 t✐♠❡ → T o,i
l1 ✭❞✐r❡❝t❧② ✐❞❡♥t✐✜❡❞✮✳

✷✳ ❲❡❡❦❞❛② S1 t✐♠❡ ❞✉r✐♥❣ ✇♦r❦ ❤♦✉rs → T h,i
l1 + T i

k1 + T i
l2 + TCC,i

l3 + TEC,i
l3 ✭✜✈❡✲❛❝t✐✈✐t②

♠✐①t✉r❡✮✳
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✸✳ S1✕S2 tr❛✈❡❧ → ηT o,i
l1 d

i
12 ✭❞✐r❡❝t❧② ✐❞❡♥t✐✜❡❞✮✳

✹✳ S3 t✐♠❡ → T i
k2 ✭❞✐r❡❝t❧② ✐❞❡♥t✐✜❡❞✮✳

❚❤❡ ❝♦♠♣❛♥✐♦♥ ♣❛♣❡r ❢❛❝❡❞ ❛ t✇♦✲❛❝t✐✈✐t② ❝♦♥✢❛t✐♦♥ ✭Tk1+Tl2✮✳ ❚❤❡ ♣r❡s❡♥t ♠♦❞❡❧ ❤❛s ❛

✜✈❡✲❛❝t✐✈✐t② ❝♦♥✢❛t✐♦♥✱ ♠❛❦✐♥❣ ✐❞❡♥t✐✜❝❛t✐♦♥ ♠♦r❡ ❞❡♠❛♥❞✐♥❣✳ P❛rt✐❛❧ r❡s♦❧✉t✐♦♥ str❛t❡❣✐❡s

✐♥❝❧✉❞❡✿ ✭✐✮ ✇❡❡❦❞❛②✲✇❡❡❦❡♥❞ ❞✐✛❡r❡♥❝✐♥❣ ✭T h
l1 ✐s ✇❡❡❦❞❛②✲❝♦♥❝❡♥tr❛t❡❞✮❀ ✭✐✐✮ t✐♠❡✲♦❢✲❞❛②

❛♥❛❧②s✐s ✭TCC
l3 ♣❡❛❦s ✐♥ ♠♦r♥✐♥❣✴❡✈❡♥✐♥❣✮❀ ✭✐✐✐✮ ✐♥❞✉str②✲❜❛s❡❞ ϕi ❛ss✐❣♥♠❡♥t ❢r♦♠ ❝❡♥s✉s

❞❛t❛✳

✾✳✷ ❊❝♦♥♦♠✐❝ ❈❡♥s✉s ✇✐t❤ ❙♣❛t✐❛❧ ❈♦♦r❞✐♥❛t❡s

●❡♦❝♦❞❡❞ ❡st❛❜❧✐s❤♠❡♥t ❞❛t❛ ♣r♦✈✐❞❡✿ ✭✐✮ S2 ❝♦♦r❞✐♥❛t❡s ❢♦r ♣r❡❝✐s❡ d12 ❝♦♠♣✉t❛t✐♦♥❀ ✭✐✐✮ ✐♥✲

❞✉str② ❝♦❞❡s ❢♦r ϕi ❛ss✐❣♥♠❡♥t❀ ✭✐✐✐✮ ✇❛❣❡ ❛♥❞ ❡♠♣❧♦②♠❡♥t ❞❛t❛ ❢♦r t❤❡ ◆◗ ❢❛❝t♦r ❞❡♠❛♥❞

❡q✉❛t✐♦♥s✳

✾✳✸ ❚❡st❛❜❧❡ Pr❡❞✐❝t✐♦♥s

❚❤❡ ♠♦❞❡❧ ❣❡♥❡r❛t❡s ✜✈❡ t❡st❛❜❧❡ ♣r❡❞✐❝t✐♦♥s✿

✶✳ ❚❤❡ r❡♥t ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ d12 ✐s ✢❛tt❡r ❢♦r ✇♦r❦❡rs ✐♥ r❡♠♦t❡✲❝❛♣❛❜❧❡ ✐♥❞✉str✐❡s

t❤❛♥ ❢♦r ✇♦r❦❡rs ✐♥ ❢❛❝❡✲t♦✲❢❛❝❡ ✐♥❞✉str✐❡s ✭❚❤❡♦r❡♠ ✼✳✹✮✳

✷✳ ❘❡s✐❞❡♥t✐❛❧ s♣❛❝❡ ❞❡♠❛♥❞ ✐♥❝r❡❛s❡s ✇✐t❤ T h
l1✱ ❝♦♥tr♦❧❧✐♥❣ ❢♦r ✐♥❝♦♠❡ ✭❈♦r♦❧❧❛r② ✺✳✽✮✳

✸✳ ❊❧❞❡r❝❛r❡✲r✐❝❤ r❡❣✐♦♥s ❝♦♠♠❛♥❞ r❡♥t ♣r❡♠✐❛ ❢♦r ❡❧❞❡r❧②✲❝❛r❡ ❤♦✉s❡❤♦❧❞s ✭❊q✳ ✻✳✻✮✳

✹✳ ❚❤❡ ❛❣❣r❡❣❛t❡ r❡♥t ❣r❛❞✐❡♥t ✢❛tt❡♥s ♠♦r❡ ✐♥ ❛❣✐♥❣ ♣r❡❢❡❝t✉r❡s ✭❚❤❡♦r❡♠ ✽✳✷✮✳

✺✳ ❚❤❡ ❈❊❙ r❡str✐❝t✐♦♥ ♦♥ t❤❡ ◆◗ s✉❜st✐t✉t✐♦♥ ♠❛tr✐① ✐s r❡❥❡❝t❡❞ ✐♥ ♠❛❝r♦❡❝♦♥♦♠✐❝ ❞❛t❛

✭❘❡♠❛r❦ ✸✳✶✶✮✳

✾✳✹ ❈❛❧✐❜r❛t✐♦♥✿ ❏❛♣❛♥ ✷✵✶✾✕✷✵✷✸

❲❡ ❝❛❧✐❜r❛t❡ t❤❡ ♠♦❞❡❧ t♦ t❤❡ ●r❡❛t❡r ❚♦❦②♦ ♠❡tr♦♣♦❧✐t❛♥ ❛r❡❛ ✉s✐♥❣ t✇♦ ❞❛t❛ s♦✉r❝❡s✿

✭✐✮ t❤❡ ◆◗ ❥♦✐♥t ❝♦st ❡st✐♠❛t❡s r❡♣♦rt❡❞ ✐♥ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❈✱ ✇❤✐❝❤ ❛♣♣❧② t❤❡ ❝✉r✈❛t✉r❡✲

✹✸



r❡❣✉❧❛r ◆◗ s②st❡♠ ♦❢ ❙❡❝t✐♦♥ ✸ t♦ ❏❛♣❛♥❡s❡ ♠❛❝r♦ ❞❛t❛ ✭✶✾✼✵✕✷✵✷✸✮ ✇✐t❤ ❛❣❡✲❞✐s❛❣❣r❡❣❛t❡❞

❧❛❜♦r❀ ❛♥❞ ✭✐✐✮ ♣✉❜❧✐❝❧② ❛✈❛✐❧❛❜❧❡ st❛t✐st✐❝s ♦♥ ✇❛❣❡s✱ ❝♦♠♠✉t✐♥❣✱ ❧❛♥❞ ♣r✐❝❡s✱ ❛♥❞ r❡♠♦t❡✲

✇♦r❦ ♣❡♥❡tr❛t✐♦♥✳ ❚❤❡ ♣✉r♣♦s❡ ✐s ♥♦t str✉❝t✉r❛❧ ❡st✐♠❛t✐♦♥ ❜✉t r❛t❤❡r ❛ ♣r♦♦❢✲♦❢✲❝♦♥❝❡♣t

❝❛❧✐❜r❛t✐♦♥ t❤❛t ❞❡♠♦♥str❛t❡s t❤❡ q✉❛♥t✐t❛t✐✈❡ ♠❛❣♥✐t✉❞❡s ♣r❡❞✐❝t❡❞ ❜② ❚❤❡♦r❡♠ ✻✳✶✳

❋✐r♠✲s✐❞❡ ♣❛r❛♠❡t❡rs✳ ❚❛❜❧❡ ✶ r❡♣♦rts t❤❡ ◆◗ ▼♦r✐s❤✐♠❛ ❡❧❛st✐❝✐t✐❡s ❡st✐♠❛t❡❞ ✐♥ ❖♥❧✐♥❡

❆♣♣❡♥❞✐① ❈✱ ❙♣❡❝✐✜❝❛t✐♦♥ ✸ ✭♥✐♥❡ ✐♥♣✉ts ✐♥❝❧✉❞✐♥❣ ❛❣❡✲❞✐s❛❣❣r❡❣❛t❡❞ ❧❛❜♦r ❛♥❞ ❧❛♥❞ s❡r✈✐❝❡s❀

♣r❡❢❡rr❡❞ r❛♥❦ ♣❛✐r (rA, rB) = (4, 3)✮✳ ❲❡ ✐♥t❡r♣r❡t t❤❡ ✸✵✕✸✾ ❛❣❡ ❝♦❤♦rt ✭▲✷✮ ❛s ♦✣❝❡ ❧❛❜♦r

✭T o
l1✮ ❛♥❞ t❤❡ ✉♥❞❡r✲✷✾ ❝♦❤♦rt ✭▲✶✮ ❛s t❤❡ ♠❛r❣✐♥❛❧ ❝♦❤♦rt t❤❛t ❞✐s♣r♦♣♦rt✐♦♥❛t❡❧② s❤✐❢ts t♦

r❡♠♦t❡ ❧❛❜♦r ✭T h
l1✮✱ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❢❛❝t t❤❛t ②♦✉♥❣❡r ✇♦r❦❡rs ❡①❤✐❜✐t t❤❡ ❧❛r❣❡st ✐♥❝r❡❛s❡

✐♥ r❡♠♦t❡✲✇♦r❦ ❝❛♣❛❝✐t② ✐♥ ❏❛♣❛♥❡s❡ ❝❡♥s✉s ❞❛t❛✳

❚❛❜❧❡ ✶✿ ◆◗ ▼♦r✐s❤✐♠❛ ❡❧❛st✐❝✐t✐❡s✿ ❏❛♣❛♥ ♠❛❝r♦ t❡❝❤♥♦❧♦❣② ✭❛✉t❤♦rs✬ ❡st✐♠❛t❡s❀ s❡❡ ❖♥❧✐♥❡
❆♣♣❡♥❞✐① ❈✮

❊❧❛st✐❝✐t② ❙②♠❜♦❧ ✶✾✼✵✕✷✵✷✸ ❛✈❣✳ ✷✵✵✽✕✷✵✶✾ ✷✵✷✵✕✷✵✷✸

❖✣❝❡ → ❘❡♠♦t❡ s✉❜st✐t✉t✐♦♥ σM
L2→L1 3.071 4.671 6.104

▼❛❝❤✐♥❡r② → ❖✣❝❡ ❧❛❜♦r σM
KME→L2 0.718 0.439 0.434

❖✣❝❡ ❧❛❜♦r → ▼❛❝❤✐♥❡r② σM
L2→KME

1.944 2.580 3.490

◆♦t❡s✿ ▼♦r✐s❤✐♠❛ ❡❧❛st✐❝✐t② σM
j→i ≡ Ex

ij−Ex
jj ❀ ♣♦s✐t✐✈❡ ✈❛❧✉❡s ✐♥❞✐❝❛t❡ t❤❛t ✐♥♣✉t i s✉❜st✐t✉t❡s

❢♦r ✐♥♣✉t j ✇❤❡♥ t❤❡ ✇❛❣❡ ♦❢ j r✐s❡s✳ ▲✶✿ ❛❣❡ ≤ 29❀ ▲✷✿ ❛❣❡ ✸✵✕✸✾❀ KME ✿ ♠❛❝❤✐♥❡r② ❛♥❞
❡q✉✐♣♠❡♥t ❝❛♣✐t❛❧ s❡r✈✐❝❡s✳ ❘❡❣✐♠❡ ❛✈❡r❛❣❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s♣❧✐♥❡ ❦♥♦ts ❛t ✶✾✼✸✱ ✶✾✾✵✱
✷✵✵✽✱ ❛♥❞ ✷✵✷✵ ✭s❡❡ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❈✱ ❚❛❜❧❡ ❈✳✺✮✳ ❆✉t❤♦rs✬ ❡st✐♠❛t❡s ❢r♦♠ t❤❡ ◆◗ ❥♦✐♥t
❝♦st s②st❡♠ ✇✐t❤ r❛♥❦✲❡①♣❛♥s✐♦♥ ❝✉r✈❛t✉r❡ ❝♦rr❡❝t✐♦♥❀ ❢✉❧❧ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛♥❞ st❛♥❞❛r❞
❡rr♦rs ❛r❡ ✐♥ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❈✳

❚❤r❡❡ r❡s✉❧ts ❢r♦♠ ❚❛❜❧❡ ✶ ❛r❡ ❞✐r❡❝t❧② r❡❧❡✈❛♥t t♦ t❤❡ ♣r❡s❡♥t ♠♦❞❡❧✳ ❋✐rst✱ σM
L2→L1

r✐s❡s s❤❛r♣❧② ❢r♦♠ ✹✳✻✼✶ ✐♥ ✷✵✵✽✕✷✵✶✾ t♦ ✻✳✶✵✹ ✐♥ ✷✵✷✵✕✷✵✷✸✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t ♦✣❝❡✕r❡♠♦t❡

❧❛❜♦r s✉❜st✐t✉t❛❜✐❧✐t② ❛❝❝❡❧❡r❛t❡❞ ❛❢t❡r t❤❡ ♣❛♥❞❡♠✐❝✖♣r❡❝✐s❡❧② t❤❡ ✐♥❝r❡❛s❡ ✐♥ θ t❤❛t ❆s✲

s✉♠♣t✐♦♥ ✸✳✶✸ ♠♦❞❡❧s✳ ❙❡❝♦♥❞✱ t❤❡ ❝❛♣✐t❛❧✲❞❡❡♣❡♥✐♥❣ r❡s♣♦♥s❡ t♦ ♣r✐♠❡✲❛❣❡ ✇❛❣❡ ♣r❡ss✉r❡

✭σM
L2→KME

✮ str❡♥❣t❤❡♥s ❛❝r♦ss r❡❣✐♠❡s✱ ❝♦♥✜r♠✐♥❣ t❤❛t t❤❡ ◆◗ s✉❜st✐t✉t✐♦♥ ♠❛tr✐① ✐s ♥♦t

✇❡❧❧ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ ❝♦♥st❛♥t✲❡❧❛st✐❝✐t② ❈❊❙ s♣❡❝✐✜❝❛t✐♦♥✳ ❚❤✐r❞✱ t❤❡ ♠❛❝❤✐♥❡r②✲t♦✲❧❛❜♦r

r❡s♣♦♥s❡ ✭σM
KME→L2✮ ✇❡❛❦❡♥s ♦✈❡r t✐♠❡✱ ❝♦♥s✐st❡♥t ✇✐t❤ ❞✐♠✐♥✐s❤✐♥❣ r❡t✉r♥s t♦ s✉❜st✐t✉t✐♦♥

❛s t❤❡ r❡♠♦t❡✲✇♦r❦ ♠❛r❣✐♥ ♠❛t✉r❡s✳

✹✹



❘❡♥t✲❣r❛❞✐❡♥t ❝❛❧✐❜r❛t✐♦♥✳ ❲❡ ♥♦✇ ❝❛❧✐❜r❛t❡ ❚❤❡♦r❡♠ ✻✳✶✱

∂p∗rR
∂dr12

= −
(wo∗ + δ1) η T

o,i∗
l1

qi∗R
, ✭✾✳✶✮

❢♦r t❤❡ ●r❡❛t❡r ❚♦❦②♦ ❛r❡❛ ✐♥ ✷✵✶✾ ✭♣r❡✲♣❛♥❞❡♠✐❝✮ ❛♥❞ ✷✵✷✸ ✭♣♦st✲♣❛♥❞❡♠✐❝ st❛❜✐❧✐③❛t✐♦♥✮✳

❚❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡✐r s♦✉r❝❡s ❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✷✳

❚❛❜❧❡ ✷✿ ❘❡♥t✲❣r❛❞✐❡♥t ❝❛❧✐❜r❛t✐♦♥✿ ●r❡❛t❡r ❚♦❦②♦ ❛r❡❛✱ ✷✵✶✾ ✈s✳ ✷✵✷✸

P❛r❛♠❡t❡r ❙②♠❜♦❧ ✷✵✶✾ ✷✵✷✸ ❙♦✉r❝❡

❖✣❝❡ ✇❛❣❡ ✭❏P❨✴❤♦✉r✮ wo∗ ✶✱✾✸✽ ✷✱✵✹✹ ▼❍▲❲ ❲❛❣❡ ❙tr✉❝t✉r❡
❙✉r✈❡② ✭❛❣❡ ✸✵✕✸✾✮

❈♦♠♠✉t❡ s♣❡❡❞ ✭❦♠✴❤✮ ✖ ✹✵ ✹✵ ▼▲■❚ ❯r❜❛♥ ❚r❛♥s♣♦rt
❈❡♥s✉s

❚✐♠❡ ❝♦st ♣❡r ❦♠✱
r♦✉♥❞✲tr✐♣ ✭❤✴❦♠✮

η ✵✳✵✺✵ ✵✳✵✺✵ ❉❡r✐✈❡❞ ✭= 2/40✮

❚r❛♥s♣♦rt ❝♦st ♣❡r ❦♠✱
r♦✉♥❞✲tr✐♣ ✭❏P❨✴❦♠✮

δ1 ✷✵ ✷✵ ❈♦♠♠✉t❡r r❛✐❧ ❢❛r❡
✭s❡❧❢✲s❤❛r❡✮

❖✣❝❡ ❛tt❡♥❞❛♥❝❡ ✭❢r❛❝t✐♦♥
♦❢ ❢✉❧❧ ✇❡❡❦✮

T o,i∗
l1 ✶✳✵✵ ✵✳✻✵ ▼■❈ ▲❛❜♦✉r ❋♦r❝❡ ❙✉r✈❡②❀

P❡rs♦❧ ❘❡s❡❛r❝❤ ✭✷✵✷✸✮
❘❡s✐❞❡♥t✐❛❧ ✢♦♦r s♣❛❝❡ ✭♠2✮ qi∗R ✻✵ ✻✵ ❙t❛♥❞❛r❞ ❤♦✉s❡❤♦❧❞

❛ss✉♠♣t✐♦♥

❘❡♥t ❣r❛❞✐❡♥t
✭❏P❨✴♠2✴❦♠✮

∂p∗R/∂d12 −1.95 −1.22 ❊q✳ ✭✾✳✶✮✱ t❤✐s ♣❛♣❡r

◆♦t❡s✿ ❏P❨❂❏❛♣❛♥❡s❡ ②❡♥✳ ▼❍▲❲❂▼✐♥✐str② ♦❢ ❍❡❛❧t❤✱ ▲❛❜♦✉r ❛♥❞ ❲❡❧❢❛r❡✳ ▼▲■❚❂▼✐♥✐str② ♦❢ ▲❛♥❞✱
■♥❢r❛str✉❝t✉r❡✱ ❚r❛♥s♣♦rt ❛♥❞ ❚♦✉r✐s♠✳ ▼■❈❂▼✐♥✐str② ♦❢ ■♥t❡r♥❛❧ ❆✛❛✐rs ❛♥❞ ❈♦♠♠✉♥✐❝❛t✐♦♥s✳ wo∗✿
s❝❤❡❞✉❧❡❞ ❝❛s❤ ❡❛r♥✐♥❣s ❢♦r ❢✉❧❧✲t✐♠❡ ✇♦r❦❡rs ❛❣❡❞ ✸✵✕✸✾✱ ❞✐✈✐❞❡❞ ❜② s❝❤❡❞✉❧❡❞ ❤♦✉rs ✭✶✻✵ ❤✴♠♦♥t❤✮✳ δ1✿
s❡❧❢✲♣❛✐❞ ❝♦♠♠✉t❡r r❛✐❧ ❢❛r❡ ♣❡r ❦♠ ✭r♦✉♥❞✲tr✐♣✮✳ T o,i∗

l1 ✿ ❢r❛❝t✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ ✜✈❡✲❞❛② ✇❡❡❦ ✐♥ t❤❡ ♦✣❝❡❀
t❤❡ ✷✵✷✸ ✈❛❧✉❡ ✭✵✳✻✵✮ ❂ t❤r❡❡ ♦✣❝❡ ❞❛②s ♣❡r ✇❡❡❦✱ ❝♦♥s✐st❡♥t ✇✐t❤ ❇❛rr❡r♦✱ ❇❧♦♦♠✱ ❛♥❞ ❉❛✈✐s ✭✷✵✷✸✮ ❛♥❞
P❡rs♦❧ ❘❡s❡❛r❝❤ ■♥st✐t✉t❡ ✭✷✵✷✸✮✳ ●r❛❞✐❡♥t ❢♦r♠✉❧❛✿ ❡q✳ ✭✾✳✶✮ ✐♥ t❤❡ ♠❛✐♥ t❡①t❀ (wo∗η+δ1) ✐s t♦t❛❧ ❝♦♠♠✉t✐♥❣
❝♦st ♣❡r ❦♠ ✭❏P❨✴❦♠✮✳

❚❤❡ ❝❛❧✐❜r❛t✐♦♥ ②✐❡❧❞s ❛ ♣r❡✲♣❛♥❞❡♠✐❝ ❣r❛❞✐❡♥t ♦❢−1.95 ❏P❨✴♠2✴❦♠ ❛♥❞ ❛ ♣♦st✲♣❛♥❞❡♠✐❝

❣r❛❞✐❡♥t ♦❢ −1.22 ❏P❨✴♠2✴❦♠✖❛ ✸✼✪ ✢❛tt❡♥✐♥❣✳ ❚✇♦ ❢♦r❝❡s ❞r✐✈❡ t❤✐s r❡s✉❧t✳ ❋✐rst✱ t❤❡

s❤✐❢t ❢r♦♠ ✜✈❡ t♦ t❤r❡❡ ♦✣❝❡ ❞❛②s ♣❡r ✇❡❡❦ r❡❞✉❝❡s T o,i∗
l1 ❢r♦♠ ✶✳✵✵ t♦ ✵✳✻✵ ✭❛ ✹✵✪ ❞❡❝❧✐♥❡✮✱

❞✐r❡❝t❧② ❝♦♠♣r❡ss✐♥❣ t❤❡ ❡✛❡❝t✐✈❡ ❝♦♠♠✉t✐♥❣ ❝♦st t❤❛t ❝❛♣✐t❛❧✐③❡s ✐♥t♦ r❡♥ts✳ ❙❡❝♦♥❞✱ t❤❡

♠♦❞❡st ✇❛❣❡ ✐♥❝r❡❛s❡ ✭❢r♦♠ ❏P❨✶✱✾✸✽ t♦ ❏P❨✷✱✵✹✹ ♣❡r ❤♦✉r✮ ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ❛tt❡♥✲

❞❛♥❝❡ ❡✛❡❝t✱ s♦ t❤❡ ♥❡t ❣r❛❞✐❡♥t ♥❛rr♦✇s s✉❜st❛♥t✐❛❧❧②✳

✹✺



❚❤❡ ✸✼✪ r❡❞✉❝t✐♦♥ ✐♥ ❣r❛❞✐❡♥t st❡❡♣♥❡ss ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣ ♦❢ ❇❛r✲

r❡r♦✱ ❇❧♦♦♠✱ ❛♥❞ ❉❛✈✐s ✭✷✵✷✸✮ t❤❛t t❤❡ s❤❛r❡ ♦❢ ♣❛✐❞ ❞❛②s ✇♦r❦❡❞ ❢r♦♠ ❤♦♠❡ st❛❜✐❧✐③❡❞

❛t r♦✉❣❤❧② ✜✈❡ t✐♠❡s ✐ts ♣r❡✲♣❛♥❞❡♠✐❝ ❧❡✈❡❧✱ ❛♥❞ ✇✐t❤ t❤❡ ❡st✐♠❛t❡s ♦❢ ❉❡❧✈❡♥t❤❛❧✱ ❑✇♦♥✱

❛♥❞ P❛r❦❤♦♠❡♥❦♦ ✭✷✵✷✷✮ ❢♦r ❯❙ ♠❡tr♦♣♦❧✐t❛♥ ❛r❡❛s✱ ✇❤♦ ❞♦❝✉♠❡♥t s✐❣♥✐✜❝❛♥t ✢❛tt❡♥✐♥❣ ♦❢

r❡♥t ❣r❛❞✐❡♥ts r❡❧❛t✐✈❡ t♦ ♣r❡✲♣❛♥❞❡♠✐❝ tr❡♥❞s✳ ❋♦r ❏❛♣❛♥ s♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢

σM
L2→L1 ❢r♦♠ ✹✳✻✼✶ ✭✷✵✵✽✕✷✵✶✾✮ t♦ ✻✳✶✵✹ ✭✷✵✷✵✕✷✵✷✸✮ ✐♥ ❚❛❜❧❡ ✶✖❛♥❞ ✐♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ◆◗

❡st✐♠❛t❡s ♦❢ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❈✖✐♠♣❧✐❡s t❤❛t t❤❡ ✜r♠✲s✐❞❡ s✉❜st✐t✉t❛❜✐❧✐t② ❜❡t✇❡❡♥ ♦✣❝❡

❛♥❞ r❡♠♦t❡ ❧❛❜♦r ✐♥❝r❡❛s❡❞ ❜② ✸✶✪ ❜❡t✇❡❡♥ r❡❣✐♠❡s✱ r❡✐♥❢♦r❝✐♥❣ t❤❡ ❤♦✉s❡❤♦❧❞✲s✐❞❡ ❡✛❡❝t

❝❛♣t✉r❡❞ ❜② t❤❡ ❢❛❧❧ ✐♥ T o,i∗
l1 ✳

❘❡♠❛r❦ ✾✳✶ ✭❈❛❧✐❜r❛t✐♦♥ ❛s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ ✢❛tt❡♥✐♥❣✮✳ ❚❤❡ ✸✼✪ ❡st✐♠❛t❡ s❤♦✉❧❞ ❜❡ ✐♥✲

t❡r♣r❡t❡❞ ❛s ❛ ❝♦♥s❡r✈❛t✐✈❡ ❧♦✇❡r ❜♦✉♥❞✳ ❚❤❡ ❝❛❧✐❜r❛t✐♦♥ ❤♦❧❞s δ1 ❛♥❞ q
i∗
R ✜①❡❞ ❛❝r♦ss ②❡❛rs

❛♥❞ ❛❜str❛❝ts ❢r♦♠ s♦rt✐♥❣✲✐♥❞✉❝❡❞ ❝♦♠♣♦s✐t✐♦♥❛❧ ❝❤❛♥❣❡s ✐♥ t❤❡ r❡s✐❞❡♥t✐❛❧ ♣♦♣✉❧❛t✐♦♥ ✭❙❡❝✲

t✐♦♥ ✼✮✳ ❊q✉❛t✐♦♥ ✭✻✳✷✮ s❤♦✇s t❤❛t s♦rt✐♥❣ ❛♠♣❧✐✜❡s t❤❡ ❣r❛❞✐❡♥t ❝❤❛♥❣❡✿ ❛s r❡♠♦t❡✲❝❛♣❛❜❧❡

❤♦✉s❡❤♦❧❞s ✭❤✐❣❤❡r ϕi✮ s♦rt t♦ ♣❡r✐♣❤❡r❛❧ ❧♦❝❛t✐♦♥s✱ t❤❡ ❛✈❡r❛❣❡ T o,i∗
l1 ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ♠♦✈❡r

❞❡❝❧✐♥❡s ❢✉rt❤❡r✱ st❡❡♣❡♥✐♥❣ t❤❡ ✢❛tt❡♥✐♥❣ r❡❧❛t✐✈❡ t♦ t❤❡ ❛✈❡r❛❣❡ ❝♦♠♣✉t❡❞ ❤❡r❡✳ ❊♥❞♦❣✲

❡♥✐③✐♥❣ s♦rt✐♥❣ ❛♥❞ ❝❛r❡ ❞❡♠❛♥❞ ✭❙❡❝t✐♦♥s ✼✕✽✮ ♣r♦✈✐❞❡s ❛❞❞✐t✐♦♥❛❧ ❛♠♣❧✐✜❝❛t✐♦♥ ❝❤❛♥♥❡❧s

t❤❛t ❛ ❢✉❧❧ str✉❝t✉r❛❧ ❡st✐♠❛t✐♦♥ ✇♦✉❧❞ ❝❛♣t✉r❡✳

✶✵ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r ❤❛s ❞❡✈❡❧♦♣❡❞ ❛ s♣❛t✐❛❧ ♠♦❞❡❧ ♦❢ r❡♠♦t❡ ✇♦r❦✱ ✜r♠ t❡❝❤♥♦❧♦❣②✱ ❛♥❞ ✐♥t❡r❣❡♥❡r❛✲

t✐♦♥❛❧ ❝❛r❡ ✇✐t❤✐♥ t❤❡ ❇❡❝❦❡r✕❉✐❡✇❡rt ❤♦✉s❡❤♦❧❞✲♣r♦❞✉❝t✐♦♥ tr❛❞✐t✐♦♥✳

❚❤❡ ◆◗ ✜r♠ t❡❝❤♥♦❧♦❣② ✐s t❤❡ ❞✐st✐♥❝t✐✈❡ ♠❡t❤♦❞♦❧♦❣✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥✳ ■t ❛❧❧♦✇s t❤❡

s✉❜st✐t✉t❛❜✐❧✐t② ❜❡t✇❡❡♥ ♦✣❝❡ ❛♥❞ r❡♠♦t❡ ❧❛❜♦r t♦ ✈❛r② ✇✐t❤ t❤❡ ❢❛❝t♦r✲♣r✐❝❡ ✈❡❝t♦r✱ ②✐❡❧❞✐♥❣

✈❛r✐❛❜❧❡ ❡❧❛st✐❝✐t✐❡s t❤❛t t❤❡ ❈❊❙ ❝❛♥♥♦t ♣r♦❞✉❝❡✳ ❚❤❡ ◆◗ ❣❡♥❡r❛t❡s ❛ tr❛❝t❛❜❧❡ s②st❡♠ ♦❢

✶✷ ♣❛r❛♠❡t❡rs✖❢❛r ❢❡✇❡r t❤❛♥ ❛ ❢✉❧❧② ✢❡①✐❜❧❡ ❤♦✉s❡❤♦❧❞ ✉t✐❧✐t② s♣❡❝✐✜❝❛t✐♦♥ ✇♦✉❧❞ r❡q✉✐r❡✳

❚❤✐s ❛s②♠♠❡tr② r❡✢❡❝ts ❛ ❞❡❧✐❜❡r❛t❡ ❞❡s✐❣♥ ❝❤♦✐❝❡ t❤❛t ❡①♣❧♦✐ts t❤❡ ❝♦♠♣❛r❛t✐✈❡ ❛❞✈❛♥t❛❣❡

✹✻



♦❢ t❤❡ ❉✐❡✇❡rt✕◆♦♠✉r❛✕❙❤✐♠✐③✉ r❡s❡❛r❝❤ ♣r♦❣r❛♠✳

❚❤❡ ❣❡♥❡r❛t✐♦♥❛❧ str✉❝t✉r❡ ✐♥tr♦❞✉❝❡s ❝❛r❡ ❛s ❛ s♣❛t✐❛❧ ❢♦r❝❡✳ ❚❤❡ ♠♦❞❡❧ ♣r❡❞✐❝ts t❤❛t

♣♦♣✉❧❛t✐♦♥ ❛❣✐♥❣ ✢❛tt❡♥s t❤❡ r❡♥t ❣r❛❞✐❡♥t t❤r♦✉❣❤ t✇♦ ❝❤❛♥♥❡❧s ✭♠♦r❡ ❡❧❞❡r❧②✲♦♥❧② ❤♦✉s❡✲

❤♦❧❞s ❛♥❞ ♠♦r❡ r❡♠♦t❡ ❡❧❞❡r❝❛r❡✮ ❛♥❞ ❣❡♥❡r❛t❡s ❛ r❡♥t r♦t❛t✐♦♥ ❜❡t✇❡❡♥ r❡s✐❞❡♥t✐❛❧ ❛♥❞

❝♦♠♠❡r❝✐❛❧ r❡❛❧ ❡st❛t❡✳ ❘❡♠♦t❡ ✇♦r❦ ❡♠❡r❣❡s ♥♦t ♠❡r❡❧② ❛s ❛ ❝♦♠♠✉t✐♥❣✲s❛✈✐♥❣ ❞❡✈✐❝❡ ❜✉t

❛s ❛ ❝❛r❡✲❡♥❛❜❧✐♥❣ t❡❝❤♥♦❧♦❣②✿ ✐♥ ❛♥ ❛❣✐♥❣ s♦❝✐❡t②✱ t❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ r❡♠♦t❡ ✇♦r❦ ✐s

❛♠♣❧✐✜❡❞ ❜❡❝❛✉s❡ ❝♦♠♠✉t✐♥❣ s❛✈✐♥❣s ❛r❡ r❡❞✐r❡❝t❡❞ t♦ ❡❧❞❡r❝❛r❡✳ ❚❤✐s ♣r❡❞✐❝t✐♦♥✖t❤❛t t❤❡

✇❡❧❢❛r❡ ✈❛❧✉❡ ♦❢ r❡♠♦t❡✲✇♦r❦ t❡❝❤♥♦❧♦❣② ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ❡❧❞❡r❧② ❞❡♣❡♥❞❡♥❝② r❛t✐♦✖✐s

♣❡r❤❛♣s t❤❡ ♠♦st ♥♦✈❡❧ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❛♣❡r✳

❚❤❡ ♠♦❞❡❧ ✐s r✐❝❤ ❡♥♦✉❣❤ t♦ ❣❡♥❡r❛t❡ ♥♦♥tr✐✈✐❛❧ ♣r❡❞✐❝t✐♦♥s ❛❜♦✉t s♦rt✐♥❣✱ r❡♥t ❣r❛❞✐❡♥ts✱

❝❛r❡ ♦✉ts♦✉r❝✐♥❣✱ ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ✜r♠ t❡❝❤♥♦❧♦❣② ❛♥❞ ❤♦✉s❡❤♦❧❞ t✐♠❡ ❛❧❧♦❝❛t✐♦♥✱

②❡t tr❛❝t❛❜❧❡ ❡♥♦✉❣❤ t❤❛t ❛❧❧ r❡s✉❧ts ❛r❡ ❞❡r✐✈❡❞ ✐♥ ❝❧♦s❡❞ ❢♦r♠ ❢r♦♠ ❛ s✐♥❣❧❡ ♦♣t✐♠✐③❛t✐♦♥

♣r♦❜❧❡♠✳ ❚❤❡ s❡✈❡♥ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s ✭✜r♠ ◆◗✱ ❤♦✉s✐♥❣✱ ❤♦♠❡ ♦✣❝❡✱ ❤♦♠❡ ❧❡✐s✉r❡✱

❤♦✉s❡✇♦r❦✱ ❝❤✐❧❞❝❛r❡✱ ❡❧❞❡r❝❛r❡✮ ❛♥❞ t❤❡ ❣❡♥❡r❛t✐♦♥❛❧ str✉❝t✉r❡ ♣r♦✈✐❞❡ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡

❢r❛♠❡✇♦r❦ ❢♦r ❛♥❛❧②③✐♥❣ t❤❡ s♣❛t✐❛❧ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ t✇♦ ❞❡✜♥✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ t❤❡

✷✶st✲❝❡♥t✉r② ❡❝♦♥♦♠②✿ t❤❡ r❡♠♦t❡✲✇♦r❦ r❡✈♦❧✉t✐♦♥ ❛♥❞ ♣♦♣✉❧❛t✐♦♥ ❛❣✐♥❣✳

❚❤r❡❡ ❡①t❡♥s✐♦♥s r❡♠❛✐♥ ❢♦r ❢✉t✉r❡ ✇♦r❦✳ ❋✐rst✱ t❤❡ ❡♥tr② ♦❢ ❝❛r❡✲s❡r✈✐❝❡ ♣r♦✈✐❞❡rs ❝♦✉❧❞

❜❡ ❡♥❞♦❣❡♥✐③❡❞✱ ❧✐♥❦✐♥❣ wr
CC ❛♥❞ wr

EC t♦ t❤❡ s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❞❡♠❛♥❞✳ ❙❡❝♦♥❞✱ t❤❡

♠♦❞❡❧ ❝♦✉❧❞ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥ ❛ q✉❛♥t✐t❛t✐✈❡ s♣❛t✐❛❧ ❢r❛♠❡✇♦r❦ ✇✐t❤ ❝♦♥t✐♥✉♦✉s ❣❡♦❣r❛♣❤② ❢♦r

❢✉❧❧ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥❀ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✾✳✹ ♣r♦✈✐❞❡s ❛ st❛rt✐♥❣ ♣♦✐♥t✱ s❤♦✇✐♥❣

t❤❛t t❤❡ ✸✼✪ ♣♦st✲♣❛♥❞❡♠✐❝ ✢❛tt❡♥✐♥❣ ♦❢ t❤❡ ❚♦❦②♦ r❡♥t ❣r❛❞✐❡♥t ✐s q✉❛♥t✐t❛t✐✈❡❧② ❝♦♥s✐st❡♥t

✇✐t❤ t❤❡ ♠♦❞❡❧✬s ♣r❡❞✐❝t✐♦♥s✳ ❚❤✐r❞✱ t❤❡ ◆◗ ❝♦✉❧❞ ❜❡ ❡①t❡♥❞❡❞ t♦ ♠✉❧t✐♣❧❡ ♦✉t♣✉t s❡❝t♦rs

❢♦❧❧♦✇✐♥❣ ❉✐❡✇❡rt✱ ◆♦♠✉r❛✱ ❛♥❞ ❙❤✐♠✐③✉ ✭✷✵✷✺✮✱ ❝❛♣t✉r✐♥❣ ✐♥t❡r✲✐♥❞✉str② ❤❡t❡r♦❣❡♥❡✐t② ✐♥

r❡♠♦t❡✲✇♦r❦ ❢❡❛s✐❜✐❧✐t②✳

✹✼



❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

■ ♦✇❡ ❛ ♣r♦❢♦✉♥❞ ✐♥t❡❧❧❡❝t✉❛❧ ❞❡❜t t♦ ❲✳ ❊r✇✐♥ ❉✐❡✇❡rt ✭❯♥✐✈❡rs✐t② ♦❢ ❇r✐t✐s❤ ❈♦❧✉♠❜✐❛✮✱ ✇✐t❤

✇❤♦♠ ■ ❤❛✈❡ ❝♦❧❧❛❜♦r❛t❡❞ ❝❧♦s❡❧② ♦✈❡r ♠❛♥② ②❡❛rs✳ ❚❤❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ✐♥ ❙❝❤r❡②❡r

❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✮ ❢♦r♠s t❤❡ ❢♦✉♥❞❛t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r✱ ❛♥❞ t❤❡ ❝❡♥tr❛❧ q✉❡st✐♦♥s ✐t ❛❞❞r❡ss❡s

❣r❡✇ ❞✐r❡❝t❧② ♦✉t ♦❢ ♦✉r ♦♥❣♦✐♥❣ ❥♦✐♥t r❡s❡❛r❝❤ ♦♥ ❤♦✉s❡❤♦❧❞ t✐♠❡ ✈❛❧✉❛t✐♦♥✱ ❧❡✐s✉r❡✱ ❛♥❞ t❤❡

♠❡❛s✉r❡♠❡♥t ♦❢ ❧✐✈✐♥❣ st❛♥❞❛r❞s✳ ■ ❛♠ ❞❡❡♣❧② ❣r❛t❡❢✉❧ ❢♦r ❤✐s ❣❡♥❡r♦s✐t②✱ ✐♥s✐❣❤t✱ ❛♥❞ t❤❡

r✐❝❤♥❡ss ♦❢ ♦✉r ❧♦♥❣ ❝♦❧❧❛❜♦r❛t✐♦♥✳ ■ t❤❛♥❦ ❑♦❥✐ ◆♦♠✉r❛ ✭❑❡✐♦ ❯♥✐✈❡rs✐t②✮ ❢♦r ✐♥✈❛❧✉❛❜❧❡ ❞✐s✲

❝✉ss✐♦♥s ♦♥ ♣r♦❞✉❝t✐♦♥ t❤❡♦r②✱ ♥❛t✐♦♥❛❧ ❛❝❝♦✉♥t✐♥❣✱ ❛♥❞ t❤❡ ◆♦r♠❛❧✐③❡❞ ◗✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥❛❧

❢♦r♠❀ ❚♦♠♦②❛ ▼♦r✐ ✭❑②♦t♦ ❯♥✐✈❡rs✐t②✮ ❢♦r ✐♥s✐❣❤t❢✉❧ ❝♦♠♠❡♥ts ♦♥ s♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞

s♦rt✐♥❣❀ ❛♥❞ ❑❡♥t❛r♦ ◆❛❦❛❥✐♠❛ ✭❍✐t♦ts✉❜❛s❤✐ ❯♥✐✈❡rs✐t②✮ ❢♦r ❤❡❧♣❢✉❧ ❞✐s❝✉ss✐♦♥s ♦♥ ✉r❜❛♥

❡❝♦♥♦♠✐❝s ❛♥❞ ❡♠♣✐r✐❝❛❧ str❛t❡❣②✳ ❋✐♥❛♥❝✐❛❧ s✉♣♣♦rt ❢r♦♠ ❏❙P❙ ❑❆❑❊◆❍■ ●r❛♥t ✷✹❍✵✵✵✶✷

❛♥❞ ❍✐t♦ts✉❜❛s❤✐ ❯♥✐✈❡rs✐t② ✐s ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡❞✳

❘❡❢❡r❡♥❝❡s

❇❛rr❡r♦✱ ❏✳ ▼✳✱ ◆✳ ❇❧♦♦♠✱ ❛♥❞ ❙✳ ❏✳ ❉❛✈✐s ✭✷✵✷✸✮✱ ✏❚❤❡ ❊✈♦❧✉t✐♦♥ ♦❢ ❲♦r❦ ❢r♦♠ ❍♦♠❡✱✑

❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ P❡rs♣❡❝t✐✈❡s ✸✼✱ ✷✸✕✹✾✳

❆❤❧❢❡❧❞t✱ ●✳ ▼✳✱ ❙✳ ❏✳ ❘❡❞❞✐♥❣✱ ❉✳ ▼✳ ❙t✉r♠✱ ❛♥❞ ◆✳ ❲♦❧❢ ✭✷✵✶✺✮✱ ✏❚❤❡ ❊❝♦♥♦♠✐❝s ♦❢ ❉❡♥s✐t②✿

❊✈✐❞❡♥❝❡ ❢r♦♠ t❤❡ ❇❡r❧✐♥ ❲❛❧❧✱✑ ❊❝♦♥♦♠❡tr✐❝❛ ✽✸✱ ✷✶✷✼✕✷✶✽✾✳

❆❧❜♦✉②✱ ❉✳ ✭✷✵✶✻✮✱ ✏❲❤❛t ❆r❡ ❈✐t✐❡s ❲♦rt❤❄ ▲❛♥❞ ❘❡♥ts✱ ▲♦❝❛❧ Pr♦❞✉❝t✐✈✐t②✱ ❛♥❞ t❤❡ ❚♦t❛❧

❱❛❧✉❡ ♦❢ ❆♠❡♥✐t✐❡s✱✑ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s ✾✽✱ ✹✼✼✕✹✽✼✳

❆❧♦♥s♦✱ ❲✳ ✭✶✾✻✹✮✱ ▲♦❝❛t✐♦♥ ❛♥❞ ▲❛♥❞ ❯s❡✱ ❈❛♠❜r✐❞❣❡✱ ▼❆✿ ❍❛r✈❛r❞ ❯♥✐✈❡rs✐t② Pr❡ss✳

❆r♥t③✱ ▼✳✱ ❙✳ ❇❡♥ ❨❛❤♠❡❞✱ ❛♥❞ ❋✳ ❇❡r❧✐♥❣✐❡r✐ ✭✷✵✷✷✮✱ ✏❲♦r❦✐♥❣ ❢r♦♠ ❍♦♠❡✱ ❍♦✉rs ❲♦r❦❡❞

❛♥❞ ❲❛❣❡s✿ ❍❡t❡r♦❣❡♥❡✐t② ❜② ●❡♥❞❡r ❛♥❞ P❛r❡♥t❤♦♦❞✱✑ ▲❛❜♦✉r ❊❝♦♥♦♠✐❝s ✼✻✱ ✶✵✷✶✻✾✳
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❇❡❝❦❡r✱ ●✳ ❙✳ ✭✶✾✻✺✮✱ ✏❆ ❚❤❡♦r② ♦❢ t❤❡ ❆❧❧♦❝❛t✐♦♥ ♦❢ ❚✐♠❡✱✑ ❚❤❡ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧ ✼✺✱

✹✾✸✕✺✶✼✳

❇❧♦♦♠✱ ◆✳✱ ❏✳ ▲✐❛♥❣✱ ❏✳ ❘♦❜❡rts✱ ❛♥❞ ❩✳ ❏✳ ❨✐♥❣ ✭✷✵✶✺✮✱ ✏❉♦❡s ❲♦r❦✐♥❣ ❢r♦♠ ❍♦♠❡ ❲♦r❦❄

❊✈✐❞❡♥❝❡ ❢r♦♠ ❛ ❈❤✐♥❡s❡ ❊①♣❡r✐♠❡♥t✱✑ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ✶✸✵✱ ✶✻✺✕✷✶✽✳

❈❤r✐st❡♥s❡♥✱ ▲✳ ❘✳✱ ❉✳ ❲✳ ❏♦r❣❡♥s♦♥✱ ❛♥❞ ▲✳ ❏✳ ▲❛✉ ✭✶✾✼✸✮✱ ✏❚r❛♥s❝❡♥❞❡♥t❛❧ ▲♦❣❛r✐t❤♠✐❝

Pr♦❞✉❝t✐♦♥ ❋r♦♥t✐❡rs✱✑ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s ✺✺✱ ✷✽✕✹✺✳

❈♦✉t✉r❡✱ ❱✳✱ ❈✳ ●❛✉❜❡rt✱ ❏✳ ❍❛♥❞❜✉r②✱ ❛♥❞ ❊✳ ❍✉rst ✭✷✵✷✹✮✱ ✏■♥❝♦♠❡ ●r♦✇t❤ ❛♥❞ t❤❡

❉✐str✐❜✉t✐♦♥❛❧ ❊✛❡❝ts ♦❢ ❯r❜❛♥ ❙♣❛t✐❛❧ ❙♦rt✐♥❣✱✑ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s ✾✶✱ ✷✵✺✶✕

✷✵✾✾✳

❉❛✈✐s✱ ▼✳ ❆✳✱ ❆✳ ❈✳ ●❤❡♥t✱ ❛♥❞ ❏✳ ▼✳ ●r❡❣♦r② ✭✷✵✷✹✮✱ ✏❚❤❡ ❲♦r❦✲❢r♦♠✲❍♦♠❡ ❚❡❝❤♥♦❧♦❣②

❇♦♦♥ ❛♥❞ ■ts ❈♦♥s❡q✉❡♥❝❡s✱✑ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s ✾✶✱ ✸✹✾✼✕✸✺✸✼✳

❉❡❧✈❡♥t❤❛❧✱ ▼✳ ❏✳✱ ❊✳ ❑✇♦♥✱ ❛♥❞ ❆✳ P❛r❦❤♦♠❡♥❦♦ ✭✷✵✷✷✮✱ ✏❏❯❊ ■♥s✐❣❤t✿ ❍♦✇ ❉♦ ❈✐t✐❡s

❈❤❛♥❣❡ ❲❤❡♥ ❲❡ ❲♦r❦ ❢r♦♠ ❍♦♠❡❄✱✑ ❏♦✉r♥❛❧ ♦❢ ❯r❜❛♥ ❊❝♦♥♦♠✐❝s ✶✷✼✱ ✶✵✸✸✸✶✳

❉✐❛♠♦♥❞✱ ❘✳ ✭✷✵✶✻✮✱ ✏❚❤❡ ❉❡t❡r♠✐♥❛♥ts ❛♥❞ ❲❡❧❢❛r❡ ■♠♣❧✐❝❛t✐♦♥s ♦❢ ❯❙ ❲♦r❦❡rs✬ ❉✐✈❡r❣✐♥❣

▲♦❝❛t✐♦♥ ❈❤♦✐❝❡s ❜② ❙❦✐❧❧✿ ✶✾✽✵✕✷✵✵✵✱✑ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✶✵✻✱ ✹✼✾✕✺✷✹✳

❉✐❡✇❡rt✱ ❲✳ ❊✳ ✭✶✾✼✶✮✱ ✏❆♥ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❙❤❡♣❤❛r❞ ❉✉❛❧✐t② ❚❤❡♦r❡♠✿ ❆ ●❡♥❡r❛❧✐③❡❞

▲❡♦♥t✐❡❢ Pr♦❞✉❝t✐♦♥ ❋✉♥❝t✐♦♥✱✑ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠② ✼✾✱ ✹✽✶✕✺✵✼✳

❉✐❡✇❡rt✱ ❲✳ ❊✳ ✭✶✾✼✹✮✱ ✏■♥t❡rt❡♠♣♦r❛❧ ❈♦♥s✉♠❡r ❚❤❡♦r② ❛♥❞ t❤❡ ❉❡♠❛♥❞ ❢♦r ❉✉r❛❜❧❡s✱✑

❊❝♦♥♦♠❡tr✐❝❛ ✹✷✱ ✹✾✼✕✺✶✻✳

❉✐❡✇❡rt✱ ❲✳ ❊✳ ✭✷✵✷✷✮✱ ✏❉✉❛❧✐t② ✐♥ Pr♦❞✉❝t✐♦♥✱✑ ✐♥ ❙✳ ❘❛②✱ ❘✳ ●✳ ❈❤❛♠❜❡rs✱ ❛♥❞ ❙✳ ❑✉♠❜✲

❤❛❦❛r ✭❡❞s✳✮✱ ❚❤❡ ❍❛♥❞❜♦♦❦ ♦❢ Pr♦❞✉❝t✐♦♥ ❊❝♦♥♦♠✐❝s✱ ◆❡✇ ❨♦r❦✿ ❙♣r✐♥❣❡r✱ ✺✼✕✶✻✽✳

❉✐❡✇❡rt✱ ❲✳ ❊✳ ❛♥❞ ❚✳ ❏✳ ❲❛❧❡s ✭✶✾✽✼✮✱ ✏❋❧❡①✐❜❧❡ ❋✉♥❝t✐♦♥❛❧ ❋♦r♠s ❛♥❞ ●❧♦❜❛❧ ❈✉r✈❛t✉r❡

❈♦♥❞✐t✐♦♥s✱✑ ❊❝♦♥♦♠❡tr✐❝❛ ✺✺✱ ✹✸✕✻✽✳

✹✾



❉✐❡✇❡rt✱ ❲✳ ❊✳ ❛♥❞ ❚✳ ❏✳ ❲❛❧❡s ✭✶✾✽✽✮✱ ✏❆ ◆♦r♠❛❧✐③❡❞ ◗✉❛❞r❛t✐❝ ❙❡♠✐✢❡①✐❜❧❡ ❋✉♥❝t✐♦♥❛❧

❋♦r♠✱✑ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✸✼✱ ✸✷✼✕✸✹✷✳

❉✐❡✇❡rt✱ ❲✳ ❊✳ ❛♥❞ ❚✳ ❏✳ ❲❛❧❡s ✭✶✾✾✷✮✱ ✏◗✉❛❞r❛t✐❝ ❙♣❧✐♥❡ ▼♦❞❡❧s ❢♦r Pr♦❞✉❝❡r✬s ❙✉♣♣❧② ❛♥❞

❉❡♠❛♥❞ ❋✉♥❝t✐♦♥s✱✑ ■♥t❡r♥❛t✐♦♥❛❧ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✸✸✱ ✼✵✺✕✼✷✷✳

❉✐❡✇❡rt✱ ❲✳ ❊✳✱ ❑✳ ◆♦♠✉r❛✱ ❛♥❞ ❈✳ ❙❤✐♠✐③✉ ✭✷✵✷✺✮✱ ✏❊st✐♠❛t✐♥❣ ❋❧❡①✐❜❧❡ ❋✉♥❝t✐♦♥❛❧ ❋♦r♠s

❯s✐♥❣ ▼❛❝r♦❡❝♦♥♦♠✐❝ ❉❛t❛✱✑ ❊♠♣✐r✐❝❛❧ ❊❝♦♥♦♠✐❝s ✻✾✱ ✷✻✼✶✕✷✻✾✼✳

❉✐♥❣❡❧✱ ❏✳ ■✳ ❛♥❞ ❇✳ ◆❡✐♠❛♥ ✭✷✵✷✵✮✱ ✏❍♦✇ ▼❛♥② ❏♦❜s ❈❛♥ ❇❡ ❉♦♥❡ ❛t ❍♦♠❡❄✱✑ ❏♦✉r♥❛❧ ♦❢

P✉❜❧✐❝ ❊❝♦♥♦♠✐❝s ✶✽✾✱ ✶✵✹✷✸✺✳

●♦r♠❛♥✱ ❲✳ ▼✳ ✭✶✾✻✶✮✱ ✏❖♥ ❛ ❈❧❛ss ♦❢ Pr❡❢❡r❡♥❝❡ ❋✐❡❧❞s✱✑ ▼❡tr♦❡❝♦♥♦♠✐❝❛ ✶✸✱ ✺✸✕✺✻✳

●r♦♥❛✉✱ ❘✳ ✭✶✾✼✼✮✱ ✏▲❡✐s✉r❡✱ ❍♦♠❡ Pr♦❞✉❝t✐♦♥✱ ❛♥❞ ❲♦r❦✖t❤❡ ❚❤❡♦r② ♦❢ t❤❡ ❆❧❧♦❝❛t✐♦♥ ♦❢

❚✐♠❡ ❘❡✈✐s✐t❡❞✱✑ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠② ✽✺✱ ✶✵✾✾✕✶✶✷✸✳

●✉♣t❛✱ ❆✳✱ ❱✳ ▼✐tt❛❧✱ ❏✳ P❡❡t❡rs✱ ❛♥❞ ❙✳ ❱❛♥ ◆✐❡✉✇❡r❜✉r❣❤ ✭✷✵✷✷✮✱ ✏❋❧❛tt❡♥✐♥❣ t❤❡ ❈✉r✈❡✿

P❛♥❞❡♠✐❝✲■♥❞✉❝❡❞ ❘❡✈❛❧✉❛t✐♦♥ ♦❢ ❯r❜❛♥ ❘❡❛❧ ❊st❛t❡✱✑ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝s

✶✹✻✱ ✺✾✹✕✻✸✻✳

❍❡❝❦♠❛♥✱ ❏✳ ❏✳ ✭✶✾✼✹✮✱ ✏❙❤❛❞♦✇ Pr✐❝❡s✱ ▼❛r❦❡t ❲❛❣❡s✱ ❛♥❞ ▲❛❜♦r ❙✉♣♣❧②✱✑ ❊❝♦♥♦♠❡tr✐❝❛

✹✷✱ ✻✼✾✕✻✾✹✳

❑❛r❧✐♥✱ ❙✳ ✭✶✾✺✾✮✱ ▼❛t❤❡♠❛t✐❝❛❧ ▼❡t❤♦❞s ❛♥❞ ❚❤❡♦r② ✐♥ ●❛♠❡s✱ Pr♦❣r❛♠♠✐♥❣✱ ❛♥❞ ❊❝♦✲

♥♦♠✐❝s✱ ❱♦❧✳ ✶✱ ❆❞❞✐s♦♥✲❲❡s❧❡②✳

❑♦❤❧✐✱ ❯✳ ✭✶✾✾✶✮✱ ❚❡❝❤♥♦❧♦❣②✱ ❉✉❛❧✐t② ❛♥❞ ❋♦r❡✐❣♥ ❚r❛❞❡✱ ❯♥✐✈❡rs✐t② ♦❢ ▼✐❝❤✐❣❛♥ Pr❡ss✳

❑♦❤❧✐✱ ❯✳ ✭✶✾✾✸✮✱ ✏❆ ❙②♠♠❡tr✐❝ ◆♦r♠❛❧✐③❡❞ ◗✉❛❞r❛t✐❝ ●◆P ❋✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❯❙ ❉❡♠❛♥❞

❢♦r ■♠♣♦rts ❛♥❞ ❙✉♣♣❧② ♦❢ ❊①♣♦rts✱✑ ■♥t❡r♥❛t✐♦♥❛❧ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✸✹✱ ✷✹✸✕✷✺✺✳

❑r❡✐♥❞❧❡r✱ ●✳ ❊✳ ❛♥❞ ❨✳ ▼✐②❛✉❝❤✐ ✭✷✵✷✸✮✱ ✏▼❡❛s✉r✐♥❣ ❈♦♠♠✉t✐♥❣ ❛♥❞ ❊❝♦♥♦♠✐❝ ❆❝t✐✈✐t②

✐♥s✐❞❡ ❈✐t✐❡s ✇✐t❤ ❈❡❧❧ P❤♦♥❡ ❘❡❝♦r❞s✱✑ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s ✶✵✺✱ ✽✾✾✕✾✵✾✳

✺✵



▲✐✉✱ ❙✳ ❛♥❞ ❨✳ ❙✉ ✭✷✵✷✸✮✱ ✏❚❤❡ ●❡♦❣r❛♣❤② ♦❢ ❘❡♠♦t❡ ❲♦r❦✱✑ ❘❡❣✐♦♥❛❧ ❙❝✐❡♥❝❡ ❛♥❞ ❯r❜❛♥

❊❝♦♥♦♠✐❝s ✶✵✵✱ ✶✵✸✽✼✽✳

▼❝❋❛❞❞❡♥✱ ❉✳ ✭✶✾✼✽✮✱ ✏❈♦st✱ ❘❡✈❡♥✉❡✱ ❛♥❞ Pr♦✜t ❋✉♥❝t✐♦♥s✱✑ ✐♥ ▼✳ ❋✉ss ❛♥❞ ❉✳ ▼❝❋❛❞❞❡♥

✭❡❞s✳✮✱ Pr♦❞✉❝t✐♦♥ ❊❝♦♥♦♠✐❝s✿ ❆ ❉✉❛❧ ❆♣♣r♦❛❝❤✱ ❱♦❧✳ ✶✱ ◆♦rt❤✲❍♦❧❧❛♥❞✱ ✸✕✶✵✾✳

▼✐❧❧s✱ ❊✳ ❙✳ ✭✶✾✻✼✮✱ ✏❆♥ ❆❣❣r❡❣❛t✐✈❡ ▼♦❞❡❧ ♦❢ ❘❡s♦✉r❝❡ ❆❧❧♦❝❛t✐♦♥ ✐♥ ❛ ▼❡tr♦♣♦❧✐t❛♥ ❆r❡❛✱✑

❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✺✼✱ ✶✾✼✕✷✶✵✳

▼✐②❛✉❝❤✐✱ ❨✳✱ ❑✳ ◆❛❦❛❥✐♠❛✱ ❛♥❞ ❙✳ ❏✳ ❘❡❞❞✐♥❣ ✭✷✵✷✺✮✱ ✏❚❤❡ ❊❝♦♥♦♠✐❝s ♦❢ ❙♣❛t✐❛❧ ▼♦❜✐❧✐t②✱✑

◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ✶✹✵✱ ✷✺✵✼✕✷✺✼✵✳

▼♦♥t❡✱ ❋✳✱ ❙✳ ❏✳ ❘❡❞❞✐♥❣✱ ❛♥❞ ❊✳ ❘♦ss✐✲❍❛♥s❜❡r❣ ✭✷✵✶✽✮✱ ✏❈♦♠♠✉t✐♥❣✱ ▼✐❣r❛t✐♦♥✱ ❛♥❞ ▲♦❝❛❧

❊♠♣❧♦②♠❡♥t ❊❧❛st✐❝✐t✐❡s✱✑ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✶✵✽✱ ✸✽✺✺✕✸✽✾✵✳

▼✉t❤✱ ❘✳ ❋✳ ✭✶✾✻✾✮✱ ❈✐t✐❡s ❛♥❞ ❍♦✉s✐♥❣✱ ❯♥✐✈❡rs✐t② ♦❢ ❈❤✐❝❛❣♦ Pr❡ss✳

◆❡✈♦✱ ❆✳ ❛♥❞ ❆✳ ❲♦♥❣ ✭✷✵✷✷✮✱ ✏❚❤❡ ❊❧❛st✐❝✐t② ♦❢ ❙✉❜st✐t✉t✐♦♥ ❜❡t✇❡❡♥ ❚✐♠❡ ❛♥❞ ▼❛r❦❡t

●♦♦❞s✱✑ ■♥t❡r♥❛t✐♦♥❛❧ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✻✸✱ ✾✻✶✕✾✽✹✳

P♦❧❧❛❦✱ ❘✳ ❆✳ ❛♥❞ ▼✳ ▲✳ ❲❛❝❤t❡r ✭✶✾✼✺✮✱ ✏❚❤❡ ❘❡❧❡✈❛♥❝❡ ♦❢ t❤❡ ❍♦✉s❡❤♦❧❞ Pr♦❞✉❝t✐♦♥

❋✉♥❝t✐♦♥✱✑ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠② ✽✸✱ ✷✺✺✕✷✼✼✳

❘❛♠❛♥✐✱ ❆✳ ❛♥❞ ◆✳ ❇❧♦♦♠ ✭✷✵✷✶✮✱ ✏❚❤❡ ❉♦♥✉t ❊✛❡❝t ♦❢ ❈❖❱■❉✲✶✾ ♦♥ ❈✐t✐❡s✱✑ ◆❇❊❘ ❲P

✷✽✽✼✻✳

❘♦❜❛❝❦✱ ❏✳ ✭✶✾✽✷✮✱ ✏❲❛❣❡s✱ ❘❡♥ts✱ ❛♥❞ t❤❡ ◗✉❛❧✐t② ♦❢ ▲✐❢❡✱✑ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②

✾✵✱ ✶✷✺✼✕✶✷✼✽✳

❘♦s❡♥✱ ❙✳ ✭✶✾✼✾✮✱ ✏❲❛❣❡✲❇❛s❡❞ ■♥❞❡①❡s ♦❢ ❯r❜❛♥ ◗✉❛❧✐t② ♦❢ ▲✐❢❡✱✑ ✐♥ P✳ ▼✐❡s③❦♦✇s❦✐ ❛♥❞

▼✳ ❙tr❛s③❤❡✐♠ ✭❡❞s✳✮✱ ❈✉rr❡♥t ■ss✉❡s ✐♥ ❯r❜❛♥ ❊❝♦♥♦♠✐❝s✱ ❏♦❤♥s ❍♦♣❦✐♥s✱ ✼✹✕✶✵✹✳

✺✶



❙❝❤r❡②❡r✱ P✳ ❛♥❞ ❲✳ ❊✳ ❉✐❡✇❡rt ✭✷✵✶✹✮✱ ✏❍♦✉s❡❤♦❧❞ Pr♦❞✉❝t✐♦♥✱ ▲❡✐s✉r❡✱ ❛♥❞ ▲✐✈✐♥❣ ❙t❛♥✲

❞❛r❞s✱✑ ✐♥ ❉✳ ❲✳ ❏♦r❣❡♥s♦♥✱ ❏✳ ❙✳ ▲❛♥❞❡❢❡❧❞✱ ❛♥❞ P✳ ❙❝❤r❡②❡r ✭❡❞s✳✮✱ ▼❡❛s✉r✐♥❣ ❊❝♦♥♦♠✐❝

Pr♦s♣❡r✐t② ❛♥❞ Pr♦❣r❡ss✱ ❯♥✐✈❡rs✐t② ♦❢ ❈❤✐❝❛❣♦ Pr❡ss✱ ♣♣✳ ✽✾✕✶✶✹✳

❙❤❡♣❤❛r❞✱ ❘✳ ❲✳ ✭✶✾✺✸✮✱ ❈♦st ❛♥❞ Pr♦❞✉❝t✐♦♥ ❋✉♥❝t✐♦♥s✱ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✳

❙❤✐♠✐③✉✱ ❈✳ ✭✷✵✷✻✮✱ ✏▼❡❛s✉r✐♥❣ ❘❡❣✐♦♥❛❧ ❲❡❧❢❛r❡ t❤r♦✉❣❤ ❛ ❙♣❛t✐❛❧ ❇❡❝❦❡r ▼♦❞❡❧✱✑ ✇♦r❦✐♥❣

♣❛♣❡r✱ ❍✐t♦ts✉❜❛s❤✐ ❯♥✐✈❡rs✐t②✳

❙t❛♥t♦♥✱ ❈✳ ❚✳ ❛♥❞ P✳ ❚✐✇❛r✐ ✭✷✵✷✶✮✱ ✏❍♦✉s✐♥❣ ❈♦♥s✉♠♣t✐♦♥ ❛♥❞ t❤❡ ❈♦st ♦❢ ❘❡♠♦t❡ ❲♦r❦✱✑

◆❇❊❘ ❲P ✷✽✹✽✸✳

❯③❛✇❛✱ ❍✳ ✭✶✾✺✽✮✱ ✏❚❤❡ ❑✉❤♥✲❚✉❝❦❡r ❚❤❡♦r❡♠ ✐♥ ❈♦♥❝❛✈❡ Pr♦❣r❛♠♠✐♥❣✱✑ ✐♥ ❑✳ ❏✳ ❆rr♦✇

❡t ❛❧✳ ✭❡❞s✳✮✱ ❙t✉❞✐❡s ✐♥ ▲✐♥❡❛r ❛♥❞ ◆♦♥❧✐♥❡❛r Pr♦❣r❛♠♠✐♥❣✱ ❙t❛♥❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✱

✸✷✕✸✼✳

✺✷



❖♥❧✐♥❡ ❆♣♣❡♥❞✐①

❈❤✐❤✐r♦ ❙❤✐♠✐③✉ ✖ ❍✐t♦ts✉❜❛s❤✐ ❯♥✐✈❡rs✐t② ✖ ▼❛r❝❤ ✷✵✷✻

❆♣♣❡♥❞✐① ❆✿ Pr♦♦❢s

❆✳✶✿ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✺ ✭◆◗ ❋❛❝t♦r ❉❡♠❛♥❞s✮

❉✐✛❡r❡♥t✐❛t❡ ✭✸✳✸✮ ✇✐t❤ r❡s♣❡❝t t♦ wn✳ ❲r✐t❡ f(w) = 1
2
w′Aw ❛♥❞ g(w) = α′w✳ ❚❤❡♥

∂f/∂wn = [Aw]n ✭✉s✐♥❣ s②♠♠❡tr② ♦❢ A✮ ❛♥❞ ∂g/∂wn = αn✳ ❇② t❤❡ q✉♦t✐❡♥t r✉❧❡✿

∂

∂wn

[
f

g

]

=
[Aw]n(α

′w)− 1
2
(w′Aw)αn

(α′w)2
=

[Aw]n
α′w

−
αn

2

w′Aw

(α′w)2
.

❆❞❞✐♥❣ dn(θ) ❣✐✈❡s ✭✸✳✻✮✳ ■

❆✳✷✿ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✻ ✭◆◗ ❊❧❛st✐❝✐t② ▼❛tr✐①✮

❉❡✜♥❡ vn ≡ [Aw]n ❛♥❞ a ≡ α′w ❛♥❞ Q ≡ w′Aw✳ ❋r♦♠ ❆✳✶✱ xn/Y
f = dn+vn/a−αnQ/(2a

2)✳

❉✐✛❡r❡♥t✐❛t✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ wj✿

❚❡r♠ ❢r♦♠ vn/a✿

∂

∂wj

[vn
a

]

=
anj
a

−
vnαj

a2
.

❚❡r♠ ❢r♦♠ −αnQ/(2a
2)✿

−
αn

2

∂

∂wj

[
Q

a2

]

= −
αn

2

[
2vj
a2

−
2Qαj

a3

]

= −
αnvj
a2

+
αnαjQ

a3
.

❙✉♠♠✐♥❣✿ ∂(xn/Y
f )/∂wj = anj/a− vnαj/a

2 − αnvj/a
2 + αnαjQ/a

3✳

■♥ ♠❛tr✐① ❢♦r♠✿ ∇
w
(x/Y f ) = A/a − Awα′/a2 − α(Aw)′/a2 + αα′Q/a3✳ ▼✉❧t✐♣❧②✐♥❣

❜② Y f ❣✐✈❡s ✭✸✳✶✵✮✳ ■

❖❆✲✶



❆✳✸✿ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✺ ✭❘❡♠♦t❡✲▲❛❜♦r ❇✐❛s✮

❚❤❡ r❡♠♦t❡✲t♦✲♦✣❝❡ r❛t✐♦ ✐s ρ ≡ (∂cΓ/∂wh)/(∂cΓ/∂wo)✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ θ ❛t

w = w0 ✭✇❤❡r❡ A(θ0)w0 = 0 ❜② ♥♦r♠❛❧✐③❛t✐♦♥✮✿

∂ρ

∂θ

∣
∣
∣
∣
w

0

=
d12 · d1(θ

0)− d11 · d2(θ
0)

(d1(θ0))2
+ t❡r♠s ✐♥✈♦❧✈✐♥❣ ∂A/∂θ.

❆t t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♣♦✐♥t✱ t❤❡ s✉❜st✐t✉t✐♦♥ t❡r♠s ✈❛♥✐s❤ ❜❡❝❛✉s❡ A(θ0)w0 = 0✳ ❚❤❡ s✐❣♥

♦❢ ∂ρ/∂θ ✐s ❞❡t❡r♠✐♥❡❞ ❜② d12d
0
1 − d11d

0
2✳ ❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ♣♦s✐t✐✈✐t② ✐s d12/d

0
2 > d11/d

0
1✱

✐✳❡✳✱ t❤❡ ♣r♦♣♦rt✐♦♥❛❧ ❡✛❡❝t ♦❢ θ ♦♥ t❤❡ r❡♠♦t❡ ❝♦❡✣❝✐❡♥t ❡①❝❡❡❞s t❤❛t ♦♥ t❤❡ ♦✣❝❡ ❝♦❡✣❝✐❡♥t✳

❚❤❡ str♦♥❣❡r s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ d12 > 0 > d11 ✐s ✐♠♠❡❞✐❛t❡✳ ■

❆✳✹✿ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✽ ✭❖✣❝❡ ❙♣❛❝❡ ❙❛✈✐♥❣✮

❋r♦♠ ✭✸✳✶✾✮✱ KO/Y
f = (∂cΓ/∂rK) · (∂c

Ξ/∂rO)✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ θ✿

∂(KO/Y
f )

∂θ
=

∂2cΓ

∂rK∂θ
·
∂cΞ

∂rO
.

✭❚❤❡ s❡❝♦♥❞ ❢❛❝t♦r ∂cΞ/∂rO ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ θ✳✮ ◆♦✇ ∂2cΓ/∂rK∂θ < 0 ✐❢ θ ✐♠♣r♦✈❡♠❡♥t

r❡❞✉❝❡s t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❝❛♣✐t❛❧✳ ❯♥❞❡r ❝♦♠♣❧❡♠❡♥t❛r✐t② ❜❡t✇❡❡♥ ♦✣❝❡

❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧ ✭∂2cΓ/∂wo∂rK > 0✮✱ ❛ r❡❞✉❝t✐♦♥ ✐♥ ♦✣❝❡ ❧❛❜♦r ❞❡♠❛♥❞ ✭❢r♦♠ ❤✐❣❤❡r θ✮

r❡❞✉❝❡s t❤❡ ❞❡r✐✈❡❞ ❞❡♠❛♥❞ ❢♦r ❝❛♣✐t❛❧✱ ❛♥❞ s♣❡❝✐✜❝❛❧❧② ❢♦r t❤❡ ♦✣❝❡✲s♣❛❝❡ ❝♦♠♣♦♥❡♥t ♦❢

❝❛♣✐t❛❧✳ ■

❆✳✺✿ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✸ ✭❙❛❞❞❧❡ P♦✐♥t✮

❚❤❡ ♦❜❥❡❝t✐✈❡ U i ✐s ❝♦♥❝❛✈❡ ✐♥ t❤❡ ❝❤♦✐❝❡ ✈❛r✐❛❜❧❡s✿ ui ✐s ❝♦♥❝❛✈❡ ❛s ❛ ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s

❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ ♦❢ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s ✭R,F,G,H,CCC , CEC✮❀ Ψi ✐s ❝♦♥❝❛✈❡ ❛♥❞ ✐♥❝r❡❛s✐♥❣

✐♥ ui❀ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ✐s ❝♦♥❝❛✈❡✳ ❚❤❡ ❝♦♥str❛✐♥ts ❛r❡ ❧✐♥❡❛r ✭♦r ❝♦♥❝❛✈❡✮✱ s♦ t❤❡ ❢❡❛s✐❜❧❡

s❡t ✐s ❝♦♥✈❡①✳ ❚❤❡ ❙❧❛t❡r ❈◗ ❤♦❧❞s✿ s❡t ❛❧❧ q✉❛♥t✐t✐❡s t♦ s♠❛❧❧ ♣♦s✐t✐✈❡ ✈❛❧✉❡s ✇✐t❤ ❜♦t❤

❖❆✲✷



❝♦♥str❛✐♥ts ❤♦❧❞✐♥❣ str✐❝t❧②✳ ❇② ❑❛r❧✐♥ ✭✶✾✺✾✮ ❛♥❞ ❯③❛✇❛ ✭✶✾✺✽✮✱ s❛❞❞❧❡✲♣♦✐♥t ♠✉❧t✐♣❧✐❡rs

λi∗ > 0 ❛♥❞ ωi∗ > 0 ❡①✐st✳ ❙tr✐❝t ♠♦♥♦t♦♥✐❝✐t② ♦❢ Ψi ✐♥ ui ❡♥s✉r❡s λi∗ > 0 ❛♥❞ ωi∗ > 0✳ ■

❆✳✻✿ ❉❡r✐✈❛t✐♦♥ ♦❢ ❋✐rst✲❖r❞❡r ❈♦♥❞✐t✐♦♥s ✭❙❡❝t✐♦♥ ✺✳✶✮

❚❤❡ ❤♦✉s❡❤♦❧❞✬s ♣r♦❜❧❡♠ ✐s st❛t❡❞ ✐♥ r❡❞✉❝❡❞ ❢♦r♠ ❛❢t❡r s✉❜st✐t✉t✐♥❣ t❤❡ ✐♥♥❡r ♦♣t✐♠❛ ❢♦r

Si∗
W ❛♥❞ qi∗IT ✭❘❡♠❛r❦ ✹✳✾✮✳ ❚❤❡ ▲❛❣r❛♥❣✐❛♥ ❢♦r t❤❡ ♦✉t❡r ♣r♦❜❧❡♠ ✐s✿

Li = Ψi
(
ui(· · · ), T o

l1, T
h
l1, Tl2, T

CC
l3 , TEC

l3

)

+ λ
[

woT o
l1 + w̃hT h

l1 + ni
3Ppension + Y i − pRqR − p2qk1 − p1qk2 − pHqH − wr

SqS

− pCCqCC − wr
CCqCS,CC − pECqEC − wr

ECqCS,EC − δ1ηT
o
l1d12 − δ2d13Tk2

]

+ ω
[

ni
2T − (1+ηd12)T

o
l1 − T h

l1 − Tl2 − TCC
l3 − TEC

l3 − Tk1 − (1+d13)Tk2

]

,

✇❤❡r❡ w̃h ≡ wh − cΩ(ρrR, pIT ) ✐s t❤❡ ♥❡t r❡♠♦t❡ ✇❛❣❡✱ ❛♥❞ pR = cR(ρrR, pD) t❤❡ ❤♦✉s✐♥❣ ✉♥✐t

❝♦st✳ ❚❤❡r❡ ✐s ♥♦ s♣❛❝❡ ♠✉❧t✐♣❧✐❡r ✐♥ t❤❡ ♦✉t❡r ♣r♦❜❧❡♠✿ t❤❡ t♦t❛❧ s♣❛❝❡ S̄i = Si∗
L + Si∗

W (T h
l1)

✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❤♦✉s✐♥❣ ❋❖❈ ❛♥❞ t❤❡ ✐♥♥❡r ♠✐♥✐♠✐③❛t✐♦♥✳ ❲❡ ❞❡✜♥❡ w∗i ≡ ω∗/λ∗ > 0

✇✐t❤ r❛✇ ✭✉♥♥♦r♠❛❧✐③❡❞✮ ♠✉❧t✐♣❧✐❡rs λ∗, ω∗ > 0✳

❋❖❈ ❢♦r ❣♦♦❞s ✭❛❧❧ st❛♥❞❛r❞✱ ❣✐✈✐♥❣ ❡q✉❛t✐♦♥s ✭✺✳✶✮✕✭✺✳✾✮✮✿

qR : Ψi
1u

i
1

∂ui

∂qR
= λ∗pR, qk1 : Ψi

1u
i
2F1 = λ∗p2, . . .

❋❖❈ ❢♦r T o
l1✿

Ψi
2 + λ∗(wo − δ1ηd12)− ω∗(1 + ηd12) = 0

=⇒ Ψi
2 = −λ∗(1 + ηd12)

(
wo − δ1ηd12
1 + ηd12

− w∗i

)

= −λ∗(1 + ηd12)(w̃
o − w∗i),

❣✐✈✐♥❣ ✭✺✳✶✺✮✳ ◆♦ r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ λ∗ ✐s ✉s❡❞❀ t❤❡ ❢❛❝t♦r (1 + ηd12) ✐s ❝❛rr✐❡❞ ❡①♣❧✐❝✐t❧②✳

❖❆✲✸



❋❖❈ ❢♦r T h
l1✿

Ψi
3 + λ∗w̃h − ω∗ = 0 =⇒ Ψi

3 = −λ∗(w̃h − w∗i),

❣✐✈✐♥❣ ✭✺✳✶✻✮✳ ❚❤❡ ♥❡t r❡♠♦t❡ ✇❛❣❡ w̃h ❛♣♣❡❛rs ❞✐r❡❝t❧② ❜❡❝❛✉s❡ pIT qIT ❛♥❞ ρrRSW ❤❛✈❡ ❜❡❡♥

❛❜s♦r❜❡❞ ✈✐❛ t❤❡ ✐♥♥❡r ♠✐♥✐♠✐③❛t✐♦♥✳

❋❖❈ ❢♦r Tl2, T
CC
l3 , TEC

l3 ✿ st❛♥❞❛r❞✱ ❣✐✈✐♥❣ ✭✺✳✶✷✮✕✭✺✳✶✹✮✳

❋❖❈ ❢♦r ❤♦✉s✐♥❣ s♣❛❝❡ Si
L✿ ❚❤❡ ❧✐✈✐♥❣ s♣❛❝❡ ❡♥t❡rs t❤❡ ♦✉t❡r ♣r♦❜❧❡♠ t❤r♦✉❣❤ qR =

R(Si
L, q

i
D) ✭❛❢t❡r ❤♦✉s✐♥❣ ❝♦st ♠✐♥✐♠✐③❛t✐♦♥✮✳ ❆t t❤❡ ♦♣t✐♠✉♠✿

λ∗pR ·
∂qR
∂SL

= λ∗pR ·
R1

cR
· ρrR = s❤❛❞♦✇ ✈❛❧✉❡ ♦❢ ❡①tr❛ S̄i,

✇❤✐❝❤ s✐♠♣❧✐✜❡s ✭✉s✐♥❣ pR = cR(ρrR, pD) ❛♥❞ ❙❤❡♣❤❛r❞✬s ▲❡♠♠❛ ∂cR/∂ρrR = SL/qR✮ t♦ t❤❡

❝♦♥❞✐t✐♦♥ Ψi
1u

i
1R1/λ

∗ = ρrR✱ ✐✳❡✳✱ t❤❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❧✐✈✐♥❣ s♣❛❝❡ ✭♠♦♥❡t✐③❡❞✮ ❡q✉❛❧s t❤❡

♣❡r✲✉♥✐t r❡♥t ✭✺✳✷✵✮✳

❘❡❝♦✈❡r② ♦❢ Si∗
W ❛♥❞ qi∗IT ✿ ❜② ❙❤❡♣❤❛r❞✬s ▲❡♠♠❛ ❛♣♣❧✐❡❞ t♦ cΩ✿

Si∗
W = T h∗

l1 ·
∂cΩ(ρrR, pIT )

∂ρrR
, qi∗IT = T h∗

l1 ·
∂cΩ(ρrR, pIT )

∂pIT
.

❚❤❡s❡ ❛r❡ ♥♦t ❋❖❈s ♦❢ t❤❡ ♦✉t❡r ♣r♦❜❧❡♠❀ t❤❡② ❛r❡ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ✐♥♥❡r ♠✐♥✐♠✐③❛✲

t✐♦♥ ✭✹✳✺✮✳ ■

❆✳✼✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✷ ✭❙❤❛❞♦✇✲Pr✐❝❡ ❇♦✉♥❞✮

❋r♦♠ ✭✺✳✶✺✮✿ Ψi
2 = −λ∗(1 + ηd12)(w̃

o − w∗i)✳ ❙✐♥❝❡ Ψi
2 ≤ 0 ❛♥❞ λ∗(1 + ηd12) > 0✱ ✇❡ ❣❡t

w̃o ≥ w∗i✳

❋r♦♠ ✭✺✳✶✻✮✿ Ψi
3 = −λ∗(w̃h − w∗i)✳ ❙✐♥❝❡ Ψi

3 ≤ 0 ❛♥❞ λ∗ > 0✱ ✇❡ ❣❡t w̃h ≥ w∗i✳

❋r♦♠ ✭✺✳✺✮ ❛♥❞ ✭✺✳✶✷✮✿ Ψi
1u

i
4H2 = λ∗wr

S ❛♥❞ Ψi
1u

i
4H2+Ψi

4 = λ∗w∗i✱ ❣✐✈✐♥❣ Ψi
4 = −λ∗(wr

S−

w∗i)✳ ❙✐♥❝❡ Ψi
4 ≤ 0✿ wr

S ≥ w∗i✳

❙✐♠✐❧❛r❧② ❢r♦♠ ✭✺✳✼✮ ❛♥❞ ✭✺✳✶✸✮✿ wr
CC ≥ w∗i❀ ❢r♦♠ ✭✺✳✾✮ ❛♥❞ ✭✺✳✶✹✮✿ wr

EC ≥ w∗i✳

❖❆✲✹



❈♦♠❜✐♥✐♥❣✿ w∗i ≤ min{wr
S, w

r
CC , w

r
EC , w̃

o, w̃h}✳ P♦s✐t✐✈✐t②✿ w∗i = ω∗/λ∗ > 0✳ ■

❆✳✽✿ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥s ✺✳✹✕✺✳✻ ✭❖✉ts♦✉r❝✐♥❣✮

❋♦r ❝❤✐❧❞❝❛r❡✿ ❛t ❛♥ ✐♥t❡r✐♦r q∗CS,CC > 0✱ ✭✺✳✼✮ ❤♦❧❞s ✇✐t❤ ❡q✉❛❧✐t②✿ Ψi
1u

i
5C

CC
2 = λ∗wr

CC ✳

❙✉❜tr❛❝t✐♥❣ ❢r♦♠ ✭✺✳✶✸✮✿ Ψi
5 = λ∗(w∗i − wr

CC)✱ s♦ |Ψi
5|/λ

∗ = wr
CC − w∗i✳ ❆t ❛ ❝♦r♥❡r

q∗CS,CC = 0✿ ❑❚ ✐♥❡q✉❛❧✐t② ❣✐✈❡s Ψi
1u

i
5C

CC
2 ≤ λ∗wr

CC ✱ s♦ w
∗i+ |Ψi

5|/λ
∗ < wr

CC ✳ ❊❧❞❡r❝❛r❡ ❛♥❞

❤♦✉s❡✇♦r❦ ♣r♦♦❢s ❛r❡ ✐❞❡♥t✐❝❛❧✳ ■

❆✳✾✿ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✼ ✭❙♣❛❝❡ ❆❧❧♦❝❛t✐♦♥✮

❋r♦♠ ✭✺✳✷✵✮✿ Ψi
1u

i
1R1(S

i∗
L , q

i∗
D)/λ

i∗ = ρrR✳ ❚❤❡ ❤♦♠❡✲♦✣❝❡ s♣❛❝❡ s❛t✐s✜❡s Si∗
W = T h∗

l1 · ∂cΩ/∂ρrR

❢r♦♠ t❤❡ ✐♥♥❡r ♠✐♥✐♠✐③❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ t❤❡ t♦t❛❧ s♣❛❝❡ S̄i∗ = Si∗
L +Si∗

W ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡

❤♦✉s✐♥❣ ❋❖❈ ❛♥❞ t❤❡ r❡♠♦t❡✲✇♦r❦ ❝❤♦✐❝❡ T h∗
l1 ✳ ❚❤❡ t❤r❡❡✲✇❛② ❡q✉❛❧✐t②

Ψi
1u

i
1R1

λi∗
= ρrR = wh ·

∂cΩ/∂ρrR
∂cΩ/∂wh

∣
∣
∣
∣
✐♥♥❡r ♦♣t

❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❡♥✈❡❧♦♣❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ✐♥♥❡r ♠✐♥✐♠✐③❛t✐♦♥ ✭t❤❡ ❧❛st ❡q✉❛❧✐t② ✐s t❤❡ r❛t✐♦

♦❢ ❙❤❡♣❤❛r❞ ❞❡r✐✈❛t✐✈❡s✮✳ ■

❆✳✶✵✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✾ ✭❋✉❧❧ ■♥❝♦♠❡ ■❞❡♥t✐t②✮

▼✉❧t✐♣❧② t❤❡ t✐♠❡ ❝♦♥str❛✐♥t ✭✹✳✶✻✮ ❜② w∗i = ω∗/λ∗ ❛♥❞ ❛❞❞ t♦ t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✭✹✳✶✼✮

❛t t❤❡ ♦♣t✐♠✉♠✳ ❚❤❡ ▲❍❙ ❣r♦✉♣s ❛s ❢♦❧❧♦✇s ✉s✐♥❣ ❞✉❛❧✐t②✿

❼ ❍♦✉s✐♥❣✿ pRq
i∗
R = pRq

i∗
R ✭❛❧r❡❛❞② ✐♥ r❡❞✉❝❡❞ ❢♦r♠✮✳

❼ ❍♦♠❡ ❧❡✐s✉r❡✿ p2q
∗
k1 + w∗iT ∗

k1 = P ∗
k1Q

∗
k1✳

❼ ❊①t❡r♥❛❧ ❧❡✐s✉r❡✿ p1q
∗
k2 + πi

k2T
∗
k2 = P̃ ∗

k2Q
∗
k2 ✭✇❤❡r❡ π

i
k2 = w∗i(1 + d13) + δ2d13✮✳

❼ ❍♦✉s❡✇♦r❦✿ pHq
∗
H + wr

S(q
∗
S + T ∗

l2) − w∗iT ∗
l2 = P ∗

HQ
∗
H − w∗iT ∗

l2❀ ❝♦❧❧❡❝t✐♥❣✿ ❛❞❞s (wr
S −

w∗i)T ∗
l2 t♦ ▲❍❙ s✉r♣❧✉s✳

❼ ❈❤✐❧❞❝❛r❡ ❛♥❞ ❡❧❞❡r❝❛r❡✿ ❛♥❛❧♦❣♦✉s❧② ❛❞❞ (wr
CC − w∗i)TCC∗

l3 ❛♥❞ (wr
EC − w∗i)TEC∗

l3 ✳

❖❆✲✺



❼ ❖✣❝❡ ✇♦r❦✿ −woT o∗
l1 + δ1ηd12T

o∗
l1 + w∗i(1 + ηd12)T

o∗
l1 = −(w̃o − w∗i)(1 + ηd12)T

o∗
l1 ❀

❝♦❧❧❡❝t✐♥❣✿ ❛❞❞s (w̃o − w∗i)(1 + ηd12)T
o∗
l1 t♦ ▲❍❙ s✉r♣❧✉s✳

❼ ❘❡♠♦t❡ ✇♦r❦✿ −w̃hT h∗
l1 + w∗iT h∗

l1 = −(w̃h − w∗i)T h∗
l1 ❀ ❝♦❧❧❡❝t✐♥❣✿ ❛❞❞s (w̃

h − w∗i)T h∗
l1 ✳

❚❤❡ ❤♦♠❡✲♦✣❝❡ ❡q✉✐♣♠❡♥t ❝♦st cΩT h∗
l1 ✐s ❛❧r❡❛❞② ❡♠❜❡❞❞❡❞ ✐♥ w̃h ❛♥❞ ❞♦❡s ♥♦t ❛♣♣❡❛r

s❡♣❛r❛t❡❧②✿ ✐t ❝❛♥❝❡❧s ❜❡t✇❡❡♥ t❤❡ ✐♥❝♦♠❡ s✐❞❡ ✭♥❡t r❡♠♦t❡ ✇❛❣❡✮ ❛♥❞ t❤❡ ❝♦st s✐❞❡ ✭♥♦

❡①♣❧✐❝✐t pIT qIT ♦r ρrRSW t❡r♠ ✐♥ t❤❡ r❡❞✉❝❡❞✲❢♦r♠ ❜✉❞❣❡t✮✳ ❈♦❧❧❡❝t✐♥❣ ❛❧❧ s✉r♣❧✉s t❡r♠s t♦

t❤❡ ▲❍❙ ❣✐✈❡s ✭✺✳✷✺✮✳ ■

❆✳✶✶✿ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶✷ ✭◆♦♥❤♦♠♦t❤❡t✐❝ ❙❤❛r❡s✮

❯♥❞❡r ui ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s ✐♥ (qR − q̄iR, Qk1, Qk2, QH , QCC − n1q̄CC , QEC − ni
3q̄EC)✱ t❤❡

✐♥❞✐r❡❝t ✉t✐❧✐t② ✐s V i = Ψi((FI i − cRq̄iR − · · · )/ei(P), . . .) ✇❤❡r❡ ei ✐s t❤❡ ✉♥✐t ❡①♣❡♥❞✐t✉r❡

❢✉♥❝t✐♦♥ ♦❢ ui✳ ❘♦②✬s ✐❞❡♥t✐t② ❛♣♣❧✐❡❞ t♦ t❤❡ ✏❡①❝❡ss✑ ✐♥❝♦♠❡ ❣✐✈❡s ❤♦✉s✐♥❣ ❞❡♠❛♥❞ ❛s q̄iR

♣❧✉s ❛ ❢r❛❝t✐♦♥ siR(P) ♦❢ ❡①❝❡ss ✐♥❝♦♠❡✳ ■

❆✳✶✷✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶ ✭❘❡♥t ●r❛❞✐❡♥t✮

❊♥✈❡❧♦♣❡ t❤❡♦r❡♠✿ ∂V i,r/∂dr12 = −λi∗(w∗i+δ1)ηT
o,i∗
l1 ✳ ❋r❡❡ ♠♦❜✐❧✐t②✿ Φi

1[∂V/∂pR ·∂p
∗
R/∂d12+

∂V/∂d12] = 0✳ ❲✐t❤ ∂V/∂pR = −λi∗qi∗R ✿ ∂p
∗
R/∂d12 = −(w∗i + δ1)ηT

o,i∗
l1 /qi∗R ✳ ■

❆✳✶✸✿ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✸ ✭❈❛r❡ ❈❛♣✐t❛❧✐③❛t✐♦♥✮

❊❛❝❤ ❢♦❧❧♦✇s ✐❞❡♥t✐❝❛❧❧② ❢r♦♠ t❤❡ ❡♥✈❡❧♦♣❡ t❤❡♦r❡♠✳ ❋♦r wr
CC ✿ ∂V/∂w

r
CC = −λi∗qi∗CS,CC ✱ s♦

∂p∗R/∂w
r
CC = −qi∗CS,CC/q

i∗
R ✳ ❋♦r w

r
EC ✿ ∂p

∗
R/∂w

r
EC = −qi∗CS,EC/q

i∗
R ✳ ■

❆✳✶✹✿ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✺ ✭❘❡♥t ❘♦t❛t✐♦♥✮

❘❡s✐❞❡♥t✐❛❧ s✐❞❡✿ θ ↑ =⇒ T h∗
l1 ↑ =⇒ S̄i∗ ↑ ✭❈♦r♦❧❧❛r② ✺✳✽✮ =⇒ ρrR ↑ ✭✉♣✇❛r❞✲s❧♦♣✐♥❣

s✉♣♣❧②✮✳ ❈♦♠♠❡r❝✐❛❧ s✐❞❡✿ θ ↑ =⇒ KO/Y
f ↓ ✭Pr♦♣♦s✐t✐♦♥ ✸✳✶✽✮ =⇒ rrO ↓ ✭✐♥❡❧❛st✐❝

s✉♣♣❧②✮✳ ■

❖❆✲✻



❆✳✶✺✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✹ ✭❙♦rt✐♥❣✮

P❛rt ✭❛✮✿ ❜② t❤❡ r❡♥t✲❣r❛❞✐❡♥t ❚❤❡♦r❡♠ ✻✳✶✱ ∂ψF/∂d12 = −(w∗F + δ1)ηT
o,F∗

l1 /qF∗
R < 0 s✐♥❝❡

T o,F∗

l1 = T F∗
l1 > 0✳

P❛rt ✭❜✮✿ |∂ψR/∂d12| = (w∗R + δ1)ηT
o,R∗

l1 /qR∗
R ✳ ❙✐♥❝❡ T o,R∗

l1 < T o,F∗

l1 ❜② ❛ss✉♠♣t✐♦♥ ❛♥❞

w∗✱ qR ❛r❡ ❝♦♠♣❛r❛❜❧❡ ❛❝r♦ss t②♣❡s ✭♦r ✇❡ ❤♦❧❞ t❤❡♠ ❡q✉❛❧ ❢♦r t❤❡ ❝♦♠♣❛r✐s♦♥✮✱ t❤❡ s❧♦♣❡ ✐s

✢❛tt❡r ❢♦r t②♣❡ R✳

P❛rt ✭❝✮✿ ❜② t❤❡ ❛ss✉♠♣t✐♦♥ ψF (0) ≥ ψR(0) ❛♥❞ t❤❡ s❧♦♣❡ ♦r❞❡r✐♥❣ ✐♥ ✭❜✮✱ t❤❡ ✐♥t❡r♠❡❞✐✲

❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠ ✐♠♣❧✐❡s ❡①✐st❡♥❝❡ ♦❢ ❛t ❧❡❛st ♦♥❡ ❝r♦ss✐♥❣ d̂12 s✉❝❤ t❤❛t ψF (d̂12) = ψR(d̂12)✳

❋♦r d12 < d̂12✱ t②♣❡ F ♦✉t❜✐❞s❀ ❢♦r d12 > d̂12✱ t②♣❡ R ♦✉t❜✐❞s✳ ❚❤✐s ❡st❛❜❧✐s❤❡s t❤❡ s♦rt✲

✐♥❣ ♣❛tt❡r♥✳ ✭❯♥✐q✉❡♥❡ss ❛♥❞ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ✉♣♣❡r ❡♥✈❡❧♦♣❡ r❡q✉✐r❡ ❛✣♥❡ ❜✐❞✲r❡♥ts ♦r

❛❞❞✐t✐♦♥❛❧ ♣❛r❛♠❡tr✐❝ ❛ss✉♠♣t✐♦♥s ♥♦t ✐♠♣♦s❡❞ ❤❡r❡✳✮ ■

❆✳✶✻✿ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✻ ✭❈❛r❡ ❙♦rt✐♥❣✮

✭❛✮ ❲✐t❤ ni
1 > 0✿ Qi

CC ≥ ni
1q̄CC ✳ ■❢ wr

CC = +∞✱ ❛❧❧ ❝❛r❡ ✐s s❡❧❢✲♣r♦✈✐❞❡❞✿ TCC,i∗
l3 ≥

ni
1q̄CC/C

CC
2 ✱ r❡q✉✐r✐♥❣ s✉✣❝✐❡♥t t✐♠❡✳ ❋♦r t✐❣❤t ❜✉❞❣❡ts✱ t❤✐s ✐s ✐♥❢❡❛s✐❜❧❡ =⇒ ❤♦✉s❡❤♦❧❞s

♠✉st ❧♦❝❛t❡ ✇❤❡r❡ wr
CC <∞✳

✭❜✮ ❆♥❛❧♦❣♦✉s ❢♦r ni
3 > 0✳

✭❝✮ ❋♦r r❡♠♦t❡✲❝❛♣❛❜❧❡ ❤♦✉s❡❤♦❧❞s✱ ❧♦✇❡r T o∗
l1 r❡❧❡❛s❡s ηT o∗

l1 d12 ❝♦♠♠✉t✐♥❣ t✐♠❡ ❛✈❛✐❧❛❜❧❡

❢♦r TCC
l3 ♦r TEC

l3 ✱ r❡❧❛①✐♥❣ t❤❡ t✐♠❡ ❝♦♥str❛✐♥t ❛♥❞ ♠❛❦✐♥❣ s❡❧❢✲❝❛r❡ ❢❡❛s✐❜❧❡ ✐♥ ♠♦r❡ r❡❣✐♦♥s✳

■

❆✳✶✼✿ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✼

(n1, n2, n3) = (0, 0, n3)✿ ♥♦ T
o
l1 ✐♥ t❤❡ ♣r♦❜❧❡♠✱ s♦ d12 ❛❜s❡♥t ❢r♦♠ ❛❧❧ ❝♦♥str❛✐♥ts✳ ❊♥✈❡❧♦♣❡✿

∂V 3,r/∂d12 = 0✱ ❤❡♥❝❡ ∂p∗R/∂d12 = 0✳ ❆❣❣r❡❣❛t❡ ❣r❛❞✐❡♥t ✐s ❛ ♣♦♣✉❧❛t✐♦♥✲✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡❀

❛❞❞✐♥❣ ♠♦r❡ ③❡r♦✲❣r❛❞✐❡♥t ❤♦✉s❡❤♦❧❞s r❡❞✉❝❡s t❤❡ ❛✈❡r❛❣❡✳ ■

❖❆✲✼



❆✳✶✽✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✷

✭❛✮ ❋❧❛tt❡♥✐♥❣✿ ❜② ❆✳✶✼✱ ♠♦r❡ ❡❧❞❡r❧②✲♦♥❧② ❤♦✉s❡❤♦❧❞s ❛❞❞ ③❡r♦ t♦ t❤❡ ❛❣❣r❡❣❛t❡ ❣r❛❞✐❡♥t✳

❆♠♦♥❣ ●❡♥❡r❛t✐♦♥✲✷ ❤♦✉s❡❤♦❧❞s✱ δE ↑ r❛✐s❡s ni
3✱ ✐♥❝r❡❛s✐♥❣ T

EC,i∗
l3 ❛♥❞ ✭✈✐❛ t✐♠❡ ❝♦♥str❛✐♥t✮

❞❡❝r❡❛s✐♥❣ T o,i∗
l1 ✱ ✢❛tt❡♥✐♥❣ ✐♥❞✐✈✐❞✉❛❧ ❣r❛❞✐❡♥ts✳

✭❜✮ ❇② ✭✻✳✻✮✱ r❡❣✐♦♥s ✇✐t❤ ❧♦✇ wr
EC ❤❛✈❡ ❤✐❣❤❡r r❡♥ts✳ ❆s δE r✐s❡s✱ ♠♦r❡ ❤♦✉s❡❤♦❧❞s ✈❛❧✉❡

❡❧❞❡r❝❛r❡ ❛❝❝❡ss✱ ✐♥❝r❡❛s✐♥❣ t❤❡ ♣r❡♠✐✉♠✳

✭❝✮ ∂V i,r/∂θ|n3>0 > ∂V i,r/∂θ|n3=0 ❜❡❝❛✉s❡ θ ❢r❡❡s ❝♦♠♠✉t✐♥❣ t✐♠❡ t❤❛t ✐s r❡❞✐r❡❝t❡❞ t♦

❡❧❞❡r❝❛r❡✱ ❛ ✉s❡ ✇✐t❤ ❤✐❣❤ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ✇❤❡♥ n3 > 0✳ ■

❆✳✶✾✿ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✹

▲❛❜♦r s✉♣♣❧②
∑
ni
2T ❞❡❝❧✐♥❡s✳ ■♥ t❤❡ ◆◗✱ ③❡r♦✲♣r♦✜t ❝♦♥❞✐t✐♦♥ pY = cΓ(w; θ) ❛♥❞ ❞❡♠❛♥❞s

✭✸✳✼✮✕✭✸✳✾✮ ❞❡t❡r♠✐♥❡w✳ ❘❡❞✉❝❡❞ ❧❛❜♦r s✉♣♣❧② r❛✐s❡s (wo, wh)✳ ❚❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ♦✣❝❡✲r❡♠♦t❡

s✉❜st✐t✉t✐♦♥ ❞❡♣❡♥❞s ♦♥ ∂(x2/x1)/∂w
o = [(x1∂x2/∂w

o − x2∂x1/∂w
o)/x21]✱ ✇❤✐❝❤ ✐♥✈♦❧✈❡s

a12(θ) ❢r♦♠ t❤❡ ◆◗ ❏❛❝♦❜✐❛♥ ✭✸✳✶✵✮✳ ■❢ a12 > 0✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ wo r❛✐s❡s x2/x1✳ ■

❆♣♣❡♥❞✐① ❇✿ ❊①t❡♥❞❡❞ ❈❛s❡ ❚❛①♦♥♦♠②

❚❤❡ ❢✉❧❧ ♠♦❞❡❧ ❤❛s ✜✈❡ ❜✐♥❛r② ♠❛r❣✐♥s✿ qS✱ qCS,CC ✱ qCS,EC ✱ T
o
l1✱ T

h
l1✳ ❚❤❡ ❡❝♦♥♦♠✐❝❛❧❧②

r❡❧❡✈❛♥t ❝❛s❡s ❛r❡✿

❖❆✲✽



❈❛s❡ qS qCS,CC qCS,EC T o
l1 T h

l1 ❉❡s❝r✐♣t✐♦♥

❘❲✶ > 0 > 0 > 0 > 0 > 0 ❋✉❧❧ ✐♥t❡r✐♦r ❤②❜r✐❞

❘❲✷ > 0 > 0 > 0 > 0 = 0 ❖✣❝❡✲♦♥❧② ✭❝♦♠♣❛♥✐♦♥ ♣❛♣❡r✱ ❈❛s❡ ✶✮

❘❲✸ > 0 > 0 > 0 = 0 > 0 ❋✉❧❧② r❡♠♦t❡ ✇♦r❦❡r

❘❲✹ = 0 > 0 > 0 > 0 > 0 ❙❡❧❢✲❤♦✉s❡✇♦r❦✱ ❝❛r❡ ♦✉ts♦✉r❝❡❞

❘❲✺ > 0 = 0 > 0 > 0 > 0 ❙❡❧❢✲❝❤✐❧❞❝❛r❡

❘❲✻ > 0 > 0 = 0 > 0 > 0 ❙❡❧❢✲❡❧❞❡r❝❛r❡

❘❲✼ = 0 = 0 = 0 > 0 > 0 ❆❧❧ s❡❧❢✲♣r♦❞✉❝t✐♦♥

❘❲✽ > 0 > 0 > 0 = 0 = 0 ◆♦♥✇♦r❦❡r ✭❡❧❞❡r❧②✲♦♥❧②✮

❈❛s❡ ❘❲✶ ✭✐♥t❡r✐♦r ❤②❜r✐❞ ✇♦r❦❡r✮✳ ❚❤✐s ✐s t❤❡ ♠❛✐♥ ❝❛s❡ ❛♥❛❧②③❡❞ ✐♥ t❤❡ t❡①t✳

❚❤❡ ♠♦❞✐✜❡❞ ❇❡❝❦❡r ❢✉❧❧ ✐♥❝♦♠❡ ✐s✿

F iτ
B =

woτni
2T

1+ηdτ12
+ ni

3P
τ
pension + Y iτ −

δτ1ηd
τ
12n

i
2T

1+ηdτ12
. ✭❆✳✶✮

❚❤❡ s②st❡♠ ❤❛s ✶✷ ❡①♣❡♥❞✐t✉r❡ s❤❛r❡s ✭❤♦✉s✐♥❣✱ ❤♦♠❡✲❧❡✐s✉r❡ ❣♦♦❞s✱ ❤♦♠❡✲❧❡✐s✉r❡ t✐♠❡✱

❡①t❡r♥❛❧✲❧❡✐s✉r❡ ❣♦♦❞s✱ ❡①t❡r♥❛❧✲❧❡✐s✉r❡ t✐♠❡✱ ❤♦✉s❡✇♦r❦ ❣♦♦❞s✱ ♣✉r❝❤❛s❡❞ ❤♦✉s❡✇♦r❦✱ ❝❤✐❧❞✲

❝❛r❡ ❣♦♦❞s✱ ♣✉r❝❤❛s❡❞ ❝❤✐❧❞❝❛r❡✱ ❡❧❞❡r❝❛r❡ ❣♦♦❞s✱ ♣✉r❝❤❛s❡❞ ❡❧❞❡r❝❛r❡✱ ❤♦✉s❡✇♦r❦ t✐♠❡✮ ♦❢

✇❤✐❝❤ ✶✶ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳

❈❛s❡ ❘❲✷ ✭♥❡st✐♥❣ t❤❡ ❝♦♠♣❛♥✐♦♥ ♣❛♣❡r✮✳ T h
l1 = 0 r❡❞✉❝❡s t♦ t❤❡ ❝♦♠♣❛♥✐♦♥

♣❛♣❡r ✇✐t❤ ❝❛r❡✳ ❚❤❡ s❤❛❞♦✇✲♣r✐❝❡ ❜♦✉♥❞ t✐❣❤t❡♥s t♦ w∗i ≤ min{wr
S, w

r
CC , w

r
EC , w̃

o}✳ ■❢

❛❞❞✐t✐♦♥❛❧❧② ni
1 = ni

3 = 0✱ t❤❡ ♠♦❞❡❧ r❡❞✉❝❡s ❡①❛❝t❧② t♦ t❤❡ ❝♦♠♣❛♥✐♦♥ ♣❛♣❡r✬s ❈❛s❡ ✶✳

❈❛s❡ ❘❲✽ ✭❡❧❞❡r❧②✲♦♥❧②✮✳ ◆♦ ✇♦r❦✐♥❣✲❛❣❡ ♠❡♠❜❡rs✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s✿

max Ψ3
(
u3(qR−q̄

3
R, Qk1, QEC−n

i
3q̄EC)

)

s✳t✳ ❜✉❞❣❡t ❛♥❞ t✐♠❡ ❝♦♥str❛✐♥ts ✇✐t❤♦✉t ❧❛❜♦r t❡r♠s✳

❚❤❡ ❜♦✉♥❞ ✐s w∗3 ≤ wr
EC ✳ ◆♦ ❝♦♠♠✉t✐♥❣ t❡r♠s ❛♣♣❡❛r✳

❖❆✲✾



❆♣♣❡♥❞✐① ❈✿ ◆◗ ❏♦✐♥t ❈♦st ❊st✐♠❛t✐♦♥ ❢♦r ❏❛♣❛♥✱ ✶✾✼✵✕

✷✵✷✸

❚❤✐s ❛♣♣❡♥❞✐① ♣r❡s❡♥ts t❤❡ ◆◗ ❥♦✐♥t ❝♦st ❢✉♥❝t✐♦♥ ❡st✐♠❛t✐♦♥ t❤❛t ✉♥❞❡r❧✐❡s t❤❡ ✜r♠✲s✐❞❡

♣❛r❛♠❡t❡rs ✉s❡❞ ✐♥ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ♦❢ ❙❡❝t✐♦♥ ✾✳✹✳ ❲❡ ❡st✐♠❛t❡ t❤❡ s②st❡♠ ♦♥ ❏❛♣❛♥❡s❡

♠❛❝r♦ ❞❛t❛ s♣❛♥♥✐♥❣ ✶✾✼✵✕✷✵✷✸ ✉s✐♥❣ t❤❡ r❛♥❦✲❡①♣❛♥s✐♦♥ ❝✉r✈❛t✉r❡ ❝♦rr❡❝t✐♦♥ ♦❢ ❉✐❡✇❡rt

❛♥❞ ❲❛❧❡s ✭✶✾✽✼✮ ❡①t❡♥❞❡❞ t♦ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ✐♥♣✉t ✈❡❝t♦rs✳

❈✳✵ ❚❤❡♦r❡t✐❝❛❧ ❋♦✉♥❞❛t✐♦♥s ♦❢ t❤❡ ◆♦r♠❛❧✐③❡❞ ◗✉❛❞r❛t✐❝ ❆♣♣r♦❛❝❤

❚❤❡ ❞✉❛❧✐t② ❢r❛♠❡✇♦r❦✳ ❚❤❡ ◆♦r♠❛❧✐③❡❞ ◗✉❛❞r❛t✐❝ ❛♣♣r♦❛❝❤ r❡sts ♦♥ t❤❡ ❝❧❛ss✐❝❛❧ ❞✉✲

❛❧✐t② ❜❡t✇❡❡♥ ♣r♦❞✉❝t✐♦♥ ❛♥❞ ❝♦st ❢✉♥❝t✐♦♥s ✭❙❤❡♣❤❛r❞✱ ✶✾✺✸❀ ▼❝❋❛❞❞❡♥✱ ✶✾✼✽❀ ❉✐❡✇❡rt✱

✷✵✷✷✮✳ ❯♥❞❡r ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡ ✭❈❘❙✮ ❛♥❞ ❝♦♠♣❡t✐t✐✈❡ ❢❛❝t♦r ♠❛r❦❡ts✱ ❛♥② ♣r♦❞✉❝✲

t✐♦♥ t❡❝❤♥♦❧♦❣② Γ s❛t✐s❢②✐♥❣ ❝♦♥❝❛✈✐t② ❛♥❞ ♠♦♥♦t♦♥✐❝✐t② ❛❞♠✐ts ❛ ❞✉❛❧ ✉♥✐t ❝♦st ❢✉♥❝t✐♦♥

cΓ(w)✱ ✇❤✐❝❤ ✐s t❤❡ ♠✐♥✐♠✉♠ ❝♦st ♣❡r ✉♥✐t ♦❢ ♦✉t♣✉t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✐♥♣✉t ♣r✐❝❡s w✳ ❈♦♥✲

❝❛✈✐t② ♦❢ cΓ ✐♥ w ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❧❛✇ ♦❢ ❞❡♠❛♥❞✳ ❙❤❡♣❤❛r❞✬s ▲❡♠♠❛ t❤❡♥ ❞❡❧✐✈❡rs ❢❛❝t♦r

❞❡♠❛♥❞ ❡q✉❛t✐♦♥s ❞✐r❡❝t❧②✿

xn
Y f

=
∂cΓ(w; θ)

∂wn

, n = 1, . . . , N,

✇✐t❤♦✉t r❡q✉✐r✐♥❣ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r✐♠❛❧ ❝♦st✲♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤✐s ♠❛❦❡s t❤❡

❝♦st✲❢✉♥❝t✐♦♥ ❛♣♣r♦❛❝❤ ✐❞❡❛❧ ❢♦r ❡♠♣✐r✐❝❛❧ ✇♦r❦✿ ♦♥❡ ❡st✐♠❛t❡s ❛ ♣❛rs✐♠♦♥✐♦✉s❧② ♣❛r❛♠❡t❡r✲

✐③❡❞ cΓ ❛♥❞ r❡❝♦✈❡rs ❛❧❧ s✉❜st✐t✉t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ t❤r♦✉❣❤ ✐ts ✜rst ❛♥❞ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s✳

❚❤❡ ❝❧❛ss ♦❢ ✢❡①✐❜❧❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s✳ ❆ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ✐s ✢❡①✐❜❧❡ ✐❢ ✐t ♣r♦✈✐❞❡s ❛

s❡❝♦♥❞✲♦r❞❡r ❧♦❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ ❛♥ ❛r❜✐tr❛r② t✇✐❝❡✲❝♦♥t✐♥✉♦✉s❧②✲❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥

❛t ❛ ❝❤♦s❡♥ r❡❢❡r❡♥❝❡ ♣♦✐♥t ✭❉✐❡✇❡rt ❛♥❞ ❲❛❧❡s✱ ✶✾✽✼✮✳ ❋❧❡①✐❜✐❧✐t② ✐s ✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ ✐t

❛❧❧♦✇s t❤❡ ❞❛t❛✱ r❛t❤❡r t❤❛♥ t❤❡ r❡s❡❛r❝❤❡r✱ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❞❡❣r❡❡ ❛♥❞ ♣❛tt❡r♥ ♦❢ s✉❜st✐✲

t✉t❛❜✐❧✐t② ❛♠♦♥❣ ✐♥♣✉ts✳ ❚❤❡ t❤r❡❡ ♠♦st ✇✐❞❡❧② ✉s❡❞ ✢❡①✐❜❧❡ ❝♦st ❢✉♥❝t✐♦♥s ❛r❡✿

❖❆✲✶✵



✶✳ ❚r❛♥s❧♦❣ ✭❈❤r✐st❡♥s❡♥✱ ❏♦r❣❡♥s♦♥✱ ❛♥❞ ▲❛✉✱ ✶✾✼✸✮✿ ln cΓ = a′ lnw+ 1
2
(lnw)′B(lnw)✳

▲♦❝❛❧❧② ✢❡①✐❜❧❡✱ ✇✐❞❡❧② ✉s❡❞✱ ❜✉t ✐♠♣♦s❡s ♥♦ ❣❧♦❜❛❧ r❡❣✉❧❛r✐t②✿ ❝♦♥❝❛✈✐t② ✈✐♦❧❛t✐♦♥s ❛r❡

❝♦♠♠♦♥ ✐♥ ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ♠✉st ❜❡ ❤❛♥❞❧❡❞ ♣♦st✲❡st✐♠❛t✐♦♥✳

✷✳ ●❡♥❡r❛❧✐③❡❞ ▲❡♦♥t✐❡❢ ✭❉✐❡✇❡rt✱ ✶✾✼✶✮✿ cΓ =
∑

n,j bnj(wnwj)
1/2✳ ●❧♦❜❛❧❧② ❝♦♥❝❛✈❡

❜② ❝♦♥str✉❝t✐♦♥ ✭✇❤❡♥ B ⪯ 0✮✱ ❜✉t t❤❡ ✐♠♣❧✐❝✐t r❡❣✉❧❛r✐t② r❡❣✐♦♥ ♠❛② ❜❡ r❡str✐❝t✐✈❡ ❛t

s❛♠♣❧❡ ♣r✐❝❡s ❢❛r ❢r♦♠ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♣♦✐♥t✳

✸✳ ◆♦r♠❛❧✐③❡❞ ◗✉❛❞r❛t✐❝ ✭❉✐❡✇❡rt ❛♥❞ ❲❛❧❡s✱ ✶✾✽✼✱ ✶✾✽✽✮✿ cΓ = w′d+ 1
2
w′Aw/(α′w)✳

●❧♦❜❛❧❧② ❝♦♥❝❛✈❡ ✇❤❡♥ A ⪯ 0✱ ❧♦❝❛❧❧② ✢❡①✐❜❧❡✱ ❛♥❞ ❧✐♥❡❛r ✐♥ ♣❛r❛♠❡t❡rs ❝♦♥❞✐t✐♦♥❛❧ ♦♥

α✖❡♥❛❜❧✐♥❣ ❡st✐♠❛t✐♦♥ ❜② st❛♥❞❛r❞ ❧✐♥❡❛r ♠❡t❤♦❞s✳

❚❤❡ ◆◗ ❞♦♠✐♥❛t❡s t❤❡ ❛❧t❡r♥❛t✐✈❡s ♦♥ t✇♦ ❞✐♠❡♥s✐♦♥s s✐♠✉❧t❛♥❡♦✉s❧②✿ ❣❧♦❜❛❧ r❡❣✉❧❛r✐t② ❛♥❞

❧✐♥❡❛r ❡st✐♠❛t✐♥❣ ❡q✉❛t✐♦♥s✳ ❚❤✐s ❝♦♠❜✐♥❛t✐♦♥ ✐s ✉♥✐q✉❡ ❛♠♦♥❣ ✢❡①✐❜❧❡ ❢♦r♠s ❛♥❞ ✐s t❤❡

♣r✐♠❛r② r❡❛s♦♥ ❢♦r ❝❤♦♦s✐♥❣ t❤❡ ◆◗ ✐♥ t❤✐s ♣❛♣❡r ❛♥❞ ✐♥ ❉✐❡✇❡rt✱ ◆♦♠✉r❛✱ ❛♥❞ ❙❤✐♠✐③✉

✭✷✵✷✺✮✳

▼❛t❤❡♠❛t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ◆◗ ❝♦st ❢✉♥❝t✐♦♥✳ ❚❤❡ ◆◗ ✉♥✐t ❝♦st ❢✉♥❝t✐♦♥ ✭❡q✳ ✸✳✸

✐♥ t❤❡ ♠❛✐♥ t❡①t✮ ✐s✿

cΓ(w; θ) = w′d(θ) +
1

2

w′A(θ)w

α′w
.

■ts ❦❡② ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♣❡rt✐❡s ❛r❡✿

✭✐✮ ▲✐♥❡❛r ❤♦♠♦❣❡♥❡✐t② ✐♥ w✿ ❚❤❡ ✜rst t❡r♠ w′d ✐s ❞❡❣r❡❡ ✶✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ❤❛s

♥✉♠❡r❛t♦r ♦❢ ❞❡❣r❡❡ ✷ ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ♦❢ ❞❡❣r❡❡ ✶✱ ❤❡♥❝❡ ❞❡❣r❡❡ ✶ ♦✈❡r❛❧❧✳ ❚❤✉s

cΓ(λw) = λcΓ(w) ❢♦r ❛❧❧ λ > 0✱ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ③❡r♦✲♣r♦✜t ❝♦♥❞✐t✐♦♥ ✉♥❞❡r ❈❘❙✳

✭✐✐✮ ●❧♦❜❛❧ ❝♦♥❝❛✈✐t② ✈✐❛ r❛♥❦ ❡①♣❛♥s✐♦♥✿ ❲r✐t✐♥❣ A(θ) = −U(θ)U(θ)′ ✇✐t❤ U(θ)′1 =

0✱ ✇❡ ❤❛✈❡ w′A(θ)w = −∥U(θ)′w∥2 ≤ 0 ❢♦r ❛❧❧ w ≥ 0✳ ❚❤✐s ❣✉❛r❛♥t❡❡s ❣❧♦❜❛❧

❝♦♥❝❛✈✐t② ♦❢ cΓ ✇✐t❤♦✉t ❛♥② r❡str✐❝t✐♦♥ ♦♥ t❤❡ ❞❛t❛ ♦r t❤❡ ♣r✐❝❡ r❡❣✐♦♥✳ ❚❤❡ ❝♦♥str❛✐♥t

U ′1 = 0 ❛❧s♦ ❡♥s✉r❡s A1 = 0✱ ✇❤✐❝❤ ✐s ♥❡❝❡ss❛r② ❢♦r ❧✐♥❡❛r ❤♦♠♦❣❡♥❡✐t②✳

✭✐✐✐✮ ❋❧❡①✐❜✐❧✐t②✿ ❆t ❛ r❡❢❡r❡♥❝❡ ♣r✐❝❡ ✈❡❝t♦r w0 ✇✐t❤ A(θ0)w0 = 0✱ t❤❡ ❍❡ss✐❛♥ ♦❢ cΓ ✇✐t❤

r❡s♣❡❝t t♦ w ❡q✉❛❧s A(θ0)/(α′w0)✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡t t♦ ❛♥② ♥❡❣❛t✐✈❡ s❡♠✐❞❡✜♥✐t❡ ♠❛tr✐①

❖❆✲✶✶



✭s✉❜❥❡❝t t♦ A1 = 0✮✳ ❚❤✐s ♠❡❛♥s t❤❡ ◆◗ ❝❛♥ ♠❛t❝❤ ❛♥② s❡❝♦♥❞✲♦r❞❡r ❜❡❤❛✈✐♦r ♦❢ ❛

tr✉❡ ❝♦st ❢✉♥❝t✐♦♥ ❛t w0✱ s❛t✐s❢②✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❧♦❝❛❧ ✢❡①✐❜✐❧✐t②✳

✭✐✈✮ ▲✐♥❡❛r✐t② ✐♥ ♣❛r❛♠❡t❡rs✿ ❙❤❡♣❤❛r❞✬s ▲❡♠♠❛ ❣✐✈❡s ❢❛❝t♦r✲s❤❛r❡ ❡q✉❛t✐♦♥s t❤❛t ❛r❡

❧✐♥❡❛r ✐♥ t❤❡ ❡❧❡♠❡♥ts ♦❢ d ❛♥❞ A ✭❝♦♥❞✐t✐♦♥❛❧ ♦♥ α✮✳ ❚❤✐s ♣❡r♠✐ts ❡st✐♠❛t✐♦♥ ❜②

✐t❡r❛t❡❞ s❡❡♠✐♥❣❧② ✉♥r❡❧❛t❡❞ r❡❣r❡ss✐♦♥ ✭■❙❯❘✮✱ ✇✐t❤ s②♠♠❡tr② ✭A = A′✮ ✐♠♣♦s❡❞ ❛s

❝r♦ss✲❡q✉❛t✐♦♥ ❝♦♥str❛✐♥ts✳

✭✈✮ ❚✐♠❡✲✈❛r②✐♥❣ t❡❝❤♥♦❧♦❣② ✈✐❛ s♣❧✐♥❡s✿ ❚❡❝❤♥✐❝❛❧ ❝❤❛♥❣❡ ✐s ♣❛r❛♠❡t❡r✐③❡❞ t❤r♦✉❣❤

♣✐❡❝❡✇✐s❡✲❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ♦❢ d(θ) ❛♥❞ A(θ) ♦♥ t❤❡ t❡❝❤♥♦❧♦❣② ✐♥❞❡① θ✱ ✇✐t❤ s♣❧✐♥❡

❦♥♦ts ❛t ✶✾✼✸✱ ✶✾✾✵✱ ✷✵✵✽✱ ❛♥❞ ✷✵✷✵ ✭s❡❡ ❆ss✉♠♣t✐♦♥ ✸✳✶✸ ✐♥ t❤❡ ♠❛✐♥ t❡①t✮✳ ❚❤✐s

❛❧❧♦✇s t❤❡ s✉❜st✐t✉t✐♦♥ str✉❝t✉r❡ t♦ ❡✈♦❧✈❡ ♦✈❡r t❤❡ ✜✈❡ t❡❝❤♥♦❧♦❣② r❡❣✐♠❡s ✐❞❡♥t✐✜❡❞

✐♥ ❏❛♣❛♥❡s❡ ❞❛t❛ ✇✐t❤♦✉t ❧♦s✐♥❣ t❤❡ ❣❧♦❜❛❧ r❡❣✉❧❛r✐t② ♣r♦♣❡rt✐❡s✳

❚❤❡ ▼♦r✐s❤✐♠❛ ❡❧❛st✐❝✐t② ❛♥❞ ✐ts r♦❧❡ ✐♥ t❤✐s ♣❛♣❡r✳ ❆ ❝❡♥tr❛❧ ♦✉t♣✉t ♦❢ t❤❡ ◆◗

❡st✐♠❛t✐♦♥ ✐s t❤❡ ▼♦r✐s❤✐♠❛ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥ ✭▼❊❙✮ ❜❡t✇❡❡♥ ✐♥♣✉t ♣❛✐rs✳ ❘❡❝❛❧❧

❢r♦♠ ❉❡✜♥✐t✐♦♥ ✸✳✽ ✐♥ t❤❡ ♠❛✐♥ t❡①t✿

σM
j→n ≡ Ex

nj − Ex
jj =

∂ ln(xn/xj)

∂ lnwj

∣
∣
∣
∣
Y f ,wk ̸=j ✜①❡❞

.

❚❤❡ ▼❊❙ ❤❛s ❛ ❞✐r❡❝t str✉❝t✉r❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥t ♠♦❞❡❧✳ ❋r♦♠ t❤❡ r❡♥t✲❣r❛❞✐❡♥t

❢♦r♠✉❧❛ ✭❚❤❡♦r❡♠ ✻✳✶ ✐♥ t❤❡ ♠❛✐♥ t❡①t✮✿

∂p∗rR
∂dr12

= −
(w∗i + δ1)ηT

o,i∗
l1

qi∗R
.

❚❤❡ ❦❡② ✈❛r✐❛❜❧❡ ✐s T o,i∗
l1 ✱ ♦✣❝❡ t✐♠❡✱ ✇❤✐❝❤ ❞❡❝❧✐♥❡s ✇❤❡♥ r❡♠♦t❡ ❧❛❜♦r ❜❡❝♦♠❡s ❝❤❡❛♣❡r

r❡❧❛t✐✈❡ t♦ ♦✣❝❡ ❧❛❜♦r✳ ■♥ t❤❡ ✜r♠✬s ❢❛❝t♦r ❞❡♠❛♥❞ s②st❡♠✱ ❛ r✐s❡ ✐♥ wo r❡❧❛t✐✈❡ t♦ wh

tr✐❣❣❡rs s✉❜st✐t✉t✐♦♥ ❢r♦♠ ♦✣❝❡ ❧❛❜♦r ✭▲✷✮ t♦ r❡♠♦t❡ ❧❛❜♦r ✭▲✶✮✿ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤✐s

s✉❜st✐t✉t✐♦♥ ✐s ♣r❡❝✐s❡❧② σM
L2→L1✳ ❆ ❧❛r❣❡r ▼❊❙ ♠❡❛♥s ❛ str♦♥❣❡r ❞❡❝❧✐♥❡ ✐♥ T o,i∗

l1 ❢♦r ❛

❣✐✈❡♥ ✇❛❣❡ ✐♥❝r❡❛s❡✱ ❛♠♣❧✐❢②✐♥❣ t❤❡ ✢❛tt❡♥✐♥❣ ♦❢ t❤❡ r❡♥t ❣r❛❞✐❡♥t✳ ❚❤❡ ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣
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t❤❛t σM
L2→L1 r♦s❡ ❢r♦♠ ✹✳✻✼✶ ✐♥ ✷✵✵✽✕✷✵✶✾ t♦ ✻✳✶✵✹ ✐♥ ✷✵✷✵✕✷✵✷✸ ✭❚❛❜❧❡ ❈✳✺✮ t❤✉s ❞✐r❡❝t❧②

q✉❛♥t✐✜❡s t❤❡ ♠❡❝❤❛♥✐s♠ t❤r♦✉❣❤ ✇❤✐❝❤ t❤❡ ❈❖❱■❉✲✶✾ ♣❛♥❞❡♠✐❝ ❛❝❝❡❧❡r❛t❡❞ r❡♥t✲❣r❛❞✐❡♥t

✢❛tt❡♥✐♥❣ ✐♥ ●r❡❛t❡r ❚♦❦②♦✳

❚❤❡♦r❡t✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥s r❡❧❛t✐✈❡ t♦ ♣r✐♦r ✇♦r❦✳ ❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ❆♣♣❡♥❞✐① ❈

♠❛❦❡s t❤r❡❡ ❝♦♥tr✐❜✉t✐♦♥s ❜❡②♦♥❞ ❉✐❡✇❡rt✱ ◆♦♠✉r❛✱ ❛♥❞ ❙❤✐♠✐③✉ ✭✷✵✷✺✮✿

✶✳ ❆❣❡✲❞✐s❛❣❣r❡❣❛t❡❞ ❧❛❜♦r✿ ❇② ❞✐st✐♥❣✉✐s❤✐♥❣ ❢♦✉r ❛❣❡ ❝♦❤♦rts ✭▲✶✿ ≤✷✾✱ ▲✷✿ ✸✵✕

✸✾✱ ▲✸✿ ✹✵✕✹✾✱ ▲✹✿ ✺✵✰✮✱ t❤❡ s②st❡♠ ❝❛♥ s❡♣❛r❛t❡❧② ✐❞❡♥t✐❢② s✉❜st✐t✉t❛❜✐❧✐t② ❜❡t✇❡❡♥

②♦✉♥❣ ✇♦r❦❡rs ✭t❤❡ ♣r✐♠❛r② r❡♠♦t❡✲✇♦r❦ ❛❞♦♣t❡rs✮ ❛♥❞ ♣r✐♠❡✲❛❣❡ ✇♦r❦❡rs✱ r❛t❤❡r t❤❛♥

tr❡❛t✐♥❣ ❛❧❧ ❧❛❜♦r ❛s ❛ s✐♥❣❧❡ ❤♦♠♦❣❡♥❡♦✉s ✐♥♣✉t✳

✷✳ ❏❛♣❛♥✲s♣❡❝✐✜❝ t❡❝❤♥♦❧♦❣② r❡❣✐♠❡s✿ ❚❤❡ s♣❧✐♥❡ ❦♥♦ts ❛r❡ ♣❧❛❝❡❞ ❛t t❤❡ ♦✐❧ ❝r✐s✐s

✭✶✾✼✸✮✱ t❤❡ ❛ss❡t✲♣r✐❝❡ ❜✉❜❜❧❡ ❝♦❧❧❛♣s❡ ✭✶✾✾✵✮✱ t❤❡ ❣❧♦❜❛❧ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ✭✷✵✵✽✮✱ ❛♥❞

t❤❡ ❈❖❱■❉✲✶✾ ♣❛♥❞❡♠✐❝ ✭✷✵✷✵✮✖r❡❣✐♠❡s t❤❛t ❛r❡ s♣❡❝✐✜❝ t♦ ❏❛♣❛♥❡s❡ ♠❛❝r♦❡❝♦♥♦♠✐❝

❤✐st♦r② ❛♥❞ ♥♦t ✐❞❡♥t✐❝❛❧ t♦ ❯❙ ❜✉s✐♥❡ss ❝②❝❧❡s✳

✸✳ ❊♥❞♦❣❡♥♦✉s r❛♥❦ s❡❧❡❝t✐♦♥✿ ❚❤❡ r❛♥❦ ♣❛✐r (rA, rB) = (4, 3) ✐s s❡❧❡❝t❡❞ ❜② ❧❡❛✈❡✲

♦♥❡✲♦✉t ❝r♦ss✲✈❛❧✐❞❛t✐♦♥ ♦♥ ♦✉t✲♦❢✲s❛♠♣❧❡ ▼❙❊✱ ♣r♦✈✐❞✐♥❣ ❛ ♣r✐♥❝✐♣❧❡❞ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥

✢❡①✐❜✐❧✐t② ✭❤✐❣❤❡r r❛♥❦✮ ❛♥❞ ♦✈❡r✜tt✐♥❣ ✭❧♦✇❡r ▼❙❊✮✳ ❚❤✐s ❡①t❡♥❞s t❤❡ ♣r♦❝❡❞✉r❡ ♦❢

❉✐❡✇❡rt ❛♥❞ ❲❛❧❡s ✭✶✾✽✼✮ t♦ t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐♣❧❡ r❡❣✐♠❡ ♠❛tr✐❝❡s✳

❲❡ ✉s❡ ❛♥♥✉❛❧ ❞❛t❛ ❢r♦♠ t❤❡ ❏❛♣❛♥ ■♥❞✉str✐❛❧ Pr♦❞✉❝t✐✈✐t② ✭❏■P✮ ❉❛t❛❜❛s❡ ❛♥❞ t❤❡

❏❛♣❛♥ ❙②st❡♠ ♦❢ ◆❛t✐♦♥❛❧ ❆❝❝♦✉♥ts ✭❙◆❆✮✱ ❝♦✈❡r✐♥❣ ✶✾✼✵✕✷✵✷✸ ✭T = 54 ♦❜s❡r✈❛t✐♦♥s✮✳

❖✉t♣✉t ✭Y f ✮ ✐s r❡❛❧ ❣r♦ss ✈❛❧✉❡ ❛❞❞❡❞ ❛t ❜❛s✐❝ ♣r✐❝❡s✳ ◆✐♥❡ ✐♥♣✉ts ❛r❡ ❞✐st✐♥❣✉✐s❤❡❞✿

❖❆✲✶✸



▲❛❜❡❧ ❱❛r✐❛❜❧❡ ❙♦✉r❝❡

▲✶ ▲❛❜♦✉r✿ ❛❣❡ ≤ 29 ✭❤♦✉rs × ❡♠♣❧♦②♠❡♥t✮ ❏■P

▲✷ ▲❛❜♦✉r✿ ❛❣❡ ✸✵✕✸✾ ❏■P

▲✸ ▲❛❜♦✉r✿ ❛❣❡ ✹✵✕✹✾ ❏■P

▲✹ ▲❛❜♦✉r✿ ❛❣❡ ✺✵✰ ❏■P

KICT ■❈❚ ❝❛♣✐t❛❧ s❡r✈✐❝❡s ❏■P

KSTR ❙tr✉❝t✉r❡s ❝❛♣✐t❛❧ s❡r✈✐❝❡s ❏■P

KOTH ❖t❤❡r ❡q✉✐♣♠❡♥t ❝❛♣✐t❛❧ s❡r✈✐❝❡s ❏■P

KME ▼❛❝❤✐♥❡r② ✫ ❡q✉✐♣♠❡♥t ❝❛♣✐t❛❧ s❡r✈✐❝❡s ❏■P

▲❛♥❞ ▲❛♥❞ s❡r✈✐❝❡s ✭✐♠♣✉t❡❞ r❡♥t❛❧✮ ▼▲■❚

❋♦✉r ♦✉t♣✉ts ❛r❡ ❞✐st✐♥❣✉✐s❤❡❞ ❢♦r t❤❡ ♦✉t♣✉t ♣r✐❝❡ ❞❡✢❛t♦r✿ ♣r✐✈❛t❡ ❝♦♥s✉♠♣t✐♦♥ ✭C✮✱ ❣♦✈✲

❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ ✭G✮✱ ✐♥✈❡st♠❡♥t ✭I✮✱ ❛♥❞ ❡①♣♦rts ✭X✮✳ ■♥♣✉t ♣r✐❝❡s ❛r❡ t❤❡ ❝♦rr❡s♣♦♥❞✲

✐♥❣ ❢❛❝t♦r ♣r✐❝❡ ✐♥❞❡①❡s ❢r♦♠ ❏■P✳ ❆❧❧ ♥♦♠✐♥❛❧ ✈❛❧✉❡s ❛r❡ ❞❡✢❛t❡❞ t♦ ✷✵✶✺ ❝♦♥st❛♥t ♣r✐❝❡s✳

❈✳✷ ❊st✐♠❛t✐♥❣ ❊q✉❛t✐♦♥s

❚❤❡ ◆◗ ✉♥✐t ❝♦st ❢✉♥❝t✐♦♥ ✭❡q✳ ✸✳✸ ✐♥ t❤❡ ♠❛✐♥ t❡①t✱ ❡①t❡♥❞❡❞ t♦ N = 9 ✐♥♣✉ts✮ ✐s✿

cΓ(w; θ) = w′d(θ) +
1

2

w′A(θ)w

α′w
, ✭❆✳✷✮

✇❤❡r❡w ∈ R
9
++ ✐s t❤❡ ✐♥♣✉t ♣r✐❝❡ ✈❡❝t♦r ❛♥❞ θ ✐♥❞❡①❡s t❤❡ t❡❝❤♥♦❧♦❣② r❡❣✐♠❡ ✈✐❛ t✐♠❡✲✈❛r②✐♥❣

s♣❧✐♥❡s ✇✐t❤ ❦♥♦ts ❛t τ ∈ {1973, 1990, 2008, 2020}✳

❙❤❡♣❤❛r❞✬s ▲❡♠♠❛ ❞❡❧✐✈❡rs N = 9 ❢❛❝t♦r ❞❡♠❛♥❞ s❤❛r❡ ❡q✉❛t✐♦♥s✿

sn ≡
wnxn
cΓY f

= wn

[

dn(θ) +
[A(θ)w]n

α′w
−
αn

2

w′A(θ)w

(α′w)2

]

, n = 1, . . . , 9. ✭❆✳✸✮

❇❡❝❛✉s❡ t❤❡ s❤❛r❡s s✉♠ t♦ ✉♥✐t②✱ ❡✐❣❤t ❡q✉❛t✐♦♥s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❲❡ ❡st✐♠❛t❡ t❤❡ s②st❡♠ ❜②

✐t❡r❛t❡❞ s❡❡♠✐♥❣❧② ✉♥r❡❧❛t❡❞ r❡❣r❡ss✐♦♥ ✭■❙❯❘✮✱ ✐♠♣♦s✐♥❣ t❤❡ s②♠♠❡tr② r❡str✐❝t✐♦♥ A = A′

❖❆✲✶✹



❛s ❛ ❝r♦ss✲❡q✉❛t✐♦♥ ❝♦♥str❛✐♥t✳

❈✉r✈❛t✉r❡✳ ●❧♦❜❛❧ ❝♦♥❝❛✈✐t② ♦❢ cΓ r❡q✉✐r❡s A(θ) ⪯ 0✳ ❲❡ ✐♠♣♦s❡ t❤✐s ✈✐❛ t❤❡ r❛♥❦✲

❡①♣❛♥s✐♦♥ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ A(θ) = −U(θ)U(θ)′✱ ✇❤❡r❡ U(θ) ✐s ❧♦✇❡r tr✐❛♥❣✉❧❛r s❛t✐s❢②✐♥❣

U(θ)′19 = 09 ✭❆ss✉♠♣t✐♦♥ ✸✳✸ ✐♥ t❤❡ ♠❛✐♥ t❡①t✱ ❡①t❡♥❞❡❞ t♦ N = 9✮✳ ❲✐t❤♦✉t t❤✐s r❡str✐❝✲

t✐♦♥✱ ❝✉r✈❛t✉r❡ ✈✐♦❧❛t✐♦♥s ♦❝❝✉r ✐♥ ✾✾✕✶✵✵✪ ♦❢ s❛♠♣❧❡ ②❡❛rs ✐♥ ✉♥❝♦♥str❛✐♥❡❞ ❡st✐♠❛t❡s✳

❘❛♥❦ ❡①♣❛♥s✐♦♥✳ ❋♦r N = 9 ✐♥♣✉ts✱ t❤❡ ❢✉❧❧✲r❛♥❦ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ ❤❛s 9(9+1)/2−9 = 36

❢r❡❡ ❡❧❡♠❡♥ts ✐♥ ❡❛❝❤ U(θ) ♠❛tr✐①✳ ❲❡ s❡❧❡❝t t❤❡ ♣r❡❢❡rr❡❞ r❛♥❦ ♣❛✐r (rA, rB) = (4, 3) ❜②

♠✐♥✐♠✐③✐♥❣ t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ♠❡❛♥ sq✉❛r❡❞ ❡rr♦r ✭▼❙❊✮ ✐♥ ❛ ❧❡❛✈❡✲♦♥❡✲♦✉t ❝r♦ss✲✈❛❧✐❞❛t✐♦♥✱

❢♦❧❧♦✇✐♥❣ ❉✐❡✇❡rt ❛♥❞ ❲❛❧❡s ✭✶✾✽✼✮✳ ❚❤❡ r❛♥❦✲❡①♣❛♥s✐♦♥ ❡st✐♠❛t♦r ❛❝❤✐❡✈❡s ❛♥ ▼❙❊ r❛t✐♦ ♦❢

0.643✕0.760 r❡❧❛t✐✈❡ t♦ t❤❡ ❢✉❧❧✲r❛♥❦ ❡st✐♠❛t♦r ❛♥❞ ♦✉t♣❡r❢♦r♠s t❤❡ ❢✉❧❧✲r❛♥❦ ✐♥ ✽✸✳✺✕✾✹✳✺✪

♦❢ ❜♦♦tstr❛♣ r❡♣❧✐❝❛t✐♦♥s✳

❈✳✸ ❙♣❡❝✐✜❝❛t✐♦♥ ❈♦♠♣❛r✐s♦♥

❚❛❜❧❡ ❈✳✶ ❝♦♠♣❛r❡s ❢♦✉r s♣❡❝✐✜❝❛t✐♦♥s✳ ❙♣❡❝✐✜❝❛t✐♦♥ ✸ ✭♥✐♥❡ ✐♥♣✉ts✱ ❛❣❡✲❞✐s❛❣❣r❡❣❛t❡❞✱ ✇✐t❤

❧❛♥❞✱ r❛♥❦ ♣❛✐r (4, 3)✮ ✐s t❤❡ ♣r❡❢❡rr❡❞ s♣❡❝✐✜❝❛t✐♦♥ ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✾✳✹✳

❚❛❜❧❡ ✸✿ ❙♣❡❝✐✜❝❛t✐♦♥ ❝♦♠♣❛r✐s♦♥✿ ◆◗ ❥♦✐♥t ❝♦st s②st❡♠✱ ❏❛♣❛♥ ✶✾✼✵✕✷✵✷✸

❙♣❡❝✳ ■♥♣✉ts N ❘❛♥❦ (rA, rB) ❈✉r✈✳ ❖❖❙ ▼❙❊

✶ ✹ ❧❛❜♦✉r ❝♦❤♦rts + ❝❛♣✐t❛❧ ✭♥♦ ❧❛♥❞✮ ✽ (3, 3) ✶✵✵✪ ✵✳✽✷✶

✷ ✹ ❧❛❜♦✉r + KICT + KOTH ✭♥♦ ❧❛♥❞✮ ✻ (3, 2) ✶✵✵✪ ✵✳✼✼✾

✸ ❆❧❧ ✾ ✐♥♣✉ts ✐♥❝❧✳ ❧❛♥❞ ❬♣r❡❢❡rr❡❞❪ ✾ (4, 3) ✶✵✵✪ ✵✳✻✹✸

✹ ❆❧❧ ✾ ✐♥♣✉ts✱ ❢✉❧❧ r❛♥❦✱ ♥♦ ❝✉r✈✳ ❝♦♥str✳ ✾ (9, 9) ✵✪ ✶✳✵✵✵

◆♦t❡s✿ ❈✉r✈✳ ❂ ❢r❛❝t✐♦♥ ♦❢ s❛♠♣❧❡ ②❡❛rs s❛t✐s❢②✐♥❣ A(θ) ⪯ 0✳ ❖❖❙ ▼❙❊ ❂ ❖✉t✲♦❢✲s❛♠♣❧❡ ▼❙❊ r❡❧❛t✐✈❡
t♦ ❙♣❡❝✳ ✹✳ (rA, rB)✿ ♥♦♥③❡r♦ ❝♦❧✉♠♥s ✐♥ U0✱ U1✳

❖❆✲✶✺



❚❛❜❧❡ ✹✿ ❆❣❡✕❛❣❡ ▼♦r✐s❤✐♠❛ ❡❧❛st✐❝✐t✐❡s✱ ❙♣❡❝✐✜❝❛t✐♦♥ ✸ ✭♠❡❛♥ ✶✾✼✵✕✷✵✷✸✮

❲❛❣❡ ♦❢ j r✐s❡s σM
j→L1 σM

j→L2 σM
j→L3 σM

j→L4

▲✶ ✭❛❣❡ ≤✷✾✮ ✖ ✷✳✷✷✸ ✖ ✖
✭✵✳✽✾✶✮

▲✷ ✭❛❣❡ ✸✵✕✸✾✮ ✸✳✵✼✶ ✖ ✖ ✷✳✵✹✼
✭✶✳✷✾✸✮ ✭✵✳✼✼✹✮

▲✸ ✭❛❣❡ ✹✵✕✹✾✮ ✷✳✺✾✻ ✖ ✖ ✖
✭✶✳✵✹✼✮

▲✹ ✭❛❣❡ ✺✵✰✮ −0.401 ✖ ✖ ✖
✭✵✳✷✽✸✮

◆♦t❡s✿ σM
j→i ≡ Ex

ij − Ex
jj ✭▼♦r✐s❤✐♠❛ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥✮✳ ❙t❛♥❞❛r❞ ❡rr♦rs ✐♥ ♣❛r❡♥t❤❡s❡s✱ ❝♦♠♣✉t❡❞

❜② ❞❡❧t❛ ♠❡t❤♦❞✳ ❖♥❧② st❛t✐st✐❝❛❧❧② r❡❧❡✈❛♥t ♣❛✐rs s❤♦✇♥❀ ✏✖✑ ❞❡♥♦t❡s ♣❛✐rs ♥♦t r❡♣♦rt❡❞ ❢♦r ❜r❡✈✐t② ♦r ♥♦t
st❛t✐st✐❝❛❧❧② ❞✐st✐♥❣✉✐s❤❛❜❧❡ ❢r♦♠ ③❡r♦ ❛t t❤❡ ✶✵✪ ❧❡✈❡❧✳ ❙❛♠♣❧❡ ♠❡❛♥ ♦✈❡r ✶✾✼✵✕✷✵✷✸✳

❚❛❜❧❡ ✺✿ ❈❛♣✐t❛❧✴▲❛♥❞ → ▲❛❜♦✉r ▼♦r✐s❤✐♠❛ ❡❧❛st✐❝✐t✐❡s ✭♠❡❛♥ ✶✾✼✵✕✷✵✷✸✮

❲❛❣❡ ♦❢ ❝❛♣✐t❛❧✴❧❛♥❞ r✐s❡s σM
K→L2 σM

K→L3

KME ✭▼❛❝❤✐♥❡r② ✫ ❡q✉✐♣♠❡♥t✮ ✵✳✼✶✽ ✵✳✾✹✽
✭✵✳✷✶✻✮ ✭✵✳✸✹✶✮

▲❛♥❞ ✵✳✵✺✺ ✵✳✷✸✹
✭✵✳✵✸✶✮ ✭✵✳✵✹✼✮

◆♦t❡s✿ ❆s ❚❛❜❧❡ ❈✳✷✳

❚❛❜❧❡ ✻✿ ▲❛❜♦✉r → ❈❛♣✐t❛❧✴▲❛♥❞ ▼♦r✐s❤✐♠❛ ❡❧❛st✐❝✐t✐❡s ✭♠❡❛♥ ✶✾✼✵✕✷✵✷✸✮

❲❛❣❡ ♦❢ ❧❛❜♦✉r r✐s❡s σM
L→KME

σM
L→▲❛♥❞

▲✶ ✭❛❣❡ ≤✷✾✮ ✖ ✶✳✹✵✼
✭✵✳✺✶✾✮

▲✷ ✭❛❣❡ ✸✵✕✸✾✮ ✶✳✾✹✹ ✖
✭✵✳✻✻✽✮

▲✸ ✭❛❣❡ ✹✵✕✹✾✮ ✷✳✵✸✶ ✖
✭✵✳✼✶✷✮

▲✹ ✭❛❣❡ ✺✵✰✮ ✵✳✺✼✾ ✖
✭✵✳✷✹✶✮

◆♦t❡s✿ ❆s ❚❛❜❧❡ ❈✳✷✳

❖❆✲✶✻



❈✳✹ ❆❣❡✕❆❣❡ ▼♦r✐s❤✐♠❛ ❊❧❛st✐❝✐t✐❡s ✭❚❛❜❧❡ ❈✳✷✮

❈✳✺ ❈❛♣✐t❛❧✴▲❛❜♦✉r ▼♦r✐s❤✐♠❛ ❊❧❛st✐❝✐t✐❡s ✭❚❛❜❧❡s ❈✳✸✕❈✳✹✮

❈✳✻ ❘❡❣✐♠❡ ❆✈❡r❛❣❡s ♦❢ ❑❡② ▼♦r✐s❤✐♠❛ ❊❧❛st✐❝✐t✐❡s ✭❚❛❜❧❡ ❈✳✺✮

❚❛❜❧❡ ❈✳✺ ❞❡❝♦♠♣♦s❡s t❤❡ ❢✉❧❧✲s❛♠♣❧❡ ❛✈❡r❛❣❡ ✐♥t♦ ✜✈❡ t❡❝❤♥♦❧♦❣② r❡❣✐♠❡s ❞❡✜♥❡❞ ❜② t❤❡

s♣❧✐♥❡ ❦♥♦ts✳ ❚❤❡ ❛❝❝❡❧❡r❛t✐♥❣ σM
L2→L1 ✐♥ t❤❡ ✷✵✷✵✕✷✵✷✸ ♣❛♥❞❡♠✐❝ r❡❣✐♠❡ ✐s t❤❡ ❦❡② ✐♥♣✉t t♦

t❤❡ r❡♥t✲❣r❛❞✐❡♥t ❝❛❧✐❜r❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✾✳✹✳

❚❛❜❧❡ ✼✿ ❘❡❣✐♠❡ ❛✈❡r❛❣❡s ♦❢ ❦❡② ▼♦r✐s❤✐♠❛ ❡❧❛st✐❝✐t✐❡s✱ ❙♣❡❝✐✜❝❛t✐♦♥ ✸

❘❡❣✐♠❡ σM
L2→L1 σM

L4→L1 σM
KME→L2 σM

▲❛♥❞→L3 σM
L2→KME

✶✾✼✵✕✶✾✼✷ ✵✳✺✾✺ ✵✳✵✻✵ ✶✳✼✷✶ ✵✳✵✾✶ ✵✳✻✼✹
✶✾✼✸✕✶✾✽✾ ✶✳✸✽✽ −0.023 ✵✳✾✺✼ ✵✳✶✽✺ ✶✳✵✽✷
✶✾✾✵✕✷✵✵✼ ✸✳✸✸✷ −0.351 ✵✳✺✼✹ ✵✳✷✽✻ ✷✳✷✵✷
✷✵✵✽✕✷✵✶✾ ✹✳✻✼✶ −0.874 ✵✳✹✸✾ ✵✳✷✺✼ ✷✳✺✽✵
✷✵✷✵✕✷✵✷✸ ✻✳✶✵✹ −1.158 ✵✳✹✸✹ ✵✳✷✹✺ ✸✳✹✾✵

◆♦t❡s✿ ❘❡❣✐♠❡ ❛✈❡r❛❣❡s ♦❢ t❤❡ t✐♠❡✲✈❛r②✐♥❣ ▼♦r✐s❤✐♠❛ ❡❧❛st✐❝✐t✐❡s ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ◆◗ ❙♣❡❝✐✲
✜❝❛t✐♦♥ ✸ ❡st✐♠❛t❡s✳ ❇♦❧❞❢❛❝❡ ❡♥tr✐❡s ❛r❡ ✉s❡❞ ❞✐r❡❝t❧② ✐♥ t❤❡ r❡♥t✲❣r❛❞✐❡♥t ❝❛❧✐❜r❛t✐♦♥ ♦❢ ❚❛❜❧❡ ✶
✭♠❛✐♥ t❡①t✱ ❙❡❝t✐♦♥ ✾✳✹✮✳ σM

L2→L1
✿ s✉❜st✐t✉t✐♦♥ ♦❢ r❡♠♦t❡ ❧❛❜♦✉r ✭▲✶✮ ❢♦r ♦✣❝❡ ❧❛❜♦✉r ✭▲✷✮ ✇❤❡♥

t❤❡ ▲✷ ✇❛❣❡ r✐s❡s✳ σM
L2→KME

✿ s✉❜st✐t✉t✐♦♥ ♦❢ ♠❛❝❤✐♥❡r② ❢♦r ♦✣❝❡ ❧❛❜♦✉r ✇❤❡♥ t❤❡ ▲✷ ✇❛❣❡ r✐s❡s✳

❚❤❡ ♠♦♥♦t♦♥❡ ✐♥❝r❡❛s❡ ✐♥ σM
L2→L1

❛❝r♦ss r❡❣✐♠❡s r❡✢❡❝ts t❤❡ ♣r♦❣r❡ss✐✈❡ ❞❡❡♣❡♥✐♥❣ ♦❢ r❡♠♦t❡✲✇♦r❦
❢❡❛s✐❜✐❧✐t② ✐♥ t❤❡ ❏❛♣❛♥❡s❡ ❡❝♦♥♦♠②✱ ✇✐t❤ ❛ str✉❝t✉r❛❧ ❜r❡❛❦ ❛t t❤❡ ✷✵✷✵ ❈❖❱■❉✲✶✾ s❤♦❝❦✳

❈✳✼ ❈❊❙ ❘❡str✐❝t✐♦♥ ❚❡st

❚❤❡ ❈❊❙ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐♠♣❧✐❡s t❤❛t ❛❧❧ ❆❧❧❡♥✕❯③❛✇❛ ❡❧❛st✐❝✐t✐❡s ♦❢ s✉❜st✐t✉t✐♦♥ ❛r❡

❡q✉❛❧ t♦ ❛ s✐♥❣❧❡ ❝♦♥st❛♥t σ = 1/(1 − ρ)✳ ❯♥❞❡r t❤❡ ❡st✐♠❛t❡❞ ◆◗ ❙♣❡❝✐✜❝❛t✐♦♥ ✸✱ t❤✐s

r❡str✐❝t✐♦♥ ✐s ❞❡❝✐s✐✈❡❧② r❡❥❡❝t❡❞✿ t❤❡ ❲❛❧❞ st❛t✐st✐❝ ❢♦r t❤❡ ❥♦✐♥t r❡str✐❝t✐♦♥ σM
nj = σ̄ ❢♦r

❛❧❧ (n, j) ♣❛✐rs ✐s χ2(35) = 184.3 ✭p < 0.001✮✱ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❯❙ ✜♥❞✐♥❣s ♦❢ ❉✐❡✇❡rt✱

◆♦♠✉r❛✱ ❛♥❞ ❙❤✐♠✐③✉ ✭✷✵✷✺✮✳ ❚❤✐s r❡❥❡❝t✐♦♥ ♠♦t✐✈❛t❡s t❤❡ ✉s❡ ♦❢ t❤❡ ◆◗ ✭r❛t❤❡r t❤❛♥ ❈❊❙✮

✐♥ t❤❡ ♠❛✐♥ ♠♦❞❡❧✳

❖❆✲✶✼
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