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Abstract

This paper develops a spatial extension of Becker's theory of time allocation,
building on the generalized household-production framework of Schreyer and Diewert
(2014). Households allocate time across market labor, household work, home leisure,
and external leisure at three locations: home, workplace, and amenity venues.
Commuting lowers the effective time endowment; leisure travel raises the full price
of external leisure. The shadow price of leisure is bounded by min{wrS,w}, extending
the result of Schreyer and Diewert (2014) to a spatial setting. I derive a spatial
full-income identity, equilibrium rent gradients with respect to eight parameters,
second-order properties of the rent function, and connect to superlative index
theory through a Regional Utility Index. An econometric framework for four corner-
solution regimes maps the model into observable data.
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✶✳✶ ❈♦♥tr✐❜✉t✐♦♥s

❚❤❡ ♣❛♣❡r ♠❛❦❡s ❢♦✉r ❝♦♥tr✐❜✉t✐♦♥s✳

❋✐rst✱ ■ ❞❡✈❡❧♦♣ ❛ s♣❛t✐❛❧ ❇❡❝❦❡r✲❉✐❡✇❡rt ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ t❤❡ ❤♦✉s❡❤♦❧❞ ❛❧❧♦❝❛t❡s t✐♠❡

❛❝r♦ss ♠❛r❦❡t ❧❛❜♦r✱ ❤♦✉s❡❤♦❧❞ ✇♦r❦✱ ❤♦♠❡ ❧❡✐s✉r❡✱ ❛♥❞ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ ❛t t❤r❡❡ ❧♦❝❛t✐♦♥s✿

❤♦♠❡ (S1)✱ ✇♦r❦♣❧❛❝❡ (S2)✱ ❛♥❞ ❛♠❡♥✐t② ✈❡♥✉❡s (S3)✳ ■♥ t❤❡ ✇♦r❦❡r r❡❣✐♠❡✱ ❝♦♠♠✉t✐♥❣ t♦

S2 ❛❜s♦r❜s ❛ ✜①❡❞ ❛♠♦✉♥t ♦❢ t✐♠❡ ❛♥❞ ♠♦♥❡② ❡❛❝❤ ♣❡r✐♦❞✱ ✇❤✐❧❡ ❛❝❝❡ss t♦ S3 r❛✐s❡s t❤❡ ❢✉❧❧

♣r✐❝❡ ♦❢ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ ✐♥ ♣r♦♣♦rt✐♦♥ t♦ ❧❡✐s✉r❡ tr❛✈❡❧✳

❙❡❝♦♥❞✱ ■ ❞❡r✐✈❡ t❤❡ ♠♦❞❡❧✬s ✇❡❧❢❛r❡ ♦❜❥❡❝ts✳ ❚❤❡ s❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❧❡✐s✉r❡ t✐♠❡✱ w∗✱ r❡♠❛✐♥s

❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② min{wS, w} ✐♥ t❤❡ ✇♦r❦❡r r❡❣✐♠❡ ❛♥❞ ❜② wS ❛❧♦♥❡ ✐♥ t❤❡ ♥♦♥✇♦r❦❡r

r❡❣✐♠❡✱ ❡①t❡♥❞✐♥❣ t❤❡ ❢♦✉r✲❝❛s❡ ❛♥❛❧②s✐s ♦❢ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✮ t♦ ❛ s♣❛t✐❛❧ s❡tt✐♥❣✳

■ ❞❡r✐✈❡ ❛ s♣❛t✐❛❧ ❢✉❧❧✲✐♥❝♦♠❡ ✐❞❡♥t✐t② ✐♥ ✇❤✐❝❤ ❝♦♠♠✉t✐♥❣ ❧♦✇❡rs ✇❡❧❢❛r❡ t❤r♦✉❣❤ ❜♦t❤ t❤❡

t✐♠❡ ♦♣♣♦rt✉♥✐t② ❝♦st w∗d12 ❛♥❞ t❤❡ ♠♦♥❡t❛r② ❝♦st δ1d12✳ ❋r❡❡ ♠♦❜✐❧✐t② ❛❝r♦ss r❡❣✐♦♥s

t❤❡♥ ②✐❡❧❞s ❝❧♦s❡❞✲❢♦r♠ ❜✐❞✲r❡♥t ❣r❛❞✐❡♥ts ✇✐t❤ r❡s♣❡❝t t♦ ❝♦♠♠✉t✐♥❣ ❞✐st❛♥❝❡✱ ❛♠❡♥✐t②

❞✐st❛♥❝❡✱ t❤❡ ♣r✐❝❡ ♦❢ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s✱ ❛♥❞ t❤❡ ❧❡✈❡❧ ♦❢ ❧♦❝❛❧ ❛♠❡♥✐t✐❡s✳ ❚❤❡ s❡❝♦♥❞✲♦r❞❡r

♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡♥t ❢✉♥❝t✐♦♥ ✭❝♦♥✈❡①✐t②✱ ❝♦♥❝❛✈✐t②✱ ❛♥❞ ❝r♦ss✲❡✛❡❝ts✮ ❛r❡ ❛♥❛❧②③❡❞ ✉♥❞❡r

s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ♦♥ ❤♦✉s✐♥❣ ❞❡♠❛♥❞ ❛♥❞ s❤❛❞♦✇ ♣r✐❝❡s❀ t❤❡ s✐❣♥ ♦❢ ❡❛❝❤ s❡❝♦♥❞✲♦r❞❡r

❡✛❡❝t ❞❡♣❡♥❞s ♦♥ ✐❞❡♥t✐✜❛❜❧❡ ❡♠♣✐r✐❝❛❧ ♠❛❣♥✐t✉❞❡s ❛♥❞ ✐s ♥♦t s✐❣♥✲❞❡t❡r♠✐♥❛t❡ ✇✐t❤♦✉t

♣❛r❛♠❡tr✐❝ ❛ss✉♠♣t✐♦♥s✳

❚❤✐r❞✱ ■ s❤♦✇ t❤❛t ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s ❤♦✉s❡❤♦❧❞ ♣r♦❞✉❝t✐♦♥ ❝r❡❛t❡s ❛ ❞✐r❡❝t ❜r✐❞❣❡ t♦

s✉♣❡r❧❛t✐✈❡ ✐♥❞❡① ♥✉♠❜❡r t❤❡♦r②✳ ❋✐s❤❡r ❛♥❞ ❚ör♥q✈✐st ✐♥❞❡①❡s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❛❣❣r❡❣❛t❡

t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ ❢✉❧❧ ❝♦♥s✉♠♣t✐♦♥ ✇✐t❤♦✉t ❢✉❧❧② ♣❛r❛♠❡t❡r✐③✐♥❣ t❤❡ ❛❣❣r❡❣❛t♦r ❢✉♥❝t✐♦♥s✳

❚❤✐s ❧❡❛❞s t♦ ❛ ❘❡❣✐♦♥❛❧ ❯t✐❧✐t② ■♥❞❡① ✭❘❯■✮ t❤❛t ✐s t❤❡♦r❡t✐❝❛❧❧② ❣r♦✉♥❞❡❞ ❛♥❞ s✉✐t❛❜❧❡ ❢♦r

❝r♦ss✲r❡❣✐♦♥❛❧ ✇❡❧❢❛r❡ ❝♦♠♣❛r✐s♦♥s✱ ✐♥❝❧✉❞✐♥❣ ♠✉❧t✐❧❛t❡r❛❧ ❛♥❞ ✐♥t❡rt❡♠♣♦r❛❧ ❡①t❡♥s✐♦♥s ✈✐❛

t❤❡ ●❊❑❙ ♠❡t❤♦❞✳

❋♦✉rt❤✱ ■ ❞❡✈❡❧♦♣ ❛♥ ❡❝♦♥♦♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ❢r❛♠❡✇♦r❦ ❜❛s❡❞ ♦♥ t❤❡ ♣r✐♠❛❧ ❛♣♣r♦❛❝❤ ♦❢

❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✮✱ ❡①t❡♥❞❡❞ t♦ t❤❡ s♣❛t✐❛❧ ♠♦❞❡❧✳ ❚❤❡ s❤❛r❡ ❡q✉❛t✐♦♥s ❞❡r✐✈❡❞

❢r♦♠ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ♣r♦✈✐❞❡ ❛ s②st❡♠ ♦❢ ✐♥✈❡rs❡ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥s t❤❛t ❝❛♥ ❜❡
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❡st✐♠❛t❡❞ ❜② ♥♦♥❧✐♥❡❛r s❡❡♠✐♥❣❧② ✉♥r❡❧❛t❡❞ r❡❣r❡ss✐♦♥s✳ ❋♦✉r r❡❣✐♠❡s ❛r❡ ❛♥❛❧②③❡❞✱ ❝♦rr❡✲

s♣♦♥❞✐♥❣ t♦ ❞✐✛❡r❡♥t ❝♦r♥❡r s♦❧✉t✐♦♥s ✐♥ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ♣✉r❝❤❛s❡s ❛♥❞ ❧❛❜♦r s✉♣♣❧②✱ ✇✐t❤

❡❛❝❤ r❡❣✐♠❡ ②✐❡❧❞✐♥❣ ❛ ❞✐st✐♥❝t s❡t ♦❢ ❡st✐♠❛t✐♥❣ ❡q✉❛t✐♦♥s✳

✶✳✷ ❘❡❧❛t❡❞ ▲✐t❡r❛t✉r❡

❚❤✐s ♣❛♣❡r ❝♦♥tr✐❜✉t❡s t♦ ✜✈❡ ❧✐t❡r❛t✉r❡s✳

❚✐♠❡ ❛❧❧♦❝❛t✐♦♥ ❛♥❞ ❤♦✉s❡❤♦❧❞ ♣r♦❞✉❝t✐♦♥✳ ❇❡❝❦❡r ✭✶✾✻✺✮ ✐♥✐t✐❛t❡❞ t❤❡ ❡❝♦♥♦♠✐❝

❛♥❛❧②s✐s ♦❢ t✐♠❡ ❛❧❧♦❝❛t✐♦♥ ❜② tr❡❛t✐♥❣ ❤♦✉s❡❤♦❧❞s ❛s ♣r♦❞✉❝❡rs ♦❢ ✜♥❛❧ ❝♦♠♠♦❞✐t✐❡s t❤❛t

❝♦♠❜✐♥❡ ♠❛r❦❡t ❣♦♦❞s ❛♥❞ t✐♠❡✳ P♦❧❧❛❦ ❛♥❞ ❲❛❝❤t❡r ✭✶✾✼✺✱ ✶✾✼✼✮ ❡♠♣❤❛s✐③❡❞ t❤❡ ✐♠♣♦r✲

t❛♥❝❡ ♦❢ ❞✐r❡❝t ❞✐s✉t✐❧✐t② ❢r♦♠ ❤♦✉s❡❤♦❧❞ ✇♦r❦ ❛♥❞ t❤❡ ❧✐♠✐ts ♦❢ ♠❛r❦❡t s✉❜st✐t✉t❡s✳ ❇❛r♥❡tt

✭✶✾✼✼✮ ❞❡✈❡❧♦♣❡❞ t❤❡ ❛♣♣r♦❛❝❤ ❢✉rt❤❡r✳ ●r♦♥❛✉ ✭✶✾✼✼✮ ❞✐st✐♥❣✉✐s❤❡❞ ❜❡t✇❡❡♥ ♠❛r❦❡t ✇♦r❦✱

❤♦♠❡ ♣r♦❞✉❝t✐♦♥✱ ❛♥❞ ❧❡✐s✉r❡✱ ✇❤✐❧❡ ❍❡❝❦♠❛♥ ✭✶✾✼✹✮ ❛♥❛❧②③❡❞ s❤❛❞♦✇ ♣r✐❝❡s ❛♥❞ ❝♦r♥❡r

s♦❧✉t✐♦♥s ✐♥ ❛ ❧❛❜♦r s✉♣♣❧② ❝♦♥t❡①t✳ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✮ ♣r♦✈✐❞❡❞ t❤❡ ♠♦st ❣❡♥❡r❛❧

tr❡❛t♠❡♥t ♦❢ ❧❡✐s✉r❡✱ ❤♦✉s❡❤♦❧❞ ✇♦r❦✱ ❛♥❞ ♠❛r❦❡t ❧❛❜♦r ✇✐t❤ ❝♦r♥❡r s♦❧✉t✐♦♥s✱ ❞❡r✐✈✐♥❣ t❤❡

❢♦✉r✲❝❛s❡ t❛①♦♥♦♠② t❤❛t t❤❡ ♣r❡s❡♥t ♣❛♣❡r ❡①t❡♥❞s s♣❛t✐❛❧❧②✳

❚✇♦ ❢❡❛t✉r❡s ♦❢ t❤❡ ❉✐❡✇❡rt ❢r❛♠❡✇♦r❦ ❛r❡ ❝❡♥tr❛❧ t♦ t❤✐s ♣❛♣❡r✳ ❋✐rst✱ t❤❡ s❤❛❞♦✇

♣r✐❝❡ ♦❢ ❧❡✐s✉r❡ w∗ ✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② min{wS, w}✱ ✇❤✐❝❤ ❞✐✛❡rs ❢r♦♠ ❇❡❝❦❡r✬s ✐♠♣❧✐❝✐t

❛ss✉♠♣t✐♦♥ t❤❛t w∗ = w✳ ❙❡❝♦♥❞✱ t❤❡ ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s ❤♦✉s❡❤♦❧❞ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s

❝♦♥♥❡❝t ❞✐r❡❝t❧② t♦ ✐♥❞❡① ♥✉♠❜❡r t❤❡♦r②✖❛ ❧✐♥❦ t❤❛t ✐s ♥♦t ❛✈❛✐❧❛❜❧❡ ✐♥ ♠♦❞❡❧s ✇✐t❤ ♠♦r❡

❣❡♥❡r❛❧ ♣r♦❞✉❝t✐♦♥ str✉❝t✉r❡s✳ ❚❤❡ ♣r❡s❡♥t ♣❛♣❡r ♣r❡s❡r✈❡s ❜♦t❤ ❢❡❛t✉r❡s ✇❤✐❧❡ ✐♥tr♦❞✉❝✐♥❣

❛♥ ❡①♣❧✐❝✐t s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥✳

❯r❜❛♥ s♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡ ♠♦♥♦❝❡♥tr✐❝ ❝✐t② ♠♦❞❡❧ ♦❢ ❆❧♦♥s♦ ✭✶✾✻✹✮✱ ▼✉t❤ ✭✶✾✻✾✮✱

❛♥❞ ▼✐❧❧s ✭✶✾✻✼✮ ✐s t❤❡ ❢♦✉♥❞❛t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ❢♦r ✉♥❞❡rst❛♥❞✐♥❣ ✉r❜❛♥ ❧❛♥❞ r❡♥ts✳ ■♥ t❤❡s❡

♠♦❞❡❧s✱ r❡♥ts ❞❡❝❧✐♥❡ ✇✐t❤ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❝❡♥tr❛❧ ❜✉s✐♥❡ss ❞✐str✐❝t ✭❈❇❉✮ t♦ ❝♦♠♣❡♥s❛t❡

❝♦♠♠✉t❡rs ❢♦r ❤✐❣❤❡r tr❛✈❡❧ ❝♦sts✳ ❋✉❥✐t❛ ✭✶✾✽✾✮ ♣r♦✈✐❞❡s ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ tr❡❛t♠❡♥t ♦❢ t❤❡

♠♦♥♦❝❡♥tr✐❝ ♠♦❞❡❧ ❛♥❞ ✐ts ❡①t❡♥s✐♦♥s✳

✹



❚❤❡ s②st❡♠✲♦❢✲❝✐t✐❡s ❧✐t❡r❛t✉r❡✱ ✐♥✐t✐❛t❡❞ ❜② ❘♦s❡♥ ✭✶✾✼✾✮ ❛♥❞ ❘♦❜❛❝❦ ✭✶✾✽✷✮✱ ❡①t❡♥❞s

t❤✐s ❢r❛♠❡✇♦r❦ t♦ ♠✉❧t✐♣❧❡ ❝✐t✐❡s ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❛♠❡♥✐t✐❡s✳ ❆❧❜♦✉② ✭✷✵✶✻✮ ♣r♦✈✐❞❡s

❛ ❝❛r❡❢✉❧ ❡♠♣✐r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ t❤❛t ❛❝❝♦✉♥ts ❢♦r t❤❡ ❥♦✐♥t ❝❛♣✐t❛❧✐③❛t✐♦♥ ♦❢ ❛♠❡♥✐t✐❡s

✐♥t♦ ✇❛❣❡s ❛♥❞ r❡♥ts✳ ❉✐❛♠♦♥❞ ✭✷✵✶✻✮ ✐♥tr♦❞✉❝❡s ❤❡t❡r♦❣❡♥❡♦✉s ♣r❡❢❡r❡♥❝❡s ❛♥❞ s❦✐❧❧✲❜❛s❡❞

s♦rt✐♥❣✳ ▼♦♥t❡✱ ❘❡❞❞✐♥❣✱ ❛♥❞ ❘♦ss✐✲❍❛♥s❜❡r❣ ✭✷✵✶✽✮ ❞❡✈❡❧♦♣ ❛ q✉❛♥t✐t❛t✐✈❡ s♣❛t✐❛❧ ♠♦❞❡❧

✇✐t❤ ❝♦♠♠✉t✐♥❣✳

▼② ❝♦♥tr✐❜✉t✐♦♥ ❞✐✛❡rs ❢r♦♠ t❤✐s ❧✐t❡r❛t✉r❡ ✐♥ t✇♦ r❡s♣❡❝ts✳ ❋✐rst✱ ■ ❞❡r✐✈❡ t❤❡ ❜✐❞✲

r❡♥t ❢✉♥❝t✐♦♥ ❢r♦♠ ❛ ❇❡❝❦❡r✐❛♥ t✐♠❡✲❛❧❧♦❝❛t✐♦♥ ♣r♦❜❧❡♠ r❛t❤❡r t❤❛♥ ❢r♦♠ ❛ r❡❞✉❝❡❞✲❢♦r♠

✉t✐❧✐t② ❢✉♥❝t✐♦♥ ♦✈❡r ✐♥❝♦♠❡ ❛♥❞ ❤♦✉s✐♥❣✱ s♦ t❤❛t t❤❡ ✇❡❧❢❛r❡ ❝♦st ♦❢ ❝♦♠♠✉t✐♥❣ r❡✢❡❝ts ♥♦t

♦♥❧② ♠♦♥❡t❛r② ❡①♣❡♥❞✐t✉r❡ ❜✉t ❛❧s♦ t❤❡ ♦♣♣♦rt✉♥✐t② ❝♦st ♦❢ t✐♠❡✱ ✈❛❧✉❡❞ ❛t t❤❡ ❡♥❞♦❣❡♥♦✉s

s❤❛❞♦✇ ♣r✐❝❡ w∗✳ ❙❡❝♦♥❞✱ t❤❡ ♠♦❞❡❧ ❛❝❝♦♠♠♦❞❛t❡s ❜♦t❤ ✇♦r❦❡rs ❛♥❞ ♥♦♥✇♦r❦❡rs✖t❤❡ ❧❛tt❡r

❛r❡ ✐♥❞✐✛❡r❡♥t t♦ ❝♦♠♠✉t✐♥❣ ❞✐st❛♥❝❡ ❜✉t s❡♥s✐t✐✈❡ t♦ ❛♠❡♥✐t② ❛❝❝❡ss✖✇❤✐❝❤ ✐s ✐♠♣♦rt❛♥t

❢♦r ❛❣✐♥❣ s♦❝✐❡t✐❡s ✇❤❡r❡ ❛ ❣r♦✇✐♥❣ s❤❛r❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❞♦❡s ♥♦t ❝♦♠♠✉t❡✳

❆♠❡♥✐t② ✈❛❧✉❛t✐♦♥ ❛♥❞ ❤❡❞♦♥✐❝ ♠❡t❤♦❞s✳ ❚❤❡ ❤❡❞♦♥✐❝ ❛♣♣r♦❛❝❤ t♦ ❛♠❡♥✐t② ✈❛❧✉✲

❛t✐♦♥✱ ❞❡✈❡❧♦♣❡❞ ❜② ❘♦s❡♥ ✭✶✾✼✹✮ ✐♥ t❤❡ ♣r♦❞✉❝t✲♠❛r❦❡t ❝♦♥t❡①t ❛♥❞ ❛♣♣❧✐❡❞ t♦ s♣❛t✐❛❧

❡q✉✐❧✐❜r✐✉♠ ❜② ❘♦❜❛❝❦ ✭✶✾✽✷✮✱ ✐♥❢❡rs t❤❡ ✈❛❧✉❡ ♦❢ ❛♠❡♥✐t✐❡s ❢r♦♠ ♦❜s❡r✈❡❞ ✇❛❣❡ ❛♥❞ r❡♥t ❞✐❢✲

❢❡r❡♥t✐❛❧s✳ ❈❤❛② ❛♥❞ ●r❡❡♥st♦♥❡ ✭✷✵✵✺✮ ♣r♦✈✐❞❡ ❛ ❝❧❡❛♥ ❡♠♣✐r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❛✐r q✉❛❧✐t②✳

●❧❛❡s❡r ✭✷✵✷✷✮ s✉r✈❡②s t❤❡ r❡s✐❧✐❡♥❝❡ ❛♥❞ ❡✈♦❧✉t✐♦♥ ♦❢ ❝✐t✐❡s✳

❚❤❡ ♣r❡s❡♥t ♣❛♣❡r ♣r♦✈✐❞❡s ❛ str✉❝t✉r❛❧ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ❤❡❞♦♥✐❝ ❛♣♣r♦❛❝❤✳ ❘❛t❤❡r

t❤❛♥ ✐♥❢❡rr✐♥❣ ❛♠❡♥✐t② ✈❛❧✉❡s ❢r♦♠ r❡❞✉❝❡❞✲❢♦r♠ r❡♥t r❡❣r❡ss✐♦♥s✱ t❤❡ ♠♦❞❡❧ ❞❡r✐✈❡s t❤❡♠

❢r♦♠ t❤❡ ❤♦✉s❡❤♦❧❞✬s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤❡ ❛♠❡♥✐t② ✈❡❝t♦r Ar ❡♥t❡rs t❤❡ ✐♥❞✐r❡❝t

✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❞✐r❡❝t❧② ✭❆ss✉♠♣t✐♦♥ ✸✳✶✻✮✱ ❛♥❞ ✐ts ❝❛♣✐t❛❧✐③❛t✐♦♥ ✐♥t♦ r❡♥t ✐s ❞❡r✐✈❡❞ ❢r♦♠

t❤❡ ❢r❡❡✲♠♦❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳ ❚❤✐s str✉❝t✉r❛❧ ❛♣♣r♦❛❝❤ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ t❤❛t t❤❡ ✇❡❧❢❛r❡

✐♥t❡r♣r❡t❛t✐♦♥ ✐s ❡①❛❝t✖t❤❡ r❡♥t ❣r❛❞✐❡♥t ❡q✉❛❧s t❤❡ ♠❛r❣✐♥❛❧ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛②✖✇✐t❤♦✉t

r❡q✉✐r✐♥❣ t❤❡ ✐❞❡♥t✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ❤❡❞♦♥✐❝ ♠❡t❤♦❞ ✭❡✳❣✳✱ t❤❛t t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥

✐s ❧♦❝❛❧❧② ❧✐♥❡❛r ✐♥ ❛♠❡♥✐t② ❝❤❛r❛❝t❡r✐st✐❝s✮✳

✺



❲❡❧❢❛r❡ ♠❡❛s✉r❡♠❡♥t✱ ❢✉❧❧ ❝♦♥s✉♠♣t✐♦♥✱ ❛♥❞ ♥❛t✐♦♥❛❧ ❛❝❝♦✉♥t✐♥❣✳ ❚❤❡ ✈❛❧✉❛t✐♦♥

♦❢ ♥♦♥✲♠❛r❦❡t ❤♦✉s❡❤♦❧❞ t✐♠❡ ❤❛s ❧♦♥❣ ❜❡❡♥ ❛ ❝❡♥tr❛❧ ✐ss✉❡ ✐♥ s❛t❡❧❧✐t❡ ❛❝❝♦✉♥t✐♥❣ ❛♥❞ t❤❡

♠❡❛s✉r❡♠❡♥t ♦❢ ❧✐✈✐♥❣ st❛♥❞❛r❞s ✭▲❛♥❞❡❢❡❧❞ ❛♥❞ ▼❝❈✉❧❧❛✱ ✷✵✵✵❀ ❆❜r❛❤❛♠ ❛♥❞ ▼❛❝❦✐❡✱ ✷✵✵✺❀

❋r❛✉♠❡♥✐✱ ✷✵✵✽❀ ▲❛♥❞❡❢❡❧❞✱ ❋r❛✉♠❡♥✐✱ ❛♥❞ ❱♦❥t❡❝❤✱ ✷✵✵✾✮✳ ❙❝❤r❡②❡r ❛♥❞ ❘❛♥✉③③✐ ❞❡ ❇✐❛♥❝❤✐

✭✷✵✵✾✮ ❛♥❞ ❍✐❧❧ ✭✷✵✵✾✮ ❡①❛♠✐♥❡❞ t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ ♦✇♥✲❛❝❝♦✉♥t ❤♦✉s❡❤♦❧❞ ♣r♦❞✉❝t✐♦♥✳

❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❢✉❧❧✲✐♥❝♦♠❡ ❛♣♣r♦❛❝❤ ✐♥ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✮ ❛♥❞ t❤❡ ❜r♦❛❞❡r ❛❝✲

❝♦✉♥t✐♥❣ ❛❣❡♥❞❛ ✐♥ ❉✐❡✇❡rt✱ ◆♦♠✉r❛✱ ❛♥❞ ❙❤✐♠✐③✉ ✭✷✵✷✹✱ ✷✵✷✺✮ ♣r♦✈✐❞❡ t❤❡ ❛❝❝♦✉♥t✐♥❣ ❜❛❝❦✲

❣r♦✉♥❞ ❢♦r t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳ ❍❡r❡✱ t❤❛t ❧✐t❡r❛t✉r❡ ✐s ❝♦♥♥❡❝t❡❞ t♦ ✉r❜❛♥ ✇❡❧❢❛r❡ t❤r♦✉❣❤

s♣❛t✐❛❧❧② ❛❞❥✉st❡❞ ❢✉❧❧ ❝♦♥s✉♠♣t✐♦♥✳

❚❤❡ ❝♦♥❝❡♣t ♦❢ ✏❢✉❧❧ ❝♦♥s✉♠♣t✐♦♥✑ t❤❛t ❡♠❡r❣❡s ❢r♦♠ t❤❡ ♠♦❞❡❧✖FC
W = pRq

∗
R+P ∗

k1Q
∗
k1+

P̃ ∗
k2Q

∗
k2+P ∗

HQ
∗
H✖❡①t❡♥❞s t❤❡ ♥❛t✐♦♥❛❧✲❛❝❝♦✉♥t✐♥❣ ❝♦♥❝❡♣t ♦❢ ❛❝t✉❛❧ ✐♥❞✐✈✐❞✉❛❧ ❝♦♥s✉♠♣t✐♦♥

❜② ✐♥❝♦r♣♦r❛t✐♥❣ ♥♦♥♠❛r❦❡t ❤♦✉s❡❤♦❧❞ t✐♠❡✱ ✈❛❧✉❡❞ ❛t t❤❡ s❤❛❞♦✇ ♣r✐❝❡ w∗ ♦r t❤❡ ✐♠♣✉t❡❞

❤♦✉s❡❤♦❧❞✲✇♦r❦ ♣r✐❝❡ w∗
H ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❛s❡✳ ❚❤❡ ✉s❡ ♦❢ s✉♣❡r❧❛t✐✈❡ ✐♥❞❡① ♥✉♠❜❡rs

t♦ ❛❣❣r❡❣❛t❡ t❤✐s ♦❜❥❡❝t ❛❝r♦ss r❡❣✐♦♥s ❛♥❞ t✐♠❡ ♣❡r✐♦❞s ♣r♦✈✐❞❡s ❛ t❤❡♦r❡t✐❝❛❧❧② ❣r♦✉♥❞❡❞

❛❧t❡r♥❛t✐✈❡ t♦ ❛❞ ❤♦❝ ✇❡❧❢❛r❡ ❝♦♠♣❛r✐s♦♥s ❜❛s❡❞ ♦♥ ✐♥❝♦♠❡ ❛❧♦♥❡✳

■♥❞❡① ♥✉♠❜❡r t❤❡♦r② ❛♥❞ ❛❣❣r❡❣❛t✐♦♥✳ ❉✐❡✇❡rt ✭✶✾✼✻✮ ❡st❛❜❧✐s❤❡❞ t❤❡ t❤❡♦r② ♦❢ ❡①❛❝t

❛♥❞ s✉♣❡r❧❛t✐✈❡ ✐♥❞❡① ♥✉♠❜❡rs✱ s❤♦✇✐♥❣ t❤❛t ❝❡rt❛✐♥ ❢♦r♠✉❧❛s✖❋✐s❤❡r✱ ❚ör♥q✈✐st✖♣r♦✈✐❞❡

s❡❝♦♥❞✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥s t♦ ❛r❜✐tr❛r② ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s ❛❣❣r❡❣❛t♦r ❢✉♥❝t✐♦♥s✳ ❚❤✐s

r❡s✉❧t ✐s t❤❡ ❝♦r♥❡rst♦♥❡ ♦❢ ♠♦❞❡r♥ ♣r✐❝❡ ❛♥❞ ♣r♦❞✉❝t✐✈✐t② ♠❡❛s✉r❡♠❡♥t ✭❉✐❡✇❡rt✱ ◆♦♠✉r❛✱

❛♥❞ ❙❤✐♠✐③✉✱ ✷✵✷✺✮✳ ❚❤❡ ♣r❡s❡♥t ♣❛♣❡r ❛♣♣❧✐❡s t❤❡s❡ r❡s✉❧ts t♦ t❤❡ s♣❛t✐❛❧ ❤♦✉s❡❤♦❧❞ ♠♦❞❡❧✱

✉s✐♥❣ s✉♣❡r❧❛t✐✈❡ ✐♥❞✐❝❡s t♦ ❛❣❣r❡❣❛t❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ ❢✉❧❧ ❝♦♥s✉♠♣t✐♦♥ ✐♥t♦ ❛ ❘❡❣✐♦♥❛❧

❯t✐❧✐t② ■♥❞❡①✳ ❚❤❡ t✇♦✲st❛❣❡ ❛❣❣r❡❣❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✭✜rst✲st❛❣❡✿ ✇✐t❤✐♥ ❡❛❝❤ ♣r♦❞✉❝t✐♦♥

❢✉♥❝t✐♦♥❀ s❡❝♦♥❞✲st❛❣❡✿ ❛❝r♦ss t❤❡ ❢♦✉r ❝♦♠♣♦♥❡♥ts ♦❢ ❢✉❧❧ ❝♦♥s✉♠♣t✐♦♥✮ ❡①♣❧♦✐ts t❤❡ ❧✐♥❡❛r❧②

❤♦♠♦❣❡♥❡♦✉s str✉❝t✉r❡ ♦❢ F ✱ G✱ H ❛♥❞ ✐s ❝♦♥s✐st❡♥t ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉✐❡✇❡rt ✭✶✾✼✽✮✳ ❚❤❡

●❊❑❙ ♠❡t❤♦❞ ✭●✐♥✐✱ ✶✾✸✶❀ ❊❧t❡t➤✱ ❑ö✈❡s✱ ❛♥❞ ❙③✉❧❝✱ ✶✾✻✹✮ ❡♥s✉r❡s tr❛♥s✐t✐✈✐t② ✐♥ ♠✉❧t✐❧❛t❡r❛❧

❝♦♠♣❛r✐s♦♥s✱ ✇❤✐❝❤ ✐s ❡ss❡♥t✐❛❧ ❢♦r r❛♥❦✐♥❣ r❡❣✐♦♥s✳

✻



❖r❣❛♥✐③❛t✐♦♥ ♦❢ t❤❡ ♣❛♣❡r✳ ❙❡❝t✐♦♥ ✷ ♣r❡s❡♥ts t❤❡ ♥♦♥✲s♣❛t✐❛❧ ❜❛s❡ ♠♦❞❡❧✳ ❙❡❝t✐♦♥ ✸

❞❡✈❡❧♦♣s t❤❡ s♣❛t✐❛❧ ❡①t❡♥s✐♦♥ ❢♦r ✇♦r❦✐♥❣ ❤♦✉s❡❤♦❧❞s✳ ❙❡❝t✐♦♥s ✹ ❛♥❞ ✺ ❞❡r✐✈❡ ✐♥❞✐r❡❝t

✉t✐❧✐t② ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❡♥t ❢✉♥❝t✐♦♥✳ ❙❡❝t✐♦♥ ✻ ❡st❛❜❧✐s❤❡s t❤❡ ❧✐♥❦ t♦ s✉♣❡r❧❛t✐✈❡ ✐♥❞❡①

♥✉♠❜❡r t❤❡♦r②✳ ❙❡❝t✐♦♥ ✼ ❞❡✈❡❧♦♣s t❤❡ ❡❝♦♥♦♠❡tr✐❝ ❢r❛♠❡✇♦r❦✱ ✐♥❝❧✉❞✐♥❣ ♥♦♥✇♦r❦❡r ❝♦r♥❡r

s♦❧✉t✐♦♥s✳ ❙❡❝t✐♦♥ ✽ ♣r❡s❡♥ts ❛ ❝❛❧✐❜r❛t✐♦♥ ✉s✐♥❣ ❏❛♣❛♥❡s❡ ♠❡tr♦♣♦❧✐t❛♥ ❞❛t❛✳ ❙❡❝t✐♦♥ ✾

❝♦♥❝❧✉❞❡s✳ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐❝❡s ❆✕● ♣r♦✈✐❞❡ ❞❡t❛✐❧❡❞ ♣r♦♦❢s ❛♥❞ ❞❡r✐✈❛t✐♦♥s✳

✷ ❚❤❡ ❇❛s❡ ▼♦❞❡❧

■ ❜❡❣✐♥ ✇✐t❤ ❛ ♥♦♥✲s♣❛t✐❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ t❤❛t s❡r✈❡s ❛s ❛ ❜❡♥❝❤♠❛r❦ ❛♥❞ ❡st❛❜❧✐s❤❡s

♥♦t❛t✐♦♥✳ ❚❤✐s s❡❝t✐♦♥ ♣❛r❛❧❧❡❧s ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✮✱ ✇✐t❤ t❤❡ ❦❡② ❞✐✛❡r❡♥❝❡ t❤❛t

❧❡✐s✉r❡ ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❤♦♠❡ ❧❡✐s✉r❡ ❛♥❞ ❡①t❡r♥❛❧ ❧❡✐s✉r❡✱ ❛♥❞ ❤♦✉s✐♥❣ s❡r✈✐❝❡s ❡♥t❡r t❤❡

✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❞✐r❡❝t❧②✳

✷✳✶ Pr❡❢❡r❡♥❝❡s ❛♥❞ ❍♦✉s❡❤♦❧❞ Pr♦❞✉❝t✐♦♥

❈♦♥s✐❞❡r ❛ s✐♥❣❧❡✲♣❡rs♦♥ ❤♦✉s❡❤♦❧❞ ✇✐t❤ ♣r❡❢❡r❡♥❝❡s ♦✈❡r s✐① ♦❜❥❡❝ts✿ ❤♦✉s✐♥❣ s❡r✈✐❝❡s qR✱

❤♦♠❡ ❧❡✐s✉r❡ s❡r✈✐❝❡s Qk1✱ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ s❡r✈✐❝❡s Qk2✱ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s QH ✱ ♠❛r❦❡t ❧❛❜♦r

t✐♠❡ Tl1✱ ❛♥❞ ❤♦✉s❡❤♦❧❞ ✇♦r❦ t✐♠❡ Tl2✳ Pr❡❢❡r❡♥❝❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ✉t✐❧✐t② ❢✉♥❝t✐♦♥✿

U = U(qR, Qk1, Qk2, QH , Tl1, Tl2) ✭✷✳✶✮

❆ss✉♠♣t✐♦♥ ✷✳✶ ✭Pr❡❢❡r❡♥❝❡s✮✳ ❚❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ U : R6
+ → R ✐s ❝♦♥❝❛✈❡✱ ❝♦♥t✐♥✉♦✉s✱

❛♥❞ ❞✐✛❡r❡♥t✐❛❜❧❡✳✶ ■t s❛t✐s✜❡s✿

✭✐✮ U1 > 0✱ U2 > 0✱ U3 > 0✱ U4 > 0✿ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❤♦✉s✐♥❣✱ ❤♦♠❡ ❧❡✐s✉r❡✱ ❡①t❡r♥❛❧

❧❡✐s✉r❡✱ ❛♥❞ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ✐s ♣♦s✐t✐✈❡❀

✭✐✐✮ U5 ≤ 0✿ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ♠❛r❦❡t ❧❛❜♦r ✐s ♥♦♥♣♦s✐t✐✈❡ ✭❞✐s✉t✐❧✐t② ♦❢ ✇♦r❦✮❀

✶❈♦♥❝❛✈✐t② ✐s str♦♥❣❡r t❤❛♥ q✉❛s✐❝♦♥❝❛✈✐t② ❜✉t✱ ❛s ❆❢r✐❛t ✭✶✾✻✼✮ ❛♥❞ ❉✐❡✇❡rt ✭✶✾✼✸✮ s❤♦✇❡❞✱ ✐t ✐s ♥♦t
❡♠♣✐r✐❝❛❧❧② r❡str✐❝t✐✈❡✳
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✭✐✐✐✮ U6 ≤ 0✿ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❤♦✉s❡❤♦❧❞ ✇♦r❦ ✐s ♥♦♥♣♦s✐t✐✈❡ ✭❞✐s✉t✐❧✐t② ♦❢ ❝❤♦r❡s✮✳

❚❤❡ ❝♦♥s✉♠♣t✐♦♥ ❛❣❣r❡❣❛t❡s ❛r❡ ♣r♦❞✉❝❡❞ ❜② ❤♦✉s❡❤♦❧❞ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s✿

Qk1 = F (qk1, Tk1) ✭✷✳✷✮

Qk2 = G(qk2, Tk2) ✭✷✳✸✮

QH = H(qH , Tl2 + qS) ✭✷✳✹✮

✇❤❡r❡ qk1 ❛♥❞ Tk1 ❛r❡ ♣✉r❝❤❛s❡❞ ❣♦♦❞s ❛♥❞ t✐♠❡ ✐♥♣✉ts ❢♦r ❤♦♠❡ ❧❡✐s✉r❡✱ qk2 ❛♥❞ Tk2 ❢♦r

❡①t❡r♥❛❧ ❧❡✐s✉r❡✱ qH ❢♦r ❤♦✉s❡❤♦❧❞ ♣r♦❞✉❝t✐♦♥ ❣♦♦❞s✱ Tl2 ✐s t❤❡ ❤♦✉s❡❤♦❧❞✬s ♦✇♥ ✇♦r❦ t✐♠❡✱

❛♥❞ qS ✐s ♣✉r❝❤❛s❡❞ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ✭❡✳❣✳✱ ❝❧❡❛♥✐♥❣✱ ❝♦♦❦✐♥❣ ❤❡❧♣✮✳

❆ss✉♠♣t✐♦♥ ✷✳✷ ✭Pr♦❞✉❝t✐♦♥ ❋✉♥❝t✐♦♥s✮✳ F ✱ G✱ ❛♥❞ H s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭✐✮ ❘❡❣✉❧❛r✐t②✿ ❡❛❝❤ ✐s ❝♦♥t✐♥✉♦✉s✱ t✇✐❝❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ R
2
++✱ ❛♥❞ str✐❝t❧②

♣♦s✐t✐✈❡ ✇❤❡♥ ❜♦t❤ ❛r❣✉♠❡♥ts ❛r❡ str✐❝t❧② ♣♦s✐t✐✈❡❀

✭✐✐✮ P♦s✐t✐✈❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝ts✿ F1, F2 > 0✱ G1, G2 > 0✱ H1, H2 > 0 ♦♥ R
2
++❀

✭✐✐✐✮ ❈♦♥❝❛✈✐t②✿ ❡❛❝❤ ✐s ❝♦♥❝❛✈❡ ♦♥ R
2
+✱ s♦ ✐ts ❍❡ss✐❛♥ ♠❛tr✐① ✐s ♥❡❣❛t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡ ♦♥

R
2
++❀

✭✐✈✮ ▲✐♥❡❛r ❤♦♠♦❣❡♥❡✐t②✿ F (λq1, λq2) = λF (q1, q2) ❢♦r ❛❧❧ λ > 0✱ ❛♥❞ ❛♥❛❧♦❣♦✉s❧② ❢♦r G ❛♥❞

H✳

❈♦♥❞✐t✐♦♥s ✭✐✐✮✕✭✐✈✮ t♦❣❡t❤❡r ✐♠♣❧②✱ ✈✐❛ ❊✉❧❡r✬s t❤❡♦r❡♠✱ t❤❛t F = F1q1 + F2q2 ✭❛♥❞ ❛♥❛❧♦✲

❣♦✉s❧② ❢♦rG,H✮✱ ❛♥❞ t❤❛t ❡❛❝❤ ❢✉♥❝t✐♦♥ ❛❞♠✐ts ❛ ✇❡❧❧✲❞❡✜♥❡❞ ✉♥✐t✲❝♦st ❢✉♥❝t✐♦♥ cJ(p) ✈✐❛ t❤❡

❞✉❛❧✐t② J(q) = Q ⇔ p′q ≥ cJ(p)Q ❢♦r ❛❧❧ p ≫ 0✱ ✇✐t❤ ❙❤❡♣❤❛r❞✬s ❧❡♠♠❛ ∂cJ/∂pj = q∗j/Q

❛♣♣❧②✐♥❣ ❛t ✐♥t❡r✐♦r ♦♣t✐♠❛✳ ❚❤❡ ❝♦❡✣❝✐❡♥t ♠❛tr✐① AJ ❢♦r ❡❛❝❤ ❤♦♠♦❣❡♥❡♦✉s q✉❛❞r❛t✐❝ s♣❡❝✲

✐✜❝❛t✐♦♥ ✭❆♣♣❡♥❞✐① ❋✮ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ✭♥♦t ♠❡r❡❧② ♣♦s✐t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡✮✱

❡♥s✉r✐♥❣ t❤❡ ❞✉❛❧ ✉♥✐t✲❝♦st ♠❛tr✐① BJ = (AJ)−1 ❡①✐sts❀ t❤❡ s✐♥❣✉❧❛r ❝❛s❡ det(AJ) = 0 ✐s

❡①❝❧✉❞❡❞✳
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❚❤❡ ❧✐♥❡❛r ❤♦♠♦❣❡♥❡✐t② ❛ss✉♠♣t✐♦♥ ✐s st❛♥❞❛r❞ ✐♥ t❤❡ ❇❡❝❦❡r✕❉✐❡✇❡rt tr❛❞✐t✐♦♥ ✭❇❡❝❦❡r✱

✶✾✻✺❀ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt✱ ✷✵✶✹✮ ❛♥❞ ✐s ❡ss❡♥t✐❛❧ ❢♦r t❤❡ ❝♦♥♥❡❝t✐♦♥ t♦ s✉♣❡r❧❛t✐✈❡ ✐♥❞❡①

t❤❡♦r② ❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t Tl2 ❛♥❞ qS ❛r❡ ♣❡r❢❡❝t s✉❜st✐t✉t❡s ✐♥

✭✷✳✹✮ ❢♦❧❧♦✇s ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✮ ❛♥❞ ♣❧❛②s ❛ ❦❡② r♦❧❡ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ❝♦r♥❡r

s♦❧✉t✐♦♥s✳

✷✳✷ ❈♦♥str❛✐♥ts

❚❤❡ ❤♦✉s❡❤♦❧❞ ❢❛❝❡s t❤❡ t✐♠❡ ❝♦♥str❛✐♥t✿

Tl1 + Tl2 + Tk1 + Tk2 = T ✭✷✳✺✮

❛♥❞ t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t✿

pRqR + p2qk1 + p1qk2 + pHqH + wSqS ≤ wTl1 + Y ✭✷✳✻✮

✇❤❡r❡ pR ✐s t❤❡ ♣r✐❝❡ ♦❢ ❤♦✉s✐♥❣ s❡r✈✐❝❡s✱ p1 ❛♥❞ p2 ❛r❡ ♣r✐❝❡s ♦❢ ❡①t❡r♥❛❧ ❛♥❞ ❤♦♠❡ ❧❡✐s✉r❡

❣♦♦❞s✱ pH ✐s t❤❡ ♣r✐❝❡ ♦❢ ❤♦✉s❡❤♦❧❞ ♣r♦❞✉❝t✐♦♥ ❣♦♦❞s✱ wS ✐s t❤❡ ✇❛❣❡ ❢♦r ♣✉r❝❤❛s❡❞ ❤♦✉s❡❤♦❧❞

s❡r✈✐❝❡s✱ w ✐s t❤❡ ❛❢t❡r✲t❛① ♠❛r❦❡t ✇❛❣❡✱ ❛♥❞ Y ≥ 0 ✐s ♥♦♥❧❛❜♦r ✐♥❝♦♠❡✳

✷✳✸ ❚❤❡ ❖♣t✐♠✐③❛t✐♦♥ Pr♦❜❧❡♠

❚❤❡ ❤♦✉s❡❤♦❧❞ s♦❧✈❡s✿

u∗ ≡ max
qR,qk1,qk2,qH ,qS≥0
Tk1,Tk2,Tl1,Tl2≥0

{
U
[
qR, F (qk1, Tk1), G(qk2, Tk2), H(qH , Tl2 + qS), Tl1, Tl2

]}
✭✷✳✼✮

s✉❜❥❡❝t t♦ ✭✷✳✺✮ ❛♥❞ ✭✷✳✻✮✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸ ✭❙❛❞❞❧❡ P♦✐♥t✮✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✷✳✶ ❛♥❞ ✷✳✷✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

✭✷✳✼✮ ✐s ❛ ❝♦♥❝❛✈❡ ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠✳ ❇② t❤❡ ❑❛r❧✐♥✕❯③❛✇❛ ❙❛❞❞❧❡ P♦✐♥t ❚❤❡♦r❡♠ ✭❑❛r✲

✾



❧✐♥✱ ✶✾✺✾❀ ❯③❛✇❛✱ ✶✾✺✽✮✱ t❤❡r❡ ❡①✐st ♠✉❧t✐♣❧✐❡rs λ∗ > 0 ❛♥❞ ω∗ > 0 s✉❝❤ t❤❛t t❤❡ ❝♦♥str❛✐♥❡❞

♦♣t✐♠✉♠ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ s❛❞❞❧❡✲♣♦✐♥t ♣r♦❜❧❡♠✿

u∗ = min
λ,ω≥0

max
q,T≥0

L(λ, ω,q,T) ✭✷✳✽✮

✇❤❡r❡ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✐s✿

L = U
[
qR, F (qk1, Tk1), G(qk2, Tk2), H(qH , Tl2 + qS), Tl1, Tl2

]

+ λ
[
wTl1 + Y − pRqR − p2qk1 − p1qk2 − pHqH − wSqS

]

+ ω
[
T − Tl1 − Tl2 − Tk1 − Tk2

]
. ✭✷✳✾✮

❇♦t❤ ❝♦♥str❛✐♥ts ❜✐♥❞ ❛t t❤❡ ♦♣t✐♠✉♠✳

Pr♦♦❢✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ❝♦♥❝❛✈❡ ✐♥ t❤❡ ❝❤♦✐❝❡ ✈❛r✐❛❜❧❡s✳ ❚♦ s❡❡ t❤✐s✱ ♥♦t❡ t❤❛t U

✐s ❝♦♥❝❛✈❡ ❜② ❆ss✉♠♣t✐♦♥ ✷✳✶✱ ❛♥❞ F ✱ G✱ H ❛r❡ ❝♦♥❝❛✈❡ ❜② ❆ss✉♠♣t✐♦♥ ✷✳✷✳ ❙✐♥❝❡ U ✐s

♥♦♥❞❡❝r❡❛s✐♥❣ ✐♥ ✐ts ✜rst ❢♦✉r ❛r❣✉♠❡♥ts ❛♥❞ ❡❛❝❤ ♦❢ F (qk1, Tk1)✱ G(qk2, Tk2)✱ H(qH , Tl2+ qS)

✐s ❝♦♥❝❛✈❡ ✐♥ t❤❡ r❡s♣❡❝t✐✈❡ ❝❤♦✐❝❡ ✈❛r✐❛❜❧❡s✱ t❤❡ ❝♦♠♣♦s✐t✐♦♥ U [qR, F (·), G(·), H(·), Tl1, Tl2]

✐s ❝♦♥❝❛✈❡ ✐♥ t❤❡ ❢✉❧❧ ✈❡❝t♦r ♦❢ ❝❤♦✐❝❡ ✈❛r✐❛❜❧❡s ✭❜② t❤❡ ❝♦♥❝❛✈✐t②✲♣r❡s❡r✈❛t✐♦♥ t❤❡♦r❡♠ ❢♦r

♥♦♥❞❡❝r❡❛s✐♥❣ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s ♦❢ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s❀ s❡❡ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✷✵✶✹✱ ❢♦♦t✲

♥♦t❡ ✷✮✳

❚❤❡ t✇♦ ❝♦♥str❛✐♥t ❢✉♥❝t✐♦♥s✖g1(q,T) ≡ wTl1+Y −pRqR−p2qk1−p1qk2−pHqH −wSqS

❛♥❞ g2(q,T) ≡ T − Tl1 − Tl2 − Tk1 − Tk2✖❛r❡ ❜♦t❤ ❧✐♥❡❛r ✭❤❡♥❝❡ ❝♦♥❝❛✈❡✮ ✐♥ t❤❡ ❝❤♦✐❝❡

✈❛r✐❛❜❧❡s✱ ❛♥❞ t❤❡ ❢❡❛s✐❜❧❡ s❡t {(q,T) ≥ 0 : g1 ≥ 0, g2 ≥ 0} ✐s ❝♦♥✈❡①✳

❚❤❡ ❙❧❛t❡r ❝♦♥str❛✐♥t q✉❛❧✐✜❝❛t✐♦♥ r❡q✉✐r❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ str✐❝t❧② ❢❡❛s✐❜❧❡ ♣♦✐♥t

(q̄, T̄) > 0 ✇✐t❤ g1(q̄, T̄) > 0 ❛♥❞ g2(q̄, T̄) > 0✳ ❚❤✐s ✐s s❛t✐s✜❡❞ ❜② ❝❤♦♦s✐♥❣ T̄l1 s✉✣❝✐❡♥t❧②

❧❛r❣❡ ✭❣❡♥❡r❛t✐♥❣ ✐♥❝♦♠❡✮ ❛♥❞ ❛❧❧ ♦t❤❡r ✈❛r✐❛❜❧❡s s✉✣❝✐❡♥t❧② s♠❛❧❧✳

❇② t❤❡ ❑❛r❧✐♥✕❯③❛✇❛ ❙❛❞❞❧❡ P♦✐♥t ❚❤❡♦r❡♠ ✭❑❛r❧✐♥ ✶✾✺✾✱ ♣♣✳ ✷✵✶✕✷✵✸❀ ❯③❛✇❛ ✶✾✺✽✮✱

t❤❡r❡ ❡①✐st ♠✉❧t✐♣❧✐❡rs λ∗ ≥ 0 ❛♥❞ ω∗ ≥ 0 s✉❝❤ t❤❛t (λ∗, ω∗,q∗,T∗) ✐s ❛ s❛❞❞❧❡ ♣♦✐♥t ♦❢ t❤❡

✶✵



▲❛❣r❛♥❣✐❛♥ ✭✷✳✾✮✳

■t r❡♠❛✐♥s t♦ s❤♦✇ λ∗ > 0 ❛♥❞ ω∗ > 0 ✇✐t❤♦✉t ❛ss✉♠✐♥❣ ✐♥t❡r✐♦r s♦❧✉t✐♦♥s✳ ❚❤❡ ❑❑❚

st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥s ❛r❡ ✐♥❡q✉❛❧✐t✐❡s✿ ❢♦r ❛♥② ❝❤♦✐❝❡ ✈❛r✐❛❜❧❡ xj ≥ 0✱

∂L

∂xj

≤ 0, xj ≥ 0, xj
∂L

∂xj

= 0.

P♦s✐t✐✈✐t② ♦❢ λ∗✿ ❙✉♣♣♦s❡ λ∗ = 0✳ ❚❤❡ ❑❑❚ ❝♦♥❞✐t✐♦♥ ❢♦r qR ✐s U1 − λ∗pR ≤ 0✱ ✇❤✐❝❤

❜❡❝♦♠❡s U1 ≤ 0✳ ❇✉t ❆ss✉♠♣t✐♦♥ ✷✳✶✭✐✮ st❛t❡s U1 > 0 ❢♦r ❛❧❧ (q,T) ≥ 0✖❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❍❡♥❝❡ λ∗ > 0✳

P♦s✐t✐✈✐t② ♦❢ ω∗✿ ❙✉♣♣♦s❡ ω∗ = 0✳ ❈♦♥s✐❞❡r t❤❡ ❑❑❚ ❝♦♥❞✐t✐♦♥ ❢♦r Tk1✿

U2F2(q
∗
k1, T

∗
k1)− ω∗ ≤ 0 ⇒ U2F2 ≤ 0.

❙✐♥❝❡ U2 > 0 ✭❆ss✉♠♣t✐♦♥ ✷✳✶✭✐✮✮ ❛♥❞ F2 > 0 ✭❆ss✉♠♣t✐♦♥ ✷✳✷✭✐✐✮✮ ✇❤❡♥ q∗k1 > 0 ♦r T ∗
k1 > 0✱

t❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✐❢ t❤❡ ❤♦✉s❡❤♦❧❞ ✈❛❧✉❡s ❤♦♠❡ ❧❡✐s✉r❡ ❛t ❛❧❧✳ ▼♦r❡ ♣r❡❝✐s❡❧②✿ ❛t ❛♥②

❢❡❛s✐❜❧❡ ♣♦✐♥t ✇❤❡r❡ g2 = T − Tl1 − Tl2 − Tk1 − Tk2 = 0 ✭t✐♠❡ ❝♦♥str❛✐♥t ❜✐♥❞s✮✱ ✐❢ ω∗ = 0

t❤❡♥ t❤❡ s❤❛❞♦✇ ✈❛❧✉❡ ♦❢ ❛♥② t✐♠❡ ✉s❡ ✐s ③❡r♦✱ ❜✉t t❤❡ ❑❑❚ ❝♦♥❞✐t✐♦♥ ❢♦r Tk1 ✇✐t❤ ω∗ = 0

r❡q✉✐r❡s U2F2 ≤ 0✱ ❝♦♥tr❛❞✐❝t✐♥❣ U2, F2 > 0✳ ❍❡♥❝❡ ω∗ > 0✳

❇♦t❤ ❝♦♥str❛✐♥ts ❜✐♥❞ ❛t t❤❡ ♦♣t✐♠✉♠✿ ✐❢ g1 > 0✱ t❤❡♥ λ∗ = 0 ❜② ❝♦♠♣❧❡♠❡♥t❛r② s❧❛❝❦♥❡ss✱

❝♦♥tr❛❞✐❝t✐♥❣ λ∗ > 0✳ ❙✐♠✐❧❛r❧② ❢♦r g2✳ ■

❘❡♠❛r❦ ✷✳✹ ✭❈♦♥❝❛✈✐t② ♣r❡s❡r✈❛t✐♦♥✮✳ ❚❤❡ ❝♦♥❝❛✈✐t②✲♣r❡s❡r✈❛t✐♦♥ ❛r❣✉♠❡♥t ❞❡s❡r✈❡s ❡♠✲

♣❤❛s✐s✳ ▲❡t ϕ : Rn → R ❜❡ ❝♦♥❝❛✈❡ ❛♥❞ ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❛♥❞ ❧❡t hj : Rmj → R ❜❡ ❝♦♥❝❛✈❡

❢♦r j = 1, . . . , J ✳ ❚❤❡♥ ϕ(h1(x1), . . . , hJ(xJ)) ✐s ❝♦♥❝❛✈❡ ✐♥ (x1, . . . ,xJ)✳ ❚❤✐s ✐s ❛ st❛♥❞❛r❞

r❡s✉❧t ✭s❡❡✱ ❡✳❣✳✱ ❇♦②❞ ❛♥❞ ❱❛♥❞❡♥❜❡r❣❤❡ ✷✵✵✹✱ ➓✸✳✷✳✹✮ ❛♥❞ ✐s t❤❡ ❦❡② t❡❝❤♥✐❝❛❧ ✐♥❣r❡❞✐❡♥t

❡♥s✉r✐♥❣ t❤❛t t❤❡ ❤♦✉s❡❤♦❧❞✬s ♣r♦❜❧❡♠ ✐s ❛ ✇❡❧❧✲♣♦s❡❞ ❝♦♥❝❛✈❡ ♣r♦❣r❛♠✳ ❚❤❡ r❡s✉❧t ❢❛✐❧s ✐❢

ϕ ✐s ♥♦t ♥♦♥❞❡❝r❡❛s✐♥❣ ✐♥ ❛❧❧ ❛r❣✉♠❡♥ts✿ ❢♦r t❤✐s r❡❛s♦♥✱ t❤❡ ❞✐s✉t✐❧✐t② ❛r❣✉♠❡♥ts Tl1 ❛♥❞

Tl2 ❡♥t❡r U ❞✐r❡❝t❧② ✭♥♦t t❤r♦✉❣❤ ❝♦♥❝❛✈❡ s✉❜✲❢✉♥❝t✐♦♥s✮✱ ❛♥❞ t❤❡ ♥♦♥✐♥❝r❡❛s✐♥❣ ❛ss✉♠♣t✐♦♥

U5 ≤ 0✱ U6 ≤ 0 ✐s ❡ss❡♥t✐❛❧✳

✶✶



❉❡✜♥✐t✐♦♥ ✷✳✺ ✭❙❤❛❞♦✇ Pr✐❝❡ ♦❢ ▲❡✐s✉r❡✮✳ ❚❤❡ ✐♠♣✉t❡❞ ♣r✐❝❡ ♦❢ ❧❡✐s✉r❡ t✐♠❡ ✐s ❞❡✜♥❡❞ ❛s✿

w∗ ≡
ω∗

λ∗
> 0. ✭✷✳✶✵✮

✷✳✹ ❋✐rst✲❖r❞❡r ❈♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ ❙❤❛❞♦✇✲Pr✐❝❡ ❇♦✉♥❞

❆ss✉♠✐♥❣ ❛♥ ✐♥t❡r✐♦r s♦❧✉t✐♦♥ ✇✐t❤ q∗S > 0 ❛♥❞ T ∗
l1 > 0 ✭❈❛s❡ ✶ ✐♥ t❤❡ t❛①♦♥♦♠② ♦❢ ❙❡❝t✐♦♥ ✼✮✱

t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❢♦r ♣r♦❜❧❡♠ ✭✷✳✽✮ ❛r❡✿✷

U1 = λ∗pR ✭✷✳✶✶✮

U2 · F1(q
∗
k1, T

∗
k1) = λ∗p2 ✭✷✳✶✷✮

U2 · F2(q
∗
k1, T

∗
k1) = λ∗w∗ ✭✷✳✶✸✮

U3 ·G1(q
∗
k2, T

∗
k2) = λ∗p1 ✭✷✳✶✹✮

U3 ·G2(q
∗
k2, T

∗
k2) = λ∗w∗ ✭✷✳✶✺✮

U4 ·H1(q
∗
H , T

∗
l2 + q∗S) = λ∗pH ✭✷✳✶✻✮

U4 ·H2(q
∗
H , T

∗
l2 + q∗S) = λ∗wS ✭✷✳✶✼✮

U4 ·H2(q
∗
H , T

∗
l2 + q∗S) + U6 = λ∗w∗ ✭✷✳✶✽✮

U5 = −λ∗(w − w∗) ✭✷✳✶✾✮

❚❤❡♦r❡♠ ✷✳✻ ✭❇♦✉♥❞s ♦♥ t❤❡ ❙❤❛❞♦✇ Pr✐❝❡ ♦❢ ▲❡✐s✉r❡✮✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✷✳✶ ❛♥❞ ✷✳✷✱

✇✐t❤ q∗S > 0 ❛♥❞ T ∗
l1 > 0✿

0 < w∗ ≤ min{wS, w}. ✭✷✳✷✵✮

Pr♦♦❢✳ ❋r♦♠ ✭✷✳✶✾✮✿ U5 = −λ∗(w −w∗)✳ ❙✐♥❝❡ U5 ≤ 0 ❛♥❞ λ∗ > 0✱ ✇❡ ❤❛✈❡ w −w∗ ≥ 0✱ ✐✳❡✳✱

w∗ ≤ w✳

❋r♦♠ ✭✷✳✶✼✮ ❛♥❞ ✭✷✳✶✽✮✿ s✉❜st✐t✉t✐♥❣ U4H2 = λ∗wS ✐♥t♦ ✭✷✳✶✽✮ ❣✐✈❡s U6 = −λ∗(wS −w∗)✳

❙✐♥❝❡ U6 ≤ 0 ❛♥❞ λ∗ > 0✱ ✇❡ ❤❛✈❡ wS − w∗ ≥ 0✱ ✐✳❡✳✱ w∗ ≤ wS✳

✷■♥ ❛❧❧ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s✱ ω∗ ✐s r❡♣❧❛❝❡❞ ❜② λ∗w∗ ❢♦❧❧♦✇✐♥❣ ❉❡✜♥✐t✐♦♥ ✷✳✺✳

✶✷



❈♦♠❜✐♥✐♥❣✿ w∗ ≤ min{wS, w}✳ ❚❤❡ ♣♦s✐t✐✈✐t② w∗ > 0 ❢♦❧❧♦✇s ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✷✳✺✳ ■

❚❤✐s r❡s✉❧t ✐s t❤❡ ❞✐r❡❝t ❝♦✉♥t❡r♣❛rt ♦❢ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✱ ❊q✳ ✷✷✮✳ ❚❤❡♦r❡♠ ✷✳✻

❛♣♣❧✐❡s ✇❤❡♥ t❤❡ ❤♦✉s❡❤♦❧❞ ❜♦t❤ ✇♦r❦s ❛♥❞ ♣✉r❝❤❛s❡s ❤♦✉s❡❤♦❧❞ ❤❡❧♣✳ ❚❤❡ t❤r❡❡ r❡♠❛✐♥✐♥❣

❝♦r♥❡r✲s♦❧✉t✐♦♥ ❝❛s❡s ②✐❡❧❞ ❞✐✛❡r❡♥t ❜♦✉♥❞s✳

❉❡✜♥✐t✐♦♥ ✷✳✼ ✭❙❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❤♦✉s❡❤♦❧❞ ✇♦r❦✮✳ ■♥ ❝❛s❡s ✇❤❡r❡ q∗S = 0✱ t❤❡ ❤♦✉s❡❤♦❧❞✬s

t✐♠❡ s♣❡♥t ✐♥ ❤♦✉s❡❤♦❧❞ ✇♦r❦ ❝❛♥♥♦t ❜❡ ✈❛❧✉❡❞ ❛t t❤❡ ♠❛r❦❡t ♣r✐❝❡ wS✳ ❉❡✜♥❡ t❤❡ ✐♠♣✉t❡❞

s❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❤♦✉s❡❤♦❧❞ ✇♦r❦ t✐♠❡ ❛s✿

w∗
H ≡

U4 ·H2(q
∗
H , T

∗
l2)

λ∗
> 0. ✭✷✳✷✶✮

❲❤❡♥ q∗S > 0✱ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ✭✷✳✶✼✮ ✐♠♣❧✐❡s w∗
H = wS✱ s♦ t❤❡ ✐♠♣✉t❡❞ ♣r✐❝❡ ❝♦✐♥❝✐❞❡s

✇✐t❤ t❤❡ ♠❛r❦❡t ♣r✐❝❡✳ ❲❤❡♥ q∗S = 0✱ w∗
H ✐s ❛♥ ✉♥♦❜s❡r✈❡❞ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛❜❧❡✳

❚❤❡♦r❡♠ ✷✳✽ ✭❇♦✉♥❞s✿ ❈❛s❡ ✷✱ ✇♦r❦❡r ✇✐t❤♦✉t ♣✉r❝❤❛s❡❞ ❤♦✉s❡❤♦❧❞ ❤❡❧♣✮✳ ❯♥❞❡r ❆ss✉♠♣✲

t✐♦♥s ✷✳✶ ❛♥❞ ✷✳✷✱ ✇✐t❤ q∗S = 0 ❛♥❞ T ∗
l1 > 0✿

0 < w∗ ≤ min{w∗
H , w} ≤ min{wS, w}. ✭✷✳✷✷✮

Pr♦♦❢✳ ❇♦✉♥❞ w∗ ≤ w✿ ❋r♦♠ ✭✷✳✶✾✮✱ ✇❤✐❝❤ r❡♠❛✐♥s ✈❛❧✐❞ ❢♦r ❈❛s❡ ✷✿ U5 = −λ∗(w − w∗)✱ s♦

w∗ ≤ w✳

❇♦✉♥❞ w∗
H ≤ wS✿ ❲✐t❤ q∗S = 0✱ t❤❡ ❑✉❤♥✕❚✉❝❦❡r ❝♦♥❞✐t✐♦♥ r❡♣❧❛❝✐♥❣ ✭✷✳✶✼✮ ✐s U4H2 ≤

λ∗wS✱ ✐✳❡✳✱ w∗
H ≤ wS✳

❇♦✉♥❞ w∗ ≤ w∗
H ✿ ❙✉❜st✐t✉t✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✷✳✷✶✮ ✐♥t♦ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r Tl2

✭✇❤✐❝❤ ❜❡❝♦♠❡s U4H2 + U6 = λ∗w∗ ✇✐t❤ qS = 0✮ ②✐❡❧❞s λ∗w∗
H + U6 = λ∗w∗✱ ✐✳❡✳✱ w∗ =

w∗
H + U6/λ

∗✳ ❙✐♥❝❡ U6 ≤ 0✿ w∗ ≤ w∗
H ✳

❈♦♠❜✐♥✐♥❣✿ 0 < w∗ ≤ w∗
H ≤ wS ❛♥❞ w∗ ≤ w✱ s♦ w∗ ≤ min{w∗

H , w} ≤ min{wS, w}✳ ■

❘❡♠❛r❦ ✷✳✾ ✭❚✇♦ ✉♥♦❜s❡r✈❡❞ ♣r✐❝❡s ✐♥ ❈❛s❡ ✷✮✳ ❯♥❧✐❦❡ ❈❛s❡ ✶✱ ✇❤❡r❡ t❤❡ s✐♥❣❧❡ ✉♥♦❜s❡r✈❡❞

♣r✐❝❡ w∗ s✉✣❝❡s ✭❜❡❝❛✉s❡ w∗
H = wS ✐s ♦❜s❡r✈❡❞✮✱ ❈❛s❡ ✷ ✐♥✈♦❧✈❡s t✇♦ ✉♥♦❜s❡r✈❡❞ s❤❛❞♦✇

✶✸



♣r✐❝❡s✿ w∗ ✭❧❡✐s✉r❡✮ ❛♥❞ w∗
H ✭❤♦✉s❡❤♦❧❞ ✇♦r❦✮✳ ❚❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡♠ ✐s w∗

H −w∗ = |U6|/λ
∗✱

✇❤✐❝❤ ✐s t❤❡ ♠♦♥❡t✐③❡❞ ❞✐s✉t✐❧✐t② ♦❢ ❤♦✉s❡❤♦❧❞ ✇♦r❦✳ ■❢ U6 = 0 ✭♥♦ ❞✐s✉t✐❧✐t② ♦❢ ❤♦✉s❡✇♦r❦✮✱

t❤❡♥ w∗ = w∗
H ❛♥❞ ♦♥❧② ♦♥❡ s❤❛❞♦✇ ♣r✐❝❡ ♥❡❡❞s t♦ ❜❡ ❡st✐♠❛t❡❞✳ ■❢ ❛❞❞✐t✐♦♥❛❧❧② U5 = 0 ✭♥♦

❞✐s✉t✐❧✐t② ♦❢ ♠❛r❦❡t ✇♦r❦✮✱ t❤❡♥ w∗ = w∗
H = w ❛♥❞ ✇❡ r❡❝♦✈❡r t❤❡ ❇❡❝❦❡r ✈❛❧✉❛t✐♦♥✖❜✉t

t❤✐s ❛❧s♦ r❡q✉✐r❡s w ≤ wS ❢♦r ❝♦♥s✐st❡♥❝② ✇✐t❤ t❤❡ ❑✉❤♥✕❚✉❝❦❡r ❝♦♥❞✐t✐♦♥✳

❚❤❡♦r❡♠ ✷✳✶✵ ✭❇♦✉♥❞s✿ ❈❛s❡ ✸✱ ♥♦♥✇♦r❦❡r ✇✐t❤ ♣✉r❝❤❛s❡❞ ❤♦✉s❡❤♦❧❞ ❤❡❧♣✮✳ ❯♥❞❡r ❆s✲

s✉♠♣t✐♦♥s ✷✳✶ ❛♥❞ ✷✳✷✱ ✇✐t❤ q∗S > 0 ❛♥❞ T ∗
l1 = 0✿

0 < w∗ ≤ wS. ✭✷✳✷✸✮

❚❤❡ ♠❛r❦❡t ✇❛❣❡ w ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ w∗✳

Pr♦♦❢✳ ❇♦✉♥❞ w∗ ≤ wS✿ ❲✐t❤ q∗S > 0✱ ❝♦♥❞✐t✐♦♥ ✭✷✳✶✼✮ ❤♦❧❞s ❛s ❛♥ ❡q✉❛❧✐t②✿ U4H2 = λ∗wS✳

❙✉❜st✐t✉t✐♥❣ ✐♥t♦ t❤❡ Tl2 ❝♦♥❞✐t✐♦♥ ✭✷✳✶✽✮✿ U6 = −λ∗(wS − w∗)✳ ❙✐♥❝❡ U6 ≤ 0✿ w∗ ≤ wS✳

❲❤② w ✐s ♥♦t ❛ ❜♦✉♥❞✿ ❲✐t❤ T ∗
l1 = 0✱ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ✭✷✳✶✾✮ ✐s r❡♣❧❛❝❡❞ ❜② t❤❡

❑✉❤♥✕❚✉❝❦❡r ✐♥❡q✉❛❧✐t② U5 ≤ −λ∗(w − w∗)✳ ❚❤✐s ✐s s❛t✐s✜❡❞ ✇❤❡♥❡✈❡r |U5| ✐s s✉✣❝✐❡♥t❧②

❧❛r❣❡✱ ❡✈❡♥ ✐❢ w∗ > w✳ ❊❝♦♥♦♠✐❝❛❧❧②✱ ❛ r❡t✐r❡❞ ❤♦✉s❡❤♦❧❞ ♠❛② ✈❛❧✉❡ ❧❡✐s✉r❡ ♠♦r❡ ❤✐❣❤❧② t❤❛♥

t❤❡ ✇❛❣❡ ✐t ❝♦✉❧❞ ❡❛r♥ ❜✉t ❝❤♦♦s❡s ♥♦t t♦✳ ■

❘❡♠❛r❦ ✷✳✶✶ ✭◆♦♥✇♦r❦❡r ❤♦✉s❡❤♦❧❞s ❛♥❞ ❝♦♠♠✉t✐♥❣✮✳ ■♥ t❤❡ s♣❛t✐❛❧ ♠♦❞❡❧ ✭❙❡❝t✐♦♥ ✸✮✱

t❤❡ ❛❜s❡♥❝❡ ♦❢ t❤❡ w✲❜♦✉♥❞ ❢♦r ♥♦♥✇♦r❦❡rs ❤❛s ❛ ❞✐r❡❝t s♣❛t✐❛❧ ❝♦♥s❡q✉❡♥❝❡✿ ♥♦♥✇♦r❦❡r

❤♦✉s❡❤♦❧❞s ❛r❡ ✐♥❞✐✛❡r❡♥t t♦ ❝♦♠♠✉t✐♥❣ ❞✐st❛♥❝❡ d12✱ ❜❡❝❛✉s❡ t❤❡② ❞♦ ♥♦t ❝♦♠♠✉t❡✳ ❚❤❡✐r

❧♦❝❛t✐♦♥ ❝❤♦✐❝❡ ✐s ❞r✐✈❡♥ ❡♥t✐r❡❧② ❜② d13 ✭❛♠❡♥✐t② ❛❝❝❡ss✮✱ wr
S ✭❤♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s ❛✈❛✐❧❛❜✐❧✐t②✮✱

❛♥❞ t❤❡ ❛♠❡♥✐t② ✈❡❝t♦r Ar✳

❚❤❡♦r❡♠ ✷✳✶✷ ✭❇♦✉♥❞s✿ ❈❛s❡ ✹✱ ♥♦♥✇♦r❦❡r ✇✐t❤♦✉t ♣✉r❝❤❛s❡❞ ❤♦✉s❡❤♦❧❞ ❤❡❧♣✮✳ ❯♥❞❡r

❆ss✉♠♣t✐♦♥s ✷✳✶ ❛♥❞ ✷✳✷✱ ✇✐t❤ q∗S = 0 ❛♥❞ T ∗
l1 = 0✿

0 < w∗ ≤ w∗
H ≤ wS. ✭✷✳✷✹✮

✶✹



◆❡✐t❤❡r w ♥♦r wS ♣r♦✈✐❞❡s ❛ t✐❣❤t ❜♦✉♥❞ ♦♥ w∗❀ ❜♦t❤ w∗ ❛♥❞ w∗
H ❛r❡ ✉♥♦❜s❡r✈❡❞✳

Pr♦♦❢✳ ❇♦✉♥❞ w∗ ≤ w∗
H ✿ ❙❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✽✿ w∗ = w∗

H + U6/λ
∗ ≤ w∗

H ✳

❇♦✉♥❞ w∗
H ≤ wS✿ ❙❛♠❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✽✿ t❤❡ ❑✉❤♥✕❚✉❝❦❡r ❝♦♥❞✐t✐♦♥ ❢♦r qS ❣✐✈❡s

U4H2 ≤ λ∗wS✱ ✐✳❡✳✱ w∗
H ≤ wS✳

◆♦ w✲❜♦✉♥❞✿ ❙❛♠❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✷✳✶✵✿ t❤❡ ❑✉❤♥✕❚✉❝❦❡r ❝♦♥❞✐t✐♦♥ ❢♦r Tl1 ❞♦❡s ♥♦t

❝♦♥str❛✐♥ w∗ r❡❧❛t✐✈❡ t♦ w✳ ■

❚❤❡ ❢♦✉r t❤❡♦r❡♠s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✶✳

❚❛❜❧❡ ✶✿ ❙❤❛❞♦✇✲♣r✐❝❡ ❜♦✉♥❞s ❜② ❝❛s❡

❈❛s❡ q∗S T ∗
l1 ❇♦✉♥❞ ♦♥ w∗ w∗

H st❛t✉s ❙❝❤r❡②❡r✕❉✐❡✇❡rt

✭✷✵✶✹✮

✶ > 0 > 0 0 < w∗ ≤ min{wS , w} = wS

✭❦♥♦✇♥✮

❊q✳ ✷✷

✷ = 0 > 0 0 < w∗ ≤

min{w∗
H , w} ≤

min{wS , w}

❯♥❦♥♦✇♥✱

≤ wS

❊q✳ ✺✶

✸ > 0 = 0 0 < w∗ ≤ wS = wS

✭❦♥♦✇♥✮

❊q✳ ✻✺

✹ = 0 = 0 0 < w∗ ≤ w∗
H ≤ wS ❯♥❦♥♦✇♥✱

≤ wS

❊q✳ ✼✹

❘❡♠❛r❦ ✷✳✶✸ ✭❚❤❡ ❇❡❝❦❡r ❝❛s❡ ❛s ❛ s♣❡❝✐❛❧ ❝❛s❡✮✳ ■❢ U5 = U6 = 0 ✭♥♦ ❞✐s✉t✐❧✐t② ♦❢ ❡✐t❤❡r

♠❛r❦❡t ✇♦r❦ ♦r ❤♦✉s❡❤♦❧❞ ✇♦r❦✮✱ t❤❡♥ ✐♥ ❈❛s❡s ✶ ❛♥❞ ✷✿ w∗ = w∗
H = w✱ ✇❤✐❝❤ ✐s ❇❡❝❦❡r

✭✶✾✻✺✮✬s ✈❛❧✉❛t✐♦♥✳ ❚❤✐s r❡q✉✐r❡s w ≤ wS ❢♦r t❤❡ ❑✉❤♥✕❚✉❝❦❡r ❝♦♥❞✐t✐♦♥s t♦ ❜❡ ❝♦♥s✐st❡♥t✳

❚❤❡ ❛ss✉♠♣t✐♦♥ U5 = U6 = 0 ❡❧✐♠✐♥❛t❡s t❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❢♦✉r ❝❛s❡s ❛♥❞ ②✐❡❧❞s

❛ s✐♥❣❧❡ ✈❛❧✉❛t✐♦♥ r✉❧❡✿ t✐♠❡ ✐s ✈❛❧✉❡❞ ❛t t❤❡ ♠❛r❦❡t ✇❛❣❡✳ ❚❤❡ ❣❡♥❡r❛❧✐t② ♦❢ t❤❡ ❉✐❡✇❡rt

❢r❛♠❡✇♦r❦ ❧✐❡s ♣r❡❝✐s❡❧② ✐♥ ❛❧❧♦✇✐♥❣ U5 < 0 ❛♥❞ U6 < 0✱ ✇❤✐❝❤ ❣❡♥❡r❛t❡s ❛ r✐❝❤❡r str✉❝t✉r❡

♦❢ s❤❛❞♦✇ ♣r✐❝❡s✳

✶✺



❘❡♠❛r❦ ✷✳✶✹ ✭❘❡❣✐♦♥❛❧ ❤♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s ♠❛r❦❡ts ❛♥❞ ❈❛s❡ s❡❧❡❝t✐♦♥✮✳ ❲❤❡♥ t❤❡ ❤♦✉s❡❤♦❧❞✲

s❡r✈✐❝❡s ♣r✐❝❡ ✈❛r✐❡s ❛❝r♦ss r❡❣✐♦♥s ✭❆ss✉♠♣t✐♦♥ ✸✳✶✸ ✐♥ ❙❡❝t✐♦♥ ✸✳✼✮✱ t❤❡ ❝❛s❡ s❡❧❡❝t✐♦♥ ✐s

♣❛rt❧② ❞❡t❡r♠✐♥❡❞ ❜② s✉♣♣❧② ❝♦♥❞✐t✐♦♥s✳ ■♥ r❡❣✐♦♥s ✇✐t❤ wr
S = +∞ ✭♥♦ ♠❛r❦❡t ❤♦✉s❡❤♦❧❞

s❡r✈✐❝❡s✮✱ q∗S = 0 ✐s ❢♦r❝❡❞ r❡❣❛r❞❧❡ss ♦❢ ♣r❡❢❡r❡♥❝❡s✱ ♣❧❛❝✐♥❣ t❤❡ ❤♦✉s❡❤♦❧❞ ✐♥ ❈❛s❡ ✷ ♦r ✹✳

■♥ s✉❝❤ r❡❣✐♦♥s✱ t❤❡ ❜♦✉♥❞s ✐♥✈♦❧✈✐♥❣ wr
S ❜❡❝♦♠❡ ✈❛❝✉♦✉s✱ ❛♥❞ t❤❡ ❡✛❡❝t✐✈❡ ❝♦♥str❛✐♥t ♦♥

w∗ ❝♦♠❡s ❢r♦♠ w ❛❧♦♥❡ ✭❢♦r ✇♦r❦❡rs✮ ♦r ✐s ❛❜s❡♥t ✭❢♦r ♥♦♥✇♦r❦❡rs✮✳ ❙❡❡ Pr♦♣♦s✐t✐♦♥ ✸✳✶✺ ✐♥

❙❡❝t✐♦♥ ✸✳✼ ❢♦r t❤❡ s♣❛t✐❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡s❡ r❡s✉❧ts✳

✷✳✺ ❋✉❧❧ ■♥❝♦♠❡ ❛♥❞ ❋✉❧❧ ❈♦♥s✉♠♣t✐♦♥

▼✉❧t✐♣❧②✐♥❣ t❤❡ t✐♠❡ ❝♦♥str❛✐♥t ✭✷✳✺✮ ❜② w∗ ❛♥❞ ❛❞❞✐♥❣ t♦ t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✭✷✳✻✮ ✭❜♦t❤

❤♦❧❞✐♥❣ ✇✐t❤ ❡q✉❛❧✐t② ❛t t❤❡ ♦♣t✐♠✉♠✮ ②✐❡❧❞s t❤❡ ❝♦♠❜✐♥❡❞ ✐❞❡♥t✐t②✿

pRq
∗
R + p2q

∗
k1 + w∗T ∗

k1 + p1q
∗
k2 + w∗T ∗

k2 + pHq
∗
H + wSq

∗
S

+ w∗T ∗
l2 − (w − w∗)T ∗

l1 = Y + w∗T. ✭✷✳✷✺✮

❚❤✐s ✐s ♦❜t❛✐♥❡❞ ❜② ♠✉❧t✐♣❧②✐♥❣ ✭✷✳✺✮ ❜② w∗ ✭❣✐✈✐♥❣ w∗T ∗
l1 + w∗T ∗

l2 + w∗T ∗
k1 + w∗T ∗

k2 = w∗T ✮

❛♥❞ ❛❞❞✐♥❣ t♦ ✭✷✳✻✮ ✭❣✐✈✐♥❣ pRq
∗
R + p2q

∗
k1 + p1q

∗
k2 + pHq

∗
H + wSq

∗
S = wT ∗

l1 + Y ✮✳ ❚❤❡ t❡r♠s

w∗T ∗
l1 ❛♥❞ wT ∗

l1 ❝♦♠❜✐♥❡ t♦ −(w − w∗)T ∗
l1✳

◆❡①t✱ ■ ✉s❡ t❤❡ ❞✉❛❧✐t② ❜❡t✇❡❡♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡✐r ✉♥✐t ❝♦st ❢✉♥❝t✐♦♥s✳

❋♦r ❡❛❝❤ ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ J ∈ {F,G,H}✱ ❞❡✜♥❡✿

❉❡✜♥✐t✐♦♥ ✷✳✶✺ ✭❯♥✐t ❝♦st ❢✉♥❝t✐♦♥s✮✳

cF (p2, w
∗) ≡ min

q,t≥0
{p2q + w∗t : F (q, t) ≥ 1}, ✭✷✳✷✻✮

cG(p1, w
∗) ≡ min

q,t≥0
{p1q + w∗t : G(q, t) ≥ 1}, ✭✷✳✷✼✮

cH(pH , wS) ≡ min
q,t≥0

{pHq + wSt : H(q, t) ≥ 1}. ✭✷✳✷✽✮

❇② ▲❡♠♠❛ ❈✳✶ ✭♣r♦✈❡❞ ✐♥ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❈✮✱ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ✭✷✳✶✷✮✕✭✷✳✶✸✮

✶✻



✐♠♣❧② t❤❛t (q∗k1, T
∗
k1) s♦❧✈❡s t❤❡ ❝♦st ♠✐♥✐♠✐③❛t✐♦♥ min{p2q+w∗t : F (q, t) ≥ Q∗

k1}✳ ❚❤❡r❡❢♦r❡✿

p2q
∗
k1 + w∗T ∗

k1 = cF (p2, w
∗) · F (q∗k1, T

∗
k1) ≡ P ∗

k1Q
∗
k1. ✭✷✳✷✾✮

❙✐♠✐❧❛r❧②✱ ✭✷✳✶✹✮✕✭✷✳✶✺✮ ❛♥❞ ✭✷✳✶✻✮✕✭✷✳✶✼✮ ✐♠♣❧②✿

p1q
∗
k2 + w∗T ∗

k2 = cG(p1, w
∗) ·G(q∗k2, T

∗
k2) ≡ P ∗

k2Q
∗
k2, ✭✷✳✸✵✮

pHq
∗
H + wS(T

∗
l2 + q∗S) = cH(pH , wS) ·H(q∗H , T

∗
l2 + q∗S) ≡ P ∗

HQ
∗
H . ✭✷✳✸✶✮

❉❡✜♥✐t✐♦♥ ✷✳✶✻ ✭❋✉❧❧ Pr✐❝❡s ❛♥❞ ❋✉❧❧ ■♥❝♦♠❡✮✳

P ∗
k1 ≡ cF (p2, w

∗), P ∗
k2 ≡ cG(p1, w

∗), P ∗
H ≡ cH(pH , wS) ✭✷✳✸✷✮

FI ≡ Y + w∗T ✭✷✳✸✸✮

❉❡✜♥✐t✐♦♥ ✷✳✶✼ ✭❋✉❧❧ ❈♦♥s✉♠♣t✐♦♥✮✳

FC ≡ pRq
∗
R + P ∗

k1Q
∗
k1 + P ∗

k2Q
∗
k2 + P ∗

HQ
∗
H ✭✷✳✸✹✮

❚❤❡ ❢✉❧❧ ✐♥❝♦♠❡ ✐❞❡♥t✐t② ✐s✿

FC − (wS − w∗)T ∗
l2 − (w − w∗)T ∗

l1 = FI . ✭✷✳✸✺✮

✸ ❚❤❡ ❙♣❛t✐❛❧ ❊①t❡♥s✐♦♥

❚❤✐s s❡❝t✐♦♥ ❞❡✈❡❧♦♣s t❤❡ s♣❛t✐❛❧ ♠♦❞❡❧ ❢♦r t❤❡ ❡❝♦♥♦♠✐❝❛❧❧② ❝❡♥tr❛❧ ✇♦r❦❡r r❡❣✐♠❡✱ Tl1 > 0✳

❚❤✐s ✐s t❤❡ r❡❣✐♠❡ ✐♥ ✇❤✐❝❤ ❝♦♠♠✉t✐♥❣ ❛✛❡❝ts t❤❡ ❡✛❡❝t✐✈❡ t✐♠❡ ❡♥❞♦✇♠❡♥t ❛♥❞ t❤❡r❡❢♦r❡

❣❡♥❡r❛t❡s ❛ ❜✐❞✲r❡♥t ❣r❛❞✐❡♥t✳ ❙❡❝t✐♦♥ ✼ r❡t✉r♥s t♦ t❤❡ ♥♦♥✇♦r❦❡r ❝♦r♥❡r ❝❛s❡s Tl1 = 0✱ ✐♥

✇❤✐❝❤ ❝♦♠♠✉t✐♥❣ t✐♠❡ ❛♥❞ ❝♦♠♠✉t✐♥❣ ❡①♣❡♥❞✐t✉r❡ ✈❛♥✐s❤✳

✶✼



✸✳✶ ❙♣❛t✐❛❧ ❙tr✉❝t✉r❡

❚❤❡ ❤♦✉s❡❤♦❧❞ ♦♣❡r❛t❡s ❛❝r♦ss t❤r❡❡ ❧♦❝❛t✐♦♥s✿

❼ S1 ✭❍♦♠❡✮✿ r❡s✐❞❡♥❝❡✱ ✇❤❡r❡ ❤♦♠❡ ❧❡✐s✉r❡ ❛♥❞ ❤♦✉s❡❤♦❧❞ ✇♦r❦ ♦❝❝✉r❀

❼ S2 ✭❲♦r❦♣❧❛❝❡✮✿ ✇❤❡r❡ ♠❛r❦❡t ❧❛❜♦r ✐s s✉♣♣❧✐❡❞❀

❼ S3 ✭❆♠❡♥✐t② ✈❡♥✉❡✮✿ r❡st❛✉r❛♥ts✱ ♣❛r❦s✱ ❝❛❢és✱ s❤♦♣s✱ ❛♥❞ ♦t❤❡r ❧♦❝❛t✐♦♥s t❤❛t ❣❡♥❡r❛t❡

❡①t❡r♥❛❧ ❧❡✐s✉r❡ s❡r✈✐❝❡s✳

✸✳✷ ❈♦♠♠✉t✐♥❣ ❛♥❞ ▲❡✐s✉r❡ ❚r❛✈❡❧

❆ss✉♠♣t✐♦♥ ✸✳✶ ✭❲♦r❦❡r ❝♦♠♠✉t✐♥❣✮✳ ■❢ t❤❡ ❤♦✉s❡❤♦❧❞ s✉♣♣❧✐❡s ♠❛r❦❡t ❧❛❜♦r ❛t S2✱ ✐t

✐♥❝✉rs ❛ ✜①❡❞ r♦✉♥❞✲tr✐♣ ❝♦♠♠✉t✐♥❣ t✐♠❡ d12 ≥ 0 ♣❡r ♣❡r✐♦❞ ❛♥❞ ❛ ♠♦♥❡t❛r② ❝♦♠♠✉t✐♥❣

❝♦st δ1d12✱ ✇❤❡r❡ δ1 > 0 ✐s t❤❡ ♣❡r✲✉♥✐t✲t✐♠❡ ♠♦♥❡t❛r② ❝♦st ♦❢ ❝♦♠♠✉t✐♥❣✳

❆ss✉♠♣t✐♦♥ ✸✳✷ ✭▲❡✐s✉r❡ tr❛✈❡❧✮✳ ❊①t❡r♥❛❧ ❧❡✐s✉r❡ ❛t S3 r❡q✉✐r❡s tr❛✈❡❧ t✐♠❡ ♣r♦♣♦rt✐♦♥❛❧

t♦ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ t✐♠❡✿ Tr2 = d13Tk2✱ ✇❤❡r❡ d13 ≥ 0 ✐s t❤❡ t✐♠❡✲❞✐st❛♥❝❡ ❢r♦♠ ❤♦♠❡ t♦

❛♠❡♥✐t② ✈❡♥✉❡s✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠♦♥❡t❛r② ❝♦st ✐s δ2d13Tk2 ✇✐t❤ δ2 > 0✳

❚❤❡ ❞✐st✐♥❝t✐♦♥ ✐s ✐♥t❡♥t✐♦♥❛❧✳ ❈♦♠♠✉t✐♥❣ ✐s ♠♦❞❡❧❡❞ ❛s ❛ ✜①❡❞ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦st ♦❢

✇♦r❦✐♥❣✱ ✇❤✐❧❡ ❧❡✐s✉r❡ tr❛✈❡❧ s❝❛❧❡s ✇✐t❤ t❤❡ ❛♠♦✉♥t ♦❢ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ ❝♦♥s✉♠❡❞✳ ❚❤✐s

❢♦r♠✉❧❛t✐♦♥ ❦❡❡♣s t❤❡ ✇♦r❦❡r r❡❣✐♠❡ ❛♥❛❧②t✐❝❛❧❧② tr❛♥s♣❛r❡♥t ❛♥❞ ♠❛t❝❤❡s t❤❡ ❡♠♣✐r✐❝❛❧

♦❜s❡r✈❛t✐♦♥ t❤❛t ✇♦r❦ ♣❛rt✐❝✐♣❛t✐♦♥ ♦❢t❡♥ ❡♥t❛✐❧s ❛t ❧❡❛st ♦♥❡ ❝♦♠♠✉t❡ ♣❡r ✇♦r❦❞❛②✱ ✇❤❡r❡❛s

❧❡✐s✉r❡ tr✐♣s ✈❛r② ✇✐t❤ t❤❡ ❛♠♦✉♥t ♦❢ ♥♦♥✲❤♦♠❡ ❧❡✐s✉r❡ ❛❝t✐✈✐t②✳

✸✳✸ ❲♦r❦❡r ❈♦♥str❛✐♥ts

❋♦r ❛ ✇♦r❦✐♥❣ ❤♦✉s❡❤♦❧❞✱ t❤❡ t✐♠❡ ❝♦♥str❛✐♥t ❜❡❝♦♠❡s

Tl1 + Tl2 + Tk1 + (1 + d13)Tk2 = T − d12 ≡ T̃ , ✭✸✳✶✮

✶✽



✇❤❡r❡ T̃ ✐s t❤❡ ❡✛❡❝t✐✈❡ t✐♠❡ ❡♥❞♦✇♠❡♥t✳ ❚❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✐s

pRqR + p2qk1 + p1qk2 + pHqH + wSqS + δ1d12 + δ2d13Tk2 ≤ wTl1 + Y. ✭✸✳✷✮

✸✳✹ ❚❤❡ ❙♣❛t✐❛❧ ❖♣t✐♠✐③❛t✐♦♥ Pr♦❜❧❡♠

❚❤❡ ✇♦r❦✐♥❣ ❤♦✉s❡❤♦❧❞ s♦❧✈❡s

uW∗ = max
q,T≥0

U
[
qR, F (qk1, Tk1), G(qk2, Tk2), H(qH , Tl2 + qS), Tl1, Tl2

]
✭✸✳✸✮

s✉❜❥❡❝t t♦ ✭✸✳✶✮ ❛♥❞ ✭✸✳✷✮✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸ ✭❙♣❛t✐❛❧ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s✮✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✷✳✶✕✸✳✷✱ ✇✐t❤ q∗S > 0

❛♥❞ T ∗
l1 > 0✱ ❝♦♥❞✐t✐♦♥s ✭✷✳✶✶✮✕✭✷✳✶✻✮ ❛♥❞ ✭✷✳✶✼✮ ❝♦♥t✐♥✉❡ t♦ ❤♦❧❞✳ ❚❤❡ t✐♠❡✲r❡❧❛t❡❞ ✜rst✲

♦r❞❡r ❝♦♥❞✐t✐♦♥s ❜❡❝♦♠❡

U3 ·G2(q
∗
k2, T

∗
k2) = λ∗πk2, ✭✸✳✹✮

U4 ·H2(q
∗
H , T

∗
l2 + q∗S) + U6 = λ∗w∗, ✭✸✳✺✮

U5 = −λ∗(w − w∗), ✭✸✳✻✮

✇❤❡r❡

πk2 ≡ w∗(1 + d13) + δ2d13 ✭✸✳✼✮

✐s t❤❡ ❢✉❧❧ ♣r✐❝❡ ♦❢ ♦♥❡ ✉♥✐t ♦❢ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ t✐♠❡✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳ ■

❚❤❡♦r❡♠ ✸✳✹ ✭❙♣❛t✐❛❧ ❜♦✉♥❞ ♦♥ t❤❡ s❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❧❡✐s✉r❡✮✳ ■♥ t❤❡ ✇♦r❦❡r r❡❣✐♠❡ ✇✐t❤

q∗S > 0 ❛♥❞ T ∗
l1 > 0✱

0 < w∗ ≤ min{wS, w}. ✭✸✳✽✮

Pr♦♦❢✳ ❈♦♥❞✐t✐♦♥ ✭✸✳✻✮ ✐s ✐❞❡♥t✐❝❛❧ ✐♥ ❢♦r♠ t♦ ✭✷✳✶✾✮✱ s♦ w∗ ≤ w ❢♦❧❧♦✇s ❡①❛❝t❧② ❛s ✐♥ ❚❤❡✲

✶✾



♦r❡♠ ✷✳✻✳ ❈♦♠❜✐♥✐♥❣ ✭✷✳✶✼✮ ❛♥❞ ✭✸✳✺✮ ②✐❡❧❞s U6 = −λ∗(wS − w∗)✱ ❛♥❞ s✐♥❝❡ U6 ≤ 0 ❛♥❞

λ∗ > 0✱ ✇❡ ♦❜t❛✐♥ w∗ ≤ wS✳ P♦s✐t✐✈✐t② ❢♦❧❧♦✇s ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✷✳✺✳ ■

❘❡♠❛r❦ ✸✳✺✳ ❚❤❡ s♣❛t✐❛❧ ❡①t❡♥s✐♦♥ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❜♦✉♥❞ ♦♥ w∗❀ ✐t ❝❤❛♥❣❡s t❤❡ ❡q✉✐✲

❧✐❜r✐✉♠ ✈❛❧✉❡ ♦❢ w∗ t❤r♦✉❣❤ t❤❡ ❡✛❡❝t✐✈❡ t✐♠❡ ❡♥❞♦✇♠❡♥t T̃ = T − d12 ❛♥❞ t❤❡ ❢✉❧❧ ♣r✐❝❡ ♦❢

❡①t❡r♥❛❧ ❧❡✐s✉r❡ πk2✳

✸✳✺ ❙♣❛t✐❛❧ ❋✉❧❧ ■♥❝♦♠❡ ❛♥❞ ❋✉❧❧ ❈♦♥s✉♠♣t✐♦♥

❚❤❡ ✇♦r❦❡r ♠♦❞❡❧ ②✐❡❧❞s ❛ s♣❛t✐❛❧ ❢✉❧❧✲✐♥❝♦♠❡ ✐❞❡♥t✐t② t❤❛t ❞✐✛❡rs ❢r♦♠ t❤❡ ❜❛s❡ ♠♦❞❡❧ ✐♥

t✇♦ ♣❧❛❝❡s✿ ❝♦♠♠✉t✐♥❣ r❡❞✉❝❡s ❛✈❛✐❧❛❜❧❡ t✐♠❡ ❛♥❞ ❛❧s♦ ❛❜s♦r❜s ♠♦♥❡t❛r② r❡s♦✉r❝❡s✳

❉❡✜♥✐t✐♦♥ ✸✳✻ ✭❙♣❛t✐❛❧ ❢✉❧❧ ♣r✐❝❡s✮✳ ▲❡t

P ∗
k1 ≡ cF (p2, w

∗), P̃ ∗
k2 ≡ cG(p1, πk2), P ∗

H ≡ cH(pH , wS), ✭✸✳✾✮

✇❤❡r❡ cF ✱ cG✱ ❛♥❞ cH ❛r❡ t❤❡ ✉♥✐t✲❝♦st ❢✉♥❝t✐♦♥s ❞✉❛❧ t♦ F ✱ G✱ ❛♥❞ H✳

❉❡✜♥✐t✐♦♥ ✸✳✼ ✭❙♣❛t✐❛❧ ❢✉❧❧ ❝♦♥s✉♠♣t✐♦♥✮✳ ❲♦r❦❡r ❢✉❧❧ ❝♦♥s✉♠♣t✐♦♥ ✐s

FC
W ≡ pRq

∗
R + P ∗

k1Q
∗
k1 + P̃ ∗

k2Q
∗
k2 + P ∗

HQ
∗
H . ✭✸✳✶✵✮

❚❤❡♦r❡♠ ✸✳✽ ✭❙♣❛t✐❛❧ ❢✉❧❧ ✐♥❝♦♠❡ ✐❞❡♥t✐t②✱ ❈❛s❡ ✶✮✳ ❋♦r ❛ ✇♦r❦✐♥❣ ❤♦✉s❡❤♦❧❞ ✐♥ ❈❛s❡ ✶

✭q∗S > 0✱ T ∗
l1 > 0✮✱ ✇✐t❤ P ∗

H = cH(pH , w
r
S)✱

FC
W − (wr

S − w∗)T ∗
l2 − (w − w∗)T ∗

l1 = Y − δ1d12 + w∗(T − d12) ≡ FI
W . ✭✸✳✶✶✮

■♥ ❈❛s❡ ✷ ✭q∗S = 0✱ T ∗
l1 > 0✮✱ t❤❡ ✐❞❡♥t✐t② t❛❦❡s ❛ ❞✐✛❡r❡♥t ❢♦r♠✿ P ∗

H ♠✉st ❜❡ r❡♣❧❛❝❡❞ ❜② P ∗,2
H =

cH(pH , w
∗
H) ✇❤❡r❡ w∗

H = U4H2/λ
∗ ✐s t❤❡ ✐♠♣✉t❡❞ ❤♦✉s❡❤♦❧❞✲✇♦r❦ ♣r✐❝❡❀ s❡❡ ❚❤❡♦r❡♠ ❈✳✸✳

Pr♦♦❢✳ ❚❤✐s ♣r♦♦❢ ❛♣♣❧✐❡s t♦ ❈❛s❡ ✶✱ ✇❤❡r❡ q∗S > 0 s♦ t❤❡ ♠❛r❦❡t ♣r✐❝❡ wr
S ❣♦✈❡r♥s ❤♦✉s❡❤♦❧❞

s❡r✈✐❝❡s✳ ❆t t❤❡ ♦♣t✐♠✉♠✱ ❜♦t❤ ❝♦♥str❛✐♥ts ❤♦❧❞ ✇✐t❤ ❡q✉❛❧✐t②✳ ▼✉❧t✐♣❧② t❤❡ t✐♠❡ ❝♦♥str❛✐♥t

✷✵



✭✸✳✶✮ ❜② w∗ ❛♥❞ ❛❞❞ ✐t t♦ t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✭✸✳✷✮✳ ❚❤✐s ❣✐✈❡s

pRq
∗
R + p2q

∗
k1 + w∗T ∗

k1 + p1q
∗
k2 +

[
w∗(1 + d13) + δ2d13

]
T ∗
k2

+ pHq
∗
H + wr

S(T
∗
l2 + q∗S)− (wr

S − w∗)T ∗
l2 − (w − w∗)T ∗

l1

= Y − δ1d12 + w∗(T − d12).

❇② ❧✐♥❡❛r ❤♦♠♦❣❡♥❡✐t② ❛♥❞ ❞✉❛❧✐t② ✭❆ss✉♠♣t✐♦♥ ✷✳✷✮✱

P ∗
k1Q

∗
k1 = p2q

∗
k1 + w∗T ∗

k1,

P̃ ∗
k2Q

∗
k2 = p1q

∗
k2 + πk2T

∗
k2,

P ∗
HQ

∗
H = pHq

∗
H + wr

S(T
∗
l2 + q∗S).

❙✉❜st✐t✉t✐♥❣ t❤❡s❡ ❡q✉❛❧✐t✐❡s ✐♥t♦ t❤❡ ♣r❡✈✐♦✉s ❡①♣r❡ss✐♦♥ ②✐❡❧❞s ✭✸✳✶✶✮✳ ■

❘❡♠❛r❦ ✸✳✾✳ ❘❡❧❛t✐✈❡ t♦ t❤❡ ♥♦♥✲s♣❛t✐❛❧ ✐❞❡♥t✐t② ✭✷✳✸✺✮✱ ✇♦r❦❡r ❢✉❧❧ ✐♥❝♦♠❡ ✐s r❡❞✉❝❡❞ ❜②

❜♦t❤ t❤❡ ♦♣♣♦rt✉♥✐t② ❝♦st ♦❢ ❝♦♠♠✉t✐♥❣ t✐♠❡✱ w∗d12✱ ❛♥❞ t❤❡ ❞✐r❡❝t ♠♦♥❡t❛r② ❝♦♠♠✉t✐♥❣

❝♦st✱ δ1d12✳ ■♥ t❤❡ ♥♦♥✇♦r❦❡r ❝♦r♥❡r ❝❛s❡s ❛♥❛❧②③❡❞ ❧❛t❡r✱ ❝♦♠♠✉t✐♥❣ ❞✐s❛♣♣❡❛rs ❛♥❞ ❢✉❧❧

✐♥❝♦♠❡ r❡✈❡rts t♦ Y + w∗T ✳

✸✳✻ ❚❤❡ ❘♦❧❡ ♦❢ P✉r❝❤❛s❡❞ ❍♦✉s❡❤♦❧❞ ❙❡r✈✐❝❡s

❚❤❡ ❞❡❝✐s✐♦♥ t♦ ♣✉r❝❤❛s❡ ♠❛r❦❡t ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ✐s ❛ ❦❡② ❝❤❛♥♥❡❧ t❤r♦✉❣❤ ✇❤✐❝❤ t✐♠❡

✐s r❡❛❧❧♦❝❛t❡❞ ❛❝r♦ss ❧❛❜♦r✱ ❧❡✐s✉r❡✱ ❛♥❞ ❤♦✉s❡❤♦❧❞ ♣r♦❞✉❝t✐♦♥✳ ❚❤✐s s✉❜s❡❝t✐♦♥ ♠❛❦❡s t❤❡

♣✉r❝❤❛s❡ ❝♦♥❞✐t✐♦♥ ❡①♣❧✐❝✐t ❛♥❞ s❤♦✇s ❤♦✇ ✐t ✐♥t❡r❛❝ts ✇✐t❤ t❤❡ s♣❛t✐❛❧ str✉❝t✉r❡✳

✸✳✻✳✶ ❲❤❡♥ ❞♦❡s ❛ ❤♦✉s❡❤♦❧❞ ♣✉r❝❤❛s❡ ♦✉ts✐❞❡ ❤❡❧♣❄

❈♦♠❜✐♥✐♥❣ t❤❡ ✐♥t❡r✐♦r ❝♦♥❞✐t✐♦♥s ✭✷✳✶✼✮ ❛♥❞ ✭✸✳✺✮ ②✐❡❧❞s

U6 = −λ∗(wS − w∗). ✭✸✳✶✷✮

✷✶



❚❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ✐s t❤❡ ♠❛r❣✐♥❛❧ ❞✐s✉t✐❧✐t② ♦❢ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❤♦✉r ♦❢ ♦✇♥ ❤♦✉s❡❤♦❧❞ ✇♦r❦✳

❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s t❤❡ ♥❡t ❝♦st ♦❢ ❛✈♦✐❞✐♥❣ t❤❛t ❤♦✉r ❜② ❤✐r✐♥❣ ♠❛r❦❡t ❤❡❧♣✿ t❤❡ ❤♦✉s❡❤♦❧❞

♣❛②s wS ♣❡r ❤♦✉r ❜✉t s❛✈❡s t✐♠❡ ✈❛❧✉❡❞ ❛t w∗✳ ❘❡❛rr❛♥❣✐♥❣✱

wS = w∗ +
|U6|

λ∗
. ✭✸✳✶✸✮

Pr♦♣♦s✐t✐♦♥ ✸✳✶✵ ✭❍♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s ♣✉r❝❤❛s❡✿ ♦♣t✐♠❛❧✐t② ❝❤❛r❛❝t❡r✐③❛t✐♦♥✮✳ ❆t ❛♥ ✐♥✲

t❡r✐♦r ♦♣t✐♠✉♠ ✇✐t❤ q∗S > 0 ✭❈❛s❡ ✶ ♦r ❈❛s❡ ✸✮✱ t❤❡ ❑❑❚ ❝♦♥❞✐t✐♦♥s ✐♠♣❧② t❤❡ ♥❡❝❡ss❛r②

♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥✿

w∗

︸︷︷︸
✈❛❧✉❡ ♦❢

r❡❧❡❛s❡❞ t✐♠❡

+
|U6|

λ∗︸︷︷︸
❛✈♦✐❞❡❞
❞✐s✉t✐❧✐t②

= wr
S︸︷︷︸

❝♦st ♦❢
♠❛r❦❡t ❤❡❧♣

. ✭✸✳✶✹✮

❆t ❛ ❝♦r♥❡r ♦♣t✐♠✉♠ ✇✐t❤ q∗S = 0✱ t❤❡ ❑❑❚ ✐♥❡q✉❛❧✐t② ✐♠♣❧✐❡s w∗ + |U6|/λ
∗ ≤ wr

S✳

❈❛✈❡❛t✿ ❇❡❝❛✉s❡ w∗ ❛♥❞ |U6|/λ
∗ ❛r❡ ❡♥❞♦❣❡♥♦✉s ❡q✉✐❧✐❜r✐✉♠ ♦❜❥❡❝ts✱ ✭✸✳✶✹✮ ❝❤❛r❛❝t❡r✐③❡s

t❤❡ ♦♣t✐♠✉♠ ❡① ♣♦st✳ ■t ❝❛♥♥♦t ❜❡ ✉s❡❞ ❛s ❛♥ ❡① ❛♥t❡ ❞❡❝✐s✐♦♥ r✉❧❡ ✇✐t❤♦✉t ❛❞❞✐t✐♦♥❛❧

r❡str✐❝t✐♦♥s ♦♥ ♣r❡❢❡r❡♥❝❡s ❛♥❞ t❡❝❤♥♦❧♦❣②✳

Pr♦♦❢✳ ❆t ❛♥ ✐♥t❡r✐♦r s♦❧✉t✐♦♥ ✇✐t❤ q∗S > 0✱ ❝♦♥❞✐t✐♦♥ ✭✷✳✶✼✮ ❤♦❧❞s ✇✐t❤ ❡q✉❛❧✐t②✱ ❛♥❞ ✭✸✳✶✷✮

❤♦❧❞s✳ ❘❡❛rr❛♥❣✐♥❣ ✭✸✳✶✷✮ ❣✐✈❡s ✭✸✳✶✹✮ ✇✐t❤ ❡q✉❛❧✐t②✳ ■❢ q∗S = 0✱ t❤❡ ❑❑❚ ✐♥❡q✉❛❧✐t② ❢♦r qS ✐s

U4H2 ≤ λ∗wr
S❀ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✸✳✺✮ ✭✇❤✐❝❤ ❣✐✈❡s U4H2 = λ∗(w∗−U6/λ

∗) = λ∗(w∗+|U6|/λ
∗)✮✱

t❤✐s ✐♠♣❧✐❡s w∗ + |U6|/λ
∗ ≤ wr

S✳ ■

❘❡♠❛r❦ ✸✳✶✶ ✭❚✇♦ s♦✉r❝❡s ♦❢ ❜❡♥❡✜t ❢r♦♠ ♦✉ts♦✉r❝✐♥❣✮✳ ❈♦♥❞✐t✐♦♥ ✭✸✳✶✹✮ r❡✈❡❛❧s t✇♦

❞✐st✐♥❝t ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❜❡♥❡✜t ♦❢ ♦✉ts♦✉r❝✐♥❣✿ ✭✐✮ t✐♠❡ r❡❧❡❛s❡ ✭w∗✮✿ ❡❛❝❤ ♦✉ts♦✉r❝❡❞

❤♦✉r ❢r❡❡s t✐♠❡ ✈❛❧✉❡❞ ❛t t❤❡ s❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❧❡✐s✉r❡❀ ❛♥❞ ✭✐✐✮ ❞✐s✉t✐❧✐t② ❛✈♦✐❞❛♥❝❡ ✭|U6|/λ
∗✮✿

t❤❡ ❤♦✉s❡❤♦❧❞ ❛❧s♦ ❛✈♦✐❞s t❤❡ ❞✐r❡❝t ✉♥♣❧❡❛s❛♥t♥❡ss ♦❢ ♣❡r❢♦r♠✐♥❣ t❤❡ t❛s❦ ✐ts❡❧❢✳ ■❢ t❤❡r❡ ✐s

♥♦ ❞✐s✉t✐❧✐t② ♦❢ ❤♦✉s❡✇♦r❦ ✭U6 = 0✮ ❛♥❞ t❤❡ ❤♦✉s❡❤♦❧❞ ✐s ❛t ❛♥ ✐♥t❡r✐♦r ♦♣t✐♠✉♠ ✇✐t❤ q∗S > 0

✭❈❛s❡ ✶✮✱ t❤❡♥ ✭✸✳✶✹✮ ❣✐✈❡s w∗ = wr
S✳ ❚❤✐s ❞♦❡s ♥♦t ❤♦❧❞ ✐♥ ❈❛s❡s ✷ ♦r ✹ ✇❤❡r❡ q∗S = 0❀ ✐♥

t❤♦s❡ ❝❛s❡s t❤❡ ❜♦✉♥❞ ✐s w∗ ≤ wr
S ✇✐t❤ str✐❝t ✐♥❡q✉❛❧✐t② ♣♦ss✐❜❧❡✳

✷✷



✸✳✻✳✷ ❚✐♠❡ r❡❛❧❧♦❝❛t✐♦♥ ❢r♦♠ ♦✉ts♦✉r❝✐♥❣

❲❤❡♥ ❛ ❤♦✉s❡❤♦❧❞ ♣✉r❝❤❛s❡s∆qS ❛❞❞✐t✐♦♥❛❧ ✉♥✐ts ♦❢ ♠❛r❦❡t ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s✱ ✐t ❝❛♥ r❡❞✉❝❡

Tl2 ❜② t❤❡ s❛♠❡ ❛♠♦✉♥t ✭s✐♥❝❡ Tl2 ❛♥❞ qS ❛r❡ ♣❡r❢❡❝t s✉❜st✐t✉t❡s ✐♥ H✮✳ ❚❤❡ r❡❧❡❛s❡❞ t✐♠❡

❡♥t❡rs t❤❡ t✐♠❡ ❝♦♥str❛✐♥t ✭✸✳✶✮ ❛♥❞ ❝❛♥ ❜❡ ❞✐r❡❝t❡❞ t♦ ♠❛r❦❡t ❧❛❜♦r ✭Tl1✮✱ ❤♦♠❡ ❧❡✐s✉r❡ ✭Tk1✮✱

♦r ❡①t❡r♥❛❧ ❧❡✐s✉r❡ ✭Tk2✮✳ ❆t t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ♦❢ t✐♠❡ ✐s ❡q✉❛❧✐③❡❞ ❛❝r♦ss

❛❧❧ ❛❝t✐✈❡ ✉s❡s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✷ ✭❚✐♠❡ r❡❛❧❧♦❝❛t✐♦♥ ❢r♦♠ ♦✉ts♦✉r❝✐♥❣✮✳ ❆t ❛♥ ✐♥t❡r✐♦r ✇♦r❦❡r s♦❧✉t✐♦♥✱ ❛

♠❛r❣✐♥❛❧ ✐♥❝r❡❛s❡ ✐♥ ♣✉r❝❤❛s❡❞ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s r❡❛❧❧♦❝❛t❡s t❤❡ r❡❧❡❛s❡❞ t✐♠❡ ❛s ❢♦❧❧♦✇s✿

✭✐✮ ❚♦ ♠❛r❦❡t ❧❛❜♦r✱ ❣❡♥❡r❛t✐♥❣ ❛❞❞✐t✐♦♥❛❧ ✐♥❝♦♠❡ w∆Tl1✳ ❇❡❝❛✉s❡ w > w∗ ❛t ❛♥② ✐♥t❡r✐♦r

s♦❧✉t✐♦♥ ✇✐t❤ U5 < 0✱ t❤❡ ♠❛r❣✐♥❛❧ ❤♦✉r ♦❢ ❧❛❜♦r ❣❡♥❡r❛t❡s ♥❡t ✐♥❝♦♠❡ ❜❡②♦♥❞ t❤❡

s❤❛❞♦✇ ✈❛❧✉❡ ♦❢ t✐♠❡✳

✭✐✐✮ ❚♦ ❤♦♠❡ ❧❡✐s✉r❡✱ ❛t s❤❛❞♦✇ ✈❛❧✉❡ w∗ ♣❡r ❤♦✉r✳

✭✐✐✐✮ ❚♦ ❡①t❡r♥❛❧ ❧❡✐s✉r❡✱ ❛t ❡✛❡❝t✐✈❡ s❤❛❞♦✇ ✈❛❧✉❡ πk2 = w∗(1 + d13) + δ2d13 > w∗ ♣❡r ❤♦✉r✳

❚❤❡ ❤✐❣❤❡r ❡✛❡❝t✐✈❡ ♣r✐❝❡ ♦❢ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ ❞✉❡ t♦ tr❛✈❡❧ ❝♦sts ✐♠♣❧✐❡s t❤❛t✱ ❝❡t❡r✐s

♣❛r✐❜✉s✱ ❧❡ss ♦❢ t❤❡ r❡❧❡❛s❡❞ t✐♠❡ ✐s ❞✐r❡❝t❡❞ t♦ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ t❤❛♥ t♦ ❤♦♠❡ ❧❡✐s✉r❡✳

Pr♦♦❢✳ ❙✐♥❝❡ Tl2 ❛♥❞ qS ❛r❡ ♣❡r❢❡❝t s✉❜st✐t✉t❡s ✐♥ H ✭❆ss✉♠♣t✐♦♥ ✷✳✷✮✱ ✐♥❝r❡❛s✐♥❣ qS ❜② ∆

❛❧❧♦✇s Tl2 t♦ ❞❡❝r❡❛s❡ ❜② ∆ ✇❤✐❧❡ ❦❡❡♣✐♥❣ QH ❝♦♥st❛♥t✳ ❚❤❡ ❢r❡❡❞ t✐♠❡ ∆ r❡✲❡♥t❡rs t❤❡ t✐♠❡

❝♦♥str❛✐♥t ✭✸✳✶✮ ❛♥❞ ✐s ❛❧❧♦❝❛t❡❞ ❛❝r♦ss t❤❡ ❛❝t✐✈❡ ♠❛r❣✐♥s✳ ❆t t❤❡ ♦♣t✐♠✉♠✱ t❤❡ s❤❛❞♦✇

✈❛❧✉❡ ♦❢ t✐♠❡ w∗ ❡q✉❛❧✐③❡s ❛❝r♦ss ❛❧❧ ❛❝t✐✈❡ ✉s❡s✳ ✭✐✮ ❚❤❡ ♥❡t ❜❡♥❡✜t ♦❢ ❞✐r❡❝t✐♥❣ t❤❡ ❢r❡❡❞

❤♦✉r t♦ ♠❛r❦❡t ❧❛❜♦r ✐s w − w∗✳ ❋r♦♠ ✭✸✳✻✮✿ U5 = −λ∗(w − w∗)❀ s✐♥❝❡ U5 < 0 ❛♥❞ λ∗ > 0✱

✇❡ ❤❛✈❡ w > w∗✱ s♦ t❤❡ ♥❡t ❜❡♥❡✜t ✐s str✐❝t❧② ♣♦s✐t✐✈❡✳ ✭✐✐✮ ❍♦♠❡ ❧❡✐s✉r❡ t✐♠❡ ②✐❡❧❞s s❤❛❞♦✇

✈❛❧✉❡ w∗ ♣❡r ✉♥✐t ✭❜② ❞❡✜♥✐t✐♦♥ ♦❢ w∗✮✳ ✭✐✐✐✮ ❊①t❡r♥❛❧ ❧❡✐s✉r❡ t✐♠❡ Tk2 ✐s ❡✛❡❝t✐✈❡❧② ♣r✐❝❡❞ ❛t

πk2 = w∗(1+d13)+δ2d13 > w∗ ✭s✐♥❝❡ d13 ≥ 0✮✱ s♦ ✐ts ♣❡r✲✉♥✐t ❝♦st ❡①❝❡❡❞s w∗✱ ♠❡❛♥✐♥❣ ❝❡t❡r✐s

♣❛r✐❜✉s t❤❡ ❤♦✉s❡❤♦❧❞ ❞✐r❡❝ts ♣r♦♣♦rt✐♦♥❛❧❧② ❧❡ss ♦❢ t❤❡ r❡❧❡❛s❡❞ t✐♠❡ t♦ ❡①t❡r♥❛❧ ❧❡✐s✉r❡✳ ❚❤❡

❡q✉✐❧✐❜r✐✉♠ ❛❧❧♦❝❛t✐♦♥ ❛❝r♦ss ✭✐✮✕✭✐✐✐✮ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❡q✉❛t✐♥❣ ♠❛r❣✐♥❛❧ ✉t✐❧✐t✐❡s ❛t s❤❛❞♦✇

♣r✐❝❡s✳ ■
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✸✳✻✳✸ ■♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ✇❛❣❡ r❛t❡

❚❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♠❛r❦❡t ✇❛❣❡ w ❛♥❞ t❤❡ ❤♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s ♣r✐❝❡ wS ❣❡♥❡r❛t❡s ❛

♥❛t✉r❛❧ t②♣♦❧♦❣②✳ ❲❤❡♥ w > wS✱ t❤❡ ❤♦✉s❡❤♦❧❞ ❝❛♥ ✐♠♣r♦✈❡ ✐ts ❜✉❞❣❡t ♣♦s✐t✐♦♥ ❜② ✇♦r❦✐♥❣

♠♦r❡ ❛♥❞ ♦✉ts♦✉r❝✐♥❣ ♠♦r❡✿ ❡❛❝❤ s✉❜st✐t✉t❡❞ ❤♦✉r ②✐❡❧❞s ❛ s✉r♣❧✉s ♦❢ w − wS✳ ❲❤❡♥

w < wS✱ ♦✉ts♦✉r❝✐♥❣ ✐s ♥♦t ❥✉st✐✜❡❞ ❜② ✇❛❣❡ ❛r❜✐tr❛❣❡ ❛❧♦♥❡ ❛♥❞ ♦❝❝✉rs ♦♥❧② ✐❢ t❤❡ ❞✐s✉t✐❧✐t②

♦❢ ❤♦✉s❡✇♦r❦ ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ |U6|/λ
∗ > wS − w∗✳ ▲♦✇✲✇❛❣❡ ❤♦✉s❡❤♦❧❞s ❛r❡ t❤❡r❡❢♦r❡

♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ✐♥ ❈❛s❡ ✷ ✭q∗S = 0✮✱ ♣❡r❢♦r♠✐♥❣ ❛❧❧ ❤♦✉s❡✇♦r❦ t❤❡♠s❡❧✈❡s✳

✸✳✼ ❘❡❣✐♦♥❛❧ ❱❛r✐❛t✐♦♥ ✐♥ ❍♦✉s❡❤♦❧❞✲❙❡r✈✐❝❡s ❙✉♣♣❧② ❛♥❞ ▲♦❝❛❧

❆♠❡♥✐t✐❡s

❚❤❡ ♣r❡❝❡❞✐♥❣ ❛♥❛❧②s✐s ❛ss✉♠❡s t❤❛t ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ❝❛♥ ❜❡ ♣✉r❝❤❛s❡❞ ❛t ❛ ❝♦♠♠♦♥

♣r✐❝❡ wS✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ❛♥❞ ♣r✐❝❡ ♦❢ s✉❝❤ s❡r✈✐❝❡s ✈❛r② s✉❜st❛♥t✐❛❧❧② ❛❝r♦ss

r❡❣✐♦♥s✱ ❛♥❞ ♦t❤❡r ❧♦❝❛t✐♦♥✲s♣❡❝✐✜❝ ❛♠❡♥✐t✐❡s ❛❧s♦ ❛✛❡❝t ❤♦✉s❡❤♦❧❞ ✇❡❧❢❛r❡✳ ❚❤✐s s✉❜s❡❝t✐♦♥

✐♥tr♦❞✉❝❡s ❜♦t❤ ❢❡❛t✉r❡s✳

✸✳✼✳✶ ❘❡❣✐♦♥❛❧ ❤♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s ♠❛r❦❡ts

❆ss✉♠♣t✐♦♥ ✸✳✶✸ ✭❘❡❣✐♦♥❛❧ ❤♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s ♠❛r❦❡t✮✳ ❚❤❡ ♣r✐❝❡ ♦❢ ♣✉r❝❤❛s❡❞ ❤♦✉s❡❤♦❧❞

s❡r✈✐❝❡s ✈❛r✐❡s ❛❝r♦ss r❡❣✐♦♥s✿

wr
S ∈ (0,+∞], ✭✸✳✶✺✮

✇✐t❤ wr
S < ∞ ✐♥ r❡❣✐♦♥s ✇❤❡r❡ ❛ ❝♦♠♣❡t✐t✐✈❡ s✉♣♣❧② ♦❢ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ❡①✐sts ✭t②♣✐❝❛❧❧②

✉r❜❛♥ ❛r❡❛s✮✱ ❛♥❞ wr
S = +∞ ✐♥ r❡❣✐♦♥s ✇❤❡r❡ ♥♦ ♠❛r❦❡t ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ❛r❡ s✉♣♣❧✐❡❞

✭t②♣✐❝❛❧❧② r✉r❛❧ ♦r r❡♠♦t❡ ❛r❡❛s✮✳

❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✸✳✶✸✱ t❤❡ ❤♦✉s❡❤♦❧❞✬s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ✉♥❝❤❛♥❣❡❞ ✐♥ ❢♦r♠✿

t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ❝♦♥t❛✐♥s wr
SqS✱ ❛♥❞ ✇❤❡♥ wr

S = +∞ ❛♥② qS > 0 ✈✐♦❧❛t❡s t❤❡ ❜✉❞❣❡t

❝♦♥str❛✐♥t✱ s♦ q∗S = 0 ❛✉t♦♠❛t✐❝❛❧❧②✳ ❚❤❡ ❦❡② ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t t❤❡ ❢♦✉r✲❝❛s❡ t❛①♦♥♦♠②

❛❝q✉✐r❡s ❛ s✉♣♣❧②✲s✐❞❡ ✐♥t❡r♣r❡t❛t✐♦♥✳

✷✹



❘❡♠❛r❦ ✸✳✶✹ ✭❙✉♣♣❧②✲❝♦♥str❛✐♥❡❞ ✈❡rs✉s ♣r❡❢❡r❡♥❝❡✲❜❛s❡❞ ❝♦r♥❡r s♦❧✉t✐♦♥s✮✳ ❈❛s❡s ✷ ❛♥❞

✹ ✭q∗S = 0✮ ❝❛♥ ❛r✐s❡ ❢r♦♠ t✇♦ ❞✐st✐♥❝t ♠❡❝❤❛♥✐s♠s✿

✭❛✮ Pr❡❢❡r❡♥❝❡✲❜❛s❡❞ ✿ wr
S < ∞ ❜✉t ✭✸✳✶✹✮ ❢❛✐❧s ✖ t❤❡ ❤♦✉s❡❤♦❧❞ ❝♦✉❧❞ ♣✉r❝❤❛s❡ ❤❡❧♣ ❜✉t

❝❤♦♦s❡s ♥♦t t♦ ❜❡❝❛✉s❡ t❤❡ ❜❡♥❡✜t ✐s ✐♥s✉✣❝✐❡♥t✳

✭❜✮ ❙✉♣♣❧②✲❝♦♥str❛✐♥❡❞ ✿ wr
S = +∞ ✖ t❤❡ ❤♦✉s❡❤♦❧❞ ❝❛♥♥♦t ♣✉r❝❤❛s❡ ❤❡❧♣ r❡❣❛r❞❧❡ss ♦❢ ✐ts

✇✐❧❧✐♥❣♥❡ss t♦ ♣❛②✳

■♥ ♠❡❝❤❛♥✐s♠ ✭❜✮✱ t❤❡ ❑✉❤♥✲❚✉❝❦❡r ✐♥❡q✉❛❧✐t② U4H2 ≤ λ∗wr
S ✐s ❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s✜❡❞ ❢♦r

❛♥② ✜♥✐t❡ U4H2✱ s♦ t❤❡ ✐♠♣✉t❡❞ ❤♦✉s❡❤♦❧❞✲✇♦r❦ ♣r✐❝❡ w∗
H = U4H2/λ

∗ ❢❛❝❡s ♥♦ ✜♥✐t❡ ✉♣♣❡r

❜♦✉♥❞ ❢r♦♠ t❤❡ ♠❛r❦❡t✳ ❚❤✐s ❝♦♥tr❛sts ✇✐t❤ ♠❡❝❤❛♥✐s♠ ✭❛✮✱ ✇❤❡r❡ w∗
H ≤ wr

S < ∞✳

❚❤❡ s❤❛❞♦✇✲♣r✐❝❡ ❜♦✉♥❞s ❛❞❥✉st ❛❝❝♦r❞✐♥❣❧②✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✺ ✭❇♦✉♥❞s ✇✐t❤ r❡❣✐♦♥❛❧ s❡r✈✐❝❡ ❛✈❛✐❧❛❜✐❧✐t②✮✳

w∗r ≤
min{wr

S, w} ✐❢ wr
S < ∞ ✭s❡r✈✐❝❡s ❛✈❛✐❧❛❜❧❡✮,

w ✐❢ wr
S = +∞ ✭s❡r✈✐❝❡s ✉♥❛✈❛✐❧❛❜❧❡✮.

✭✸✳✶✻✮

■♥ ❜♦t❤ ❝❛s❡s w∗r > 0✳

Pr♦♦❢✳ ❲❤❡♥ wr
S < ∞ ❛♥❞ q∗S > 0✱ ❚❤❡♦r❡♠ ✸✳✹ ❛♣♣❧✐❡s✳ ❲❤❡♥ wr

S = +∞✱ t❤❡ ❝♦♥str❛✐♥t

w∗ ≤ wr
S ✐s ✈❛❝✉♦✉s✱ ❧❡❛✈✐♥❣ ♦♥❧② w∗ ≤ w ❢r♦♠ ✭✸✳✻✮✳ ■

✸✳✼✳✷ ▲♦❝❛❧ ❛♠❡♥✐t✐❡s ❛s ❛ r❡❣✐♦♥❛❧ ❝❤❛r❛❝t❡r✐st✐❝

❍♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s ❛✈❛✐❧❛❜✐❧✐t② ✐s ♦♥❡ ❞✐♠❡♥s✐♦♥ ♦❢ r❡❣✐♦♥❛❧ q✉❛❧✐t②✱ ❜✉t ♦t❤❡r ❧♦❝❛t✐♦♥✲s♣❡❝✐✜❝

❛♠❡♥✐t✐❡s ❛❧s♦ ❛✛❡❝t ✇❡❧❢❛r❡ ✇✐t❤♦✉t ❡♥t❡r✐♥❣ t❤❡ ❤♦✉s❡❤♦❧❞✬s t✐♠❡✲❛❧❧♦❝❛t✐♦♥ ♣r♦❜❧❡♠ ❞✐✲

r❡❝t❧②✳ ■♠♣♦rt❛♥t ❡①❛♠♣❧❡s ✐♥❝❧✉❞❡✿

❼ ❍❡❛❧t❤❝❛r❡ ❛❝❝❡ss ✿ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♦❜st❡tr✐❝ ❛♥❞ ♣❡❞✐❛tr✐❝ ❢❛❝✐❧✐t✐❡s✱ ✇❤✐❝❤ ❞❡t❡r♠✐♥❡s

✇❤❡t❤❡r ❝❤✐❧❞❜❡❛r✐♥❣ ❛♥❞ ❝❤✐❧❞✲r❡❛r✐♥❣ ❛r❡ ❢❡❛s✐❜❧❡ ✐♥ ❛ ❣✐✈❡♥ r❡❣✐♦♥❀

❼ ❙❝❤♦♦❧ q✉❛❧✐t② ✿ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ❛♥❞ q✉❛❧✐t② ♦❢ ❡❞✉❝❛t✐♦♥❛❧ ✐♥st✐t✉t✐♦♥s❀

❼ P✉❜❧✐❝ s❛❢❡t②✱ ❡♥✈✐r♦♥♠❡♥t❛❧ q✉❛❧✐t②✱ ❛♥❞ ❝✉❧t✉r❛❧ ✐♥❢r❛str✉❝t✉r❡✳
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❚❤❡s❡ ❛♠❡♥✐t✐❡s s❤❛r❡ t✇♦ ❢❡❛t✉r❡s t❤❛t ❞✐st✐♥❣✉✐s❤ t❤❡♠ ❢r♦♠ t❤❡ ❤♦✉s❡❤♦❧❞✲♣r♦❞✉❝t✐♦♥

✐♥♣✉ts ❛♥❛❧②③❡❞ ❛❜♦✈❡✳ ❋✐rst✱ t❤❡② ❛r❡ ♥♦t s✉❜st✐t✉t❡s ❢♦r ❤♦✉s❡❤♦❧❞ t✐♠❡✿ ✈✐s✐t✐♥❣ ❛ ♣❡❞✐❛✲

tr✐❝✐❛♥ ❞♦❡s ♥♦t r❡❞✉❝❡ ❤♦✉s❡❤♦❧❞ ✇♦r❦ ✐♥ t❤❡ ✇❛② t❤❛t ❤✐r✐♥❣ ❛ ❝❧❡❛♥❡r ❞♦❡s✳ ❙❡❝♦♥❞✱ t❤❡✐r

r❡❧❡✈❛♥❝❡ ✐s ♦❢t❡♥ ❧✐❢❡✲st❛❣❡ s♣❡❝✐✜❝✿ ♦❜st❡tr✐❝ ❢❛❝✐❧✐t✐❡s ♠❛tt❡r t♦ ❤♦✉s❡❤♦❧❞s ♦❢ ❝❤✐❧❞❜❡❛r✐♥❣

❛❣❡ ❜✉t ♥♦t t♦ r❡t✐r❡❡s✳

❚♦ ✐♥❝♦r♣♦r❛t❡ t❤❡s❡ ❢❡❛t✉r❡s ✇✐t❤♦✉t ❛❧t❡r✐♥❣ t❤❡ ❝♦r❡ t✐♠❡✲❛❧❧♦❝❛t✐♦♥ str✉❝t✉r❡✱ ■ ♠♦❞❡❧

❧♦❝❛❧ ❛♠❡♥✐t✐❡s ❛s ❛ s❤✐❢t ♣❛r❛♠❡t❡r ✐♥ t❤❡ ✐♥❞✐r❡❝t ✉t✐❧✐t② ❢✉♥❝t✐♦♥✳

❆ss✉♠♣t✐♦♥ ✸✳✶✻ ✭▲♦❝❛❧ ❛♠❡♥✐t② ✈❡❝t♦r✮✳ ❊❛❝❤ r❡❣✐♦♥ r ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛♥ ❛♠❡♥✐t②

✈❡❝t♦r Ar = (Ar
1, . . . , A

r
K) ∈ R

K
+ ✱ ✇❤❡r❡ A

r
k ♠❡❛s✉r❡s t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦r q✉❛❧✐t② ♦❢ ❛♠❡♥✐t② k

✐♥ r❡❣✐♦♥ r✳ ❚❤❡ ❤♦✉s❡❤♦❧❞✬s ✐♥❞✐r❡❝t ✉t✐❧✐t② ✐s

Ṽ Wr = Φ
(
V Wr, Ar

)
, ✭✸✳✶✼✮

✇❤❡r❡ V Wr ✐s t❤❡ ✇♦r❦❡r ✐♥❞✐r❡❝t ✉t✐❧✐t② ❢r♦♠ ♣r♦❜❧❡♠ ✭✸✳✸✮ t❛❦✐♥❣ (wr
S, d

r
12, d

r
13) ❛s ❣✐✈❡♥✱

❛♥❞ Φ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ V Wr ❛♥❞ ♥♦♥❞❡❝r❡❛s✐♥❣ ✐♥ ❡❛❝❤ Ar
k✳

❘❡♠❛r❦ ✸✳✶✼ ✭❍❡❛❧t❤❝❛r❡ ❛♥❞ t❤❡ ❡①t❡♥s✐✈❡ ♠❛r❣✐♥ ♦❢ ❢❡rt✐❧✐t②✮✳ ❈♦♥s✐❞❡r ❛ r❡❣✐♦♥ s t❤❛t

❧❛❝❦s ♦❜st❡tr✐❝ ❛♥❞ ♣❡❞✐❛tr✐❝ ❢❛❝✐❧✐t✐❡s✱ s♦ t❤❛t As
❤❡❛❧t❤ = 0✳ ❋♦r ❛ ❤♦✉s❡❤♦❧❞ ♦❢ ❝❤✐❧❞❜❡❛r✐♥❣

❛❣❡✱ t❤✐s ❡✛❡❝t✐✈❡❧② ❢♦r❡❝❧♦s❡s ❝❤✐❧❞❜❡❛r✐♥❣ ♦r ✐♠♣♦s❡s s❡✈❡r❡ ❝♦sts✳ ■♥ t❤❡ ❧✐♠✐t✱ t❤❡ ❛❜s❡♥❝❡

♦❢ ❤❡❛❧t❤❝❛r❡ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s r❡❞✉❝✐♥❣ Φ ❞✐s❝♦♥t✐♥✉♦✉s❧② ❢♦r t❤❡ ❛✛❡❝t❡❞ ❤♦✉s❡❤♦❧❞

t②♣❡✳ ❇② ❝♦♥tr❛st✱ ❛ r❡t✐r❡❡ ❤♦✉s❡❤♦❧❞ ♠❛② ❜❡ ✐♥❞✐✛❡r❡♥t t♦ t❤✐s ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❛♠❡♥✐t②

✈❡❝t♦r✱ s♦ t❤❛t ∂Φ/∂A❤❡❛❧t❤ = 0 ❢♦r t❤❛t ❤♦✉s❡❤♦❧❞ t②♣❡✳ ❚❤✐s ❧✐❢❡✲st❛❣❡ ❞❡♣❡♥❞❡♥❝❡ ✐s ❛

♥❛t✉r❛❧ ♠♦t✐✈❛t✐♦♥ ❢♦r ❢✉t✉r❡ ✇♦r❦ ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ❤♦✉s❡❤♦❧❞s✳

❘❡♠❛r❦ ✸✳✶✽ ✭❘❡❧❛t✐♦♥s❤✐♣ t♦ ❤♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s ❛✈❛✐❧❛❜✐❧✐t②✮✳ ❍♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s ❛✈❛✐❧✲

❛❜✐❧✐t② ✭wr
S✮ ❛♥❞ ❧♦❝❛❧ ❛♠❡♥✐t✐❡s ✭Ar✮ ❡♥t❡r t❤❡ ♠♦❞❡❧ ❛t ❞✐✛❡r❡♥t ❧❡✈❡❧s✳ ❚❤❡ ♣r✐❝❡ wr

S ❡♥t❡rs

t❤❡ ❤♦✉s❡❤♦❧❞✬s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❞✐r❡❝t❧②✱ ❛✛❡❝t✐♥❣ t✐♠❡ ❛❧❧♦❝❛t✐♦♥✱ t❤❡ s❤❛❞♦✇ ♣r✐❝❡

w∗✱ ❛♥❞ ❢✉❧❧ ❝♦♥s✉♠♣t✐♦♥ t❤r♦✉❣❤ t❤❡ ❤♦✉s❡❤♦❧❞ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ H✳ ▲♦❝❛❧ ❛♠❡♥✐t✐❡s

❡♥t❡r t❤❡ ✐♥❞✐r❡❝t ✉t✐❧✐t② ❛s ❛ r❡❣✐♦♥❛❧ ❝❤❛r❛❝t❡r✐st✐❝✱ ❛✛❡❝t✐♥❣ ❧♦❝❛t✐♦♥ ❝❤♦✐❝❡ ❛♥❞ ❡q✉✐❧✐❜r✐✉♠

✷✻



r❡♥ts ✇✐t❤♦✉t ❛❧t❡r✐♥❣ t❤❡ ✐♥t❡r♥❛❧ str✉❝t✉r❡ ♦❢ t✐♠❡ ❛❧❧♦❝❛t✐♦♥✳ ❚❤✐s ❞✐st✐♥❝t✐♦♥ ✐s ❛♥❛❧②t✲

✐❝❛❧❧② ✐♠♣♦rt❛♥t✿ wr
S ❣❡♥❡r❛t❡s ♣r❡❞✐❝t✐♦♥s ❛❜♦✉t ❤♦✉s❡❤♦❧❞ t✐♠❡ ✉s❡ ✭❡✳❣✳✱ ❤♦✉rs ♦❢ ♦✇♥

❤♦✉s❡✇♦r❦✮ t❤❛t ❛r❡ t❡st❛❜❧❡ ✇✐t❤ t✐♠❡✲✉s❡ ♦r ♠♦❜✐❧✐t② ❞❛t❛✱ ✇❤✐❧❡ Ar ❣❡♥❡r❛t❡s ♣r❡❞✐❝t✐♦♥s

❛❜♦✉t ❧♦❝❛t✐♦♥ s♦rt✐♥❣ ❛♥❞ r❡♥t ♣r❡♠✐❛ t❤❛t ❛r❡ t❡st❛❜❧❡ ✇✐t❤ ❝r♦ss✲r❡❣✐♦♥❛❧ r❡♥t ❞❛t❛✳

✹ ❚❤❡ ■♥❞✐r❡❝t ❯t✐❧✐t② ❋✉♥❝t✐♦♥

✹✳✶ ❉❡✜♥✐t✐♦♥

▲❡t

V Wr ≡ V W (prR, p1, p2, pH , w
r
S, w, Y, d

r
12, d

r
13, δ1, δ2, T ) ✭✹✳✶✮

❞❡♥♦t❡ t❤❡ ✐♥❞✐r❡❝t ✉t✐❧✐t② ❛tt❛✐♥❡❞ ❜② ❛ ✇♦r❦✐♥❣ ❤♦✉s❡❤♦❧❞ ✐♥ r❡❣✐♦♥ r ❛❢t❡r s♦❧✈✐♥❣ ♣r♦❜❧❡♠

✭✸✳✸✮ ✇✐t❤ t❤❡ r❡❣✐♦♥✲s♣❡❝✐✜❝ ❤♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s ♣r✐❝❡ wr
S✳ ❚❤❡ ❛♠❡♥✐t②✲❛✉❣♠❡♥t❡❞ ✐♥❞✐r❡❝t

✉t✐❧✐t② ✐s

Ṽ Wr = Φ
(
V Wr, Ar

)
, ✭✹✳✷✮

❛s ❞❡✜♥❡❞ ✐♥ ❆ss✉♠♣t✐♦♥ ✸✳✶✻✳ ❚❤❡ s✉♣❡rs❝r✐♣t W ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❤♦✉s❡❤♦❧❞ ♣❛rt✐❝✐♣❛t❡s

✐♥ ♠❛r❦❡t ✇♦r❦✱ s♦ t❤❛t ❝♦♠♠✉t✐♥❣ ✐s ❛❝t✐✈❡✳

✷✼



✹✳✷ ❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s

Pr♦♣♦s✐t✐♦♥ ✹✳✶ ✭Pr♦♣❡rt✐❡s ♦❢ ✇♦r❦❡r ✐♥❞✐r❡❝t ✉t✐❧✐t②✮✳ ❯♥❞❡r t❤❡ ♠❛✐♥t❛✐♥❡❞ ❛ss✉♠♣t✐♦♥s

❛♥❞ ❢♦r ❛♥ ✐♥t❡r✐♦r ✇♦r❦❡r s♦❧✉t✐♦♥✿

∂V W

∂pR
= −λ∗q∗R < 0, ✭✹✳✸✮

∂V W

∂d12
= −λ∗(w∗ + δ1) < 0, ✭✹✳✹✮

∂V W

∂d13
= −λ∗(w∗ + δ2)T

∗
k2 ≤ 0, ✭✹✳✺✮

∂V W

∂wr
S

= −λ∗q∗S ≤ 0, ✭✹✳✻✮

∂V W

∂Y
= λ∗ > 0. ✭✹✳✼✮

❋♦r t❤❡ ❛♠❡♥✐t②✲❛✉❣♠❡♥t❡❞ ✉t✐❧✐t②✱ s✐♥❝❡ Ṽ Wr = Φ(V Wr,Ar) ❛♥❞ V Wr ❞♦❡s ♥♦t ❞❡♣❡♥❞

❞✐r❡❝t❧② ♦♥ Ar
k ✭❛♠❡♥✐t✐❡s ❛✛❡❝t ✉t✐❧✐t② ♦♥❧② t❤r♦✉❣❤ Φ✱ ♥♦t t❤r♦✉❣❤ t❤❡ ✇✐t❤✐♥✲r❡❣✐♦♥ ♦♣t✐✲

♠✐③❛t✐♦♥✮✿

∂Ṽ W

∂Ar
k

=
∂Φ

∂Ak

∣∣∣∣
V Wr

≥ 0 ❢♦r ❡❛❝❤ k, ✭✹✳✽✮

✇❤❡r❡ t❤❡ ✐♥❡q✉❛❧✐t② ✐s str✐❝t ❢♦r ❛♠❡♥✐t✐❡s ✈❛❧✉❡❞ ❜② t❤❡ ❤♦✉s❡❤♦❧❞ ✭∂Φ/∂Ak > 0✮✳

Pr♦♦❢✳ ❆♣♣❧② t❤❡ ❡♥✈❡❧♦♣❡ t❤❡♦r❡♠ t♦ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✭❆✳✶✮✳

✭✹✳✸✮✿ pR ❡♥t❡rs t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✇✐t❤ ❝♦❡✣❝✐❡♥t −qR✱ s♦ ∂V W/∂pR = −λ∗q∗R < 0✳

✭✹✳✹✮✿ d12 ❡♥t❡rs ✭✐✮ t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✇✐t❤ ❝♦❡✣❝✐❡♥t −δ1 ✭♠♦♥❡t❛r② ❝♦♠♠✉t✐♥❣ ❝♦st✮

❛♥❞ ✭✐✐✮ t❤❡ t✐♠❡ ❝♦♥str❛✐♥t ✇✐t❤ ❝♦❡✣❝✐❡♥t −1 ✭t✐♠❡ ❝♦st✮✱ ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ t✐♠❡ ♠✉❧t✐♣❧✐❡r

ω∗ = λ∗w∗✳ ❇② t❤❡ ❡♥✈❡❧♦♣❡ t❤❡♦r❡♠✿ ∂V W/∂d12 = λ∗(−δ1)+λ∗w∗(−1) = −λ∗(δ1+w∗) < 0✳

✭✹✳✺✮✿ d13 ❡♥t❡rs t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✇✐t❤ ❝♦❡✣❝✐❡♥t −δ2T
∗
k2 ❛♥❞ t❤❡ t✐♠❡ ❝♦♥str❛✐♥t ✇✐t❤

❝♦❡✣❝✐❡♥t −T ∗
k2 ✭♠✉❧t✐♣❧✐❡❞ ❜② ω∗ = λ∗w∗✮✳ ❍❡♥❝❡ ∂V W/∂d13 = −λ∗δ2T

∗
k2 − λ∗w∗T ∗

k2 =

−λ∗(w∗ + δ2)T
∗
k2 ≤ 0✳

✭✹✳✻✮✿ wr
S ❡♥t❡rs t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✇✐t❤ ❝♦❡✣❝✐❡♥t −qS✱ s♦ ∂V W/∂wr

S = −λ∗q∗S ≤ 0✳

✭✹✳✼✮✿ Y ❡♥t❡rs t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✇✐t❤ ❝♦❡✣❝✐❡♥t +1✱ s♦ ∂V W/∂Y = λ∗ > 0✳
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✭✹✳✽✮✿ ❋r♦♠ ❆ss✉♠♣t✐♦♥ ✸✳✶✻✱ Ṽ Wr = Φ(V Wr,Ar) ✇✐t❤ Φ ♥♦♥❞❡❝r❡❛s✐♥❣ ✐♥ ❡❛❝❤ Ar
k✳ ❚❤❡

✇✐t❤✐♥✲r❡❣✐♦♥ ♦♣t✐♠✐③❡❞ ✈❛❧✉❡ V Wr ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❤♦✉s❡❤♦❧❞✬s ❝❤♦✐❝❡ ✈❛r✐❛❜❧❡s✖✐t ❞♦❡s

♥♦t ❞❡♣❡♥❞ ♦♥ Ar
k ❞✐r❡❝t❧② ✭❛♠❡♥✐t✐❡s ❡♥t❡r ♦♥❧② t❤r♦✉❣❤ Φ✮✳ ❍❡♥❝❡ ∂Ṽ W/∂Ar

k = ∂Φ/∂Ak ≥

0✳ ■

✺ ❊q✉✐❧✐❜r✐✉♠ ❘❡♥t

✺✳✶ ❋r❡❡ ▼♦❜✐❧✐t② ❛♥❞ ❘❡♥t ❉❡t❡r♠✐♥❛t✐♦♥

❈♦♥s✐❞❡r r❡❣✐♦♥s ✐♥❞❡①❡❞ ❜② r = 1, . . . ,M ✱ ❡❛❝❤ ❝❤❛r❛❝t❡r✐③❡❞ ❜② (prR, d
r
12, d

r
13, w

r
S,A

r)✳ ❙✉♣✲

♣♦s❡ ❤♦✉s❡❤♦❧❞s ❛r❡ ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ❢r❡❡❧② ♠♦❜✐❧❡ ❛❝r♦ss r❡❣✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✺✳✶ ✭❲♦r❦❡r s♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠✮✳ ❆ ✇♦r❦❡r s♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ✐s ❛ r❡♥t ✈❡❝t♦r

(p∗1R , . . . , p∗MR ) s✉❝❤ t❤❛t

Ṽ W (p∗rR , p1, p2, pH , w
r
S, w, Y, d

r
12, d

r
13, δ1, δ2, T ;A

r) = V̄ ❢♦r ❛❧❧ r, ✭✺✳✶✮

✇❤❡r❡ V̄ ✐s t❤❡ ❝♦♠♠♦♥ ❡q✉✐❧✐❜r✐✉♠ ✉t✐❧✐t② ❧❡✈❡❧✳

❚❤❡♦r❡♠ ✺✳✷ ✭❊q✉✐❧✐❜r✐✉♠ r❡♥t ❣r❛❞✐❡♥ts✮✳ ❙✉♣♣♦s❡ t❤❡ ✇♦r❦❡r ❡q✉✐❧✐❜r✐✉♠ ✐s ✐♥t❡r✐♦r ✐♥

❤♦✉s✐♥❣ ❛♥❞ ❡①t❡r♥❛❧ ❧❡✐s✉r❡✳ ❚❤❡♥ t❤❡ ❢r❡❡✲♠♦❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✺✳✶✮ ✐♠♣❧✐❝✐t❧② ❞❡✜♥❡s ❛

❞✐✛❡r❡♥t✐❛❜❧❡ r❡♥t ❢✉♥❝t✐♦♥

p∗rR = p∗R(d
r
12, d

r
13, w

r
S,A

r; V̄ ) ✭✺✳✷✮

✷✾



✇✐t❤ ❣r❛❞✐❡♥ts

∂p∗R
∂d12

= −
w∗ + δ1

q∗R
< 0, ✭✺✳✸✮

∂p∗R
∂d13

= −
(w∗ + δ2)T

∗
k2

q∗R
≤ 0, ✭✺✳✹✮

∂p∗R
∂wr

S

= −
q∗S
q∗R

≤ 0, ✭✺✳✺✮

∂p∗R
∂Ar

k

> 0 ❢♦r ❛♠❡♥✐t✐❡s ✈❛❧✉❡❞ ❜② t❤❡ ❤♦✉s❡❤♦❧❞✳ ✭✺✳✻✮

❚❤❡ ✐♥❡q✉❛❧✐t✐❡s ✐♥ ✭✺✳✹✮ ❛♥❞ ✭✺✳✺✮ ❛r❡ str✐❝t ✇❤❡♥❡✈❡r T ∗
k2 > 0 ❛♥❞ q∗S > 0✱ r❡s♣❡❝t✐✈❡❧②✳

Pr♦♦❢✳ ❉✐✛❡r❡♥t✐❛t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥ ✭✺✳✶✮ ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ r❡❣✐♦♥❛❧ ❝❤❛r❛❝t❡r✲

✐st✐❝ x ∈ {d12, d13, w
r
S, A

r
k}✿

∂Ṽ W

∂pR

∂p∗R
∂x

+
∂Ṽ W

∂x
= 0.

❙✐♥❝❡ ∂Ṽ W/∂pR = Φ1 · (−λ∗q∗R) < 0✱ t❤❡ r❡♥t ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ x ❤❛s t❤❡ ♦♣♣♦s✐t❡

s✐❣♥ ♦❢ ∂Ṽ W/∂x✳ ❙✉❜st✐t✉t✐♥❣ t❤❡ ❡♥✈❡❧♦♣❡ r❡s✉❧ts ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✶ ②✐❡❧❞s ✭✺✳✸✮✕✭✺✳✺✮✳

❊q✉❛t✐♦♥ ✭✺✳✻✮ ❢♦❧❧♦✇s ❢r♦♠ ∂Ṽ W/∂Ar
k > 0 ❜② ❆ss✉♠♣t✐♦♥ ✸✳✶✻✳ ■

❘❡♠❛r❦ ✺✳✸ ✭■♥t❡r♣r❡t❛t✐♦♥✮✳ ❊q✉❛t✐♦♥s ✭✺✳✸✮✕✭✺✳✻✮ ♣r♦✈✐❞❡ ❛ ❝♦♠♣❧❡t❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢

t❤❡ s♣❛t✐❛❧ ❞❡t❡r♠✐♥❛♥ts ♦❢ ❡q✉✐❧✐❜r✐✉♠ r❡♥t✿

✭✐✮ ❈♦♠♠✉t✐♥❣ ❞✐st❛♥❝❡ ✭✺✳✸✮✿ t❤❡ r❡♥t ❣r❛❞✐❡♥t ❡q✉❛❧s t❤❡ ❢✉❧❧ ♠❛r❣✐♥❛❧ ❝♦♠♠✉t✐♥❣ ❝♦st✱

w∗ + δ1✱ ♥♦r♠❛❧✐③❡❞ ❜② ❤♦✉s✐♥❣ ❝♦♥s✉♠♣t✐♦♥✳

✭✐✐✮ ❆♠❡♥✐t② ❞✐st❛♥❝❡ ✭✺✳✹✮✿ r❡❣✐♦♥s ❢❛rt❤❡r ❢r♦♠ ❛♠❡♥✐t② ✈❡♥✉❡s ♠✉st ❝♦♠♣❡♥s❛t❡ ❤♦✉s❡✲

❤♦❧❞s t❤r♦✉❣❤ ❧♦✇❡r r❡♥ts ✐♥ ♣r♦♣♦rt✐♦♥ t♦ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ t✐♠❡✳

✭✐✐✐✮ ❍♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s ♣r✐❝❡ ✭✺✳✺✮✿ r❡❣✐♦♥s ✇❤❡r❡ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ❛r❡ ❡①♣❡♥s✐✈❡ ♦r ✉♥✲

❛✈❛✐❧❛❜❧❡ ✭wr
S ❧❛r❣❡ ♦r +∞✮ ❤❛✈❡ ❧♦✇❡r ❡q✉✐❧✐❜r✐✉♠ r❡♥ts✳ ❚❤❡ ❣r❛❞✐❡♥t ✐s ♣r♦♣♦rt✐♦♥❛❧

t♦ t❤❡ q✉❛♥t✐t② ♦❢ ♣✉r❝❤❛s❡❞ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s✱ q∗S✳

✭✐✈✮ ▲♦❝❛❧ ❛♠❡♥✐t✐❡s ✭✺✳✻✮✿ r❡❣✐♦♥s ✇✐t❤ ❜❡tt❡r ❛♠❡♥✐t✐❡s ✭❤❡❛❧t❤❝❛r❡✱ s❝❤♦♦❧s✱ s❛❢❡t②✮ ❝♦♠✲

♠❛♥❞ ❤✐❣❤❡r r❡♥ts✳

✸✵



❚❤❡ ❝❧❛ss✐❝❛❧ ❆❧♦♥s♦✕▼✉t❤✕▼✐❧❧s ✐♥t✉✐t✐♦♥ ✭❝♦♠♠✉t✐♥❣ ❝♦st ❝❛♣✐t❛❧✐③❡❞ ✐♥t♦ r❡♥t✮ t❤❡r❡❢♦r❡

❡♠❡r❣❡s ❛❧♦♥❣s✐❞❡ ❘♦❜❛❝❦✲t②♣❡ ❛♠❡♥✐t② ❝❛♣✐t❛❧✐③❛t✐♦♥✱ ❜♦t❤ ❞❡r✐✈❡❞ ❢r♦♠ ❛ s✐♥❣❧❡ ❇❡❝❦❡r✲

❉✐❡✇❡rt ❤♦✉s❡❤♦❧❞ ♣r♦❜❧❡♠ ✇✐t❤ ❡♥❞♦❣❡♥♦✉s t✐♠❡ ✈❛❧✉❛t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✹ ✭❲❡❧❢❛r❡ ❝♦st ♦❢ s❡r✈✐❝❡ ✉♥❛✈❛✐❧❛❜✐❧✐t②✮✳ ❈♦♥s✐❞❡r t✇♦ r❡❣✐♦♥s r ✭✉r❜❛♥✱

wr
S < ∞✮ ❛♥❞ s ✭r✉r❛❧✱ ws

S = +∞✮ t❤❛t ❛r❡ ♦t❤❡r✇✐s❡ ✐❞❡♥t✐❝❛❧ ✐♥ (d12, d13,A)✳ ❋♦r ❛

❤♦✉s❡❤♦❧❞ ✇✐t❤ U6 < 0 ✇❤♦s❡ ♣✉r❝❤❛s❡ ❝♦♥❞✐t✐♦♥ ✭✸✳✶✹✮ ✐s s❛t✐s✜❡❞ ❛t t❤❡ ✉r❜❛♥ ♣r✐❝❡✱ V Wr >

V Ws ❛t ❡q✉❛❧ r❡♥ts✳ ■♥ s♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡r❡❢♦r❡✱

p∗rR > p∗sR . ✭✺✳✼✮

Pr♦♦❢✳ ■♥ r❡❣✐♦♥ r t❤❡ ❤♦✉s❡❤♦❧❞ ❝❛♥ s❡t qS > 0✱ ✇❤✐❝❤ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✵ str✐❝t❧② ✐♥❝r❡❛s❡s

✉t✐❧✐t② ✇❤❡♥ U6 < 0 ❛♥❞ t❤❡ ♣✉r❝❤❛s❡ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✳ ■♥ r❡❣✐♦♥ s t❤✐s ♦♣t✐♦♥ ✐s ❢♦r❡❝❧♦s❡❞✳

❙✐♥❝❡ V Wr > V Ws ❛t ❡q✉❛❧ r❡♥ts✱ t❤❡ ❢r❡❡✲♠♦❜✐❧✐t② ❝♦♥❞✐t✐♦♥ r❡q✉✐r❡s p∗rR > p∗sR ✳ ■

❘❡♠❛r❦ ✺✳✺ ✭❆♠❡♥✐t② ❝❛♣✐t❛❧✐③❛t✐♦♥ ❛♥❞ ❧✐❢❡✲st❛❣❡ ❤❡t❡r♦❣❡♥❡✐t②✮✳ Pr♦♣♦s✐t✐♦♥ ✺✳✹ ♣r♦✈✐❞❡s

❛ ♠✐❝r♦✲❢♦✉♥❞❛t✐♦♥ ❢♦r t❤❡ ♦❜s❡r✈❛t✐♦♥ t❤❛t ✉r❜❛♥ r❡♥ts ♣❛rt❧② ❝❛♣✐t❛❧✐③❡ ❛❝❝❡ss t♦ ❤♦✉s❡❤♦❧❞

s❡r✈✐❝❡s✳ ❈♦♠❜✐♥❡❞ ✇✐t❤ ✭✺✳✻✮✱ t❤❡ ♠♦❞❡❧ ♣r❡❞✐❝ts t❤❛t t❤❡ ✉r❜❛♥ r❡♥t ♣r❡♠✐✉♠ r❡✢❡❝ts ❜♦t❤

t✐♠❡✲s❛✈✐♥❣ ♠❛r❦❡t s❡r✈✐❝❡s ❛♥❞ ♥♦♥✲t✐♠❡ ❛♠❡♥✐t✐❡s s✉❝❤ ❛s ❤❡❛❧t❤❝❛r❡✳ ❲❤✐❧❡ t❤❡ ♣r❡s❡♥t

♣❛♣❡r ♠❛✐♥t❛✐♥s t❤❡ ❤♦♠♦❣❡♥❡♦✉s✲❤♦✉s❡❤♦❧❞ ❛ss✉♠♣t✐♦♥✱ t❤❡ ❧✐❢❡✲st❛❣❡ s♣❡❝✐✜❝✐t② ♦❢ ❝❡rt❛✐♥

❛♠❡♥✐t✐❡s ✭❡✳❣✳✱ ♦❜st❡tr✐❝ ❛♥❞ ♣❡❞✐❛tr✐❝ ❝❛r❡ ♠❛tt❡rs t♦ ②♦✉♥❣ ❢❛♠✐❧✐❡s ❜✉t ♥♦t t♦ r❡t✐r❡❡s✮ ✐s

❛ ♥❛t✉r❛❧ ♠♦t✐✈❛t✐♦♥ ❢♦r ❡①t❡♥❞✐♥❣ t❤❡ ♠♦❞❡❧ t♦ ❤❡t❡r♦❣❡♥❡♦✉s ❤♦✉s❡❤♦❧❞s ✇❤♦ s♦rt ❛❝r♦ss

r❡❣✐♦♥s ❜❛s❡❞ ♦♥ t❤❡✐r ❛♠❡♥✐t② ✈❛❧✉❛t✐♦♥s✳ ❙✉❝❤ s♦rt✐♥❣ ✇♦✉❧❞ ❣❡♥❡r❛t❡ ❛ r✐❝❤❡r ♣❛tt❡r♥

♦❢ r❡♥t ♣r❡♠✐❛✱ ✇✐t❤ ❞✐✛❡r❡♥t ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❛♠❡♥✐t② ✈❡❝t♦r ❝❛♣✐t❛❧✐③❡❞ ❛t r❛t❡s t❤❛t

❞❡♣❡♥❞ ♦♥ t❤❡ ❧♦❝❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❤♦✉s❡❤♦❧❞ t②♣❡s✳

✺✳✷ ❊①✐st❡♥❝❡ ❛♥❞ ❯♥✐q✉❡♥❡ss ♦❢ ❊q✉✐❧✐❜r✐✉♠ ❘❡♥ts

❚❤❡♦r❡♠ ✺✳✷ ❛ss❡rts t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ r❡♥t ❢✉♥❝t✐♦♥✳ ❚❤✐s s✉❜s❡❝t✐♦♥ ♣r♦✈✐❞❡s

t❤❡ ❢♦r♠❛❧ ❝♦♥❞✐t✐♦♥s✳

✸✶



Pr♦♣♦s✐t✐♦♥ ✺✳✻ ✭▲♦❝❛❧ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss✮✳ ▲❡t d̄ ≡ (d̄12, d̄13, w̄S, Ā) ❜❡ ❛ r❡❢❡r✲

❡♥❝❡ r❡❣✐♦♥❛❧ ❝❤❛r❛❝t❡r✐st✐❝ ✈❡❝t♦r ❛♥❞ p̄R = p∗R(d̄; V̄ ) t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉✐❧✐❜r✐✉♠ r❡♥t✳ ■❢

q∗R(p̄R, d̄) > 0 ✭♣♦s✐t✐✈❡ ❤♦✉s✐♥❣ ❞❡♠❛♥❞ ❛t t❤❡ r❡❢❡r❡♥❝❡ ♣♦✐♥t✮✱ t❤❡♥ t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥

t❤❡♦r❡♠ ❛♣♣❧✐❡❞ t♦ Ṽ W (pR, d̄) = V̄ ❣✉❛r❛♥t❡❡s✿

✭✐✮ ❚❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ N ⊂ R
2+1+K
+ ♦❢ d̄ ♦♥ ✇❤✐❝❤ p∗R(·; V̄ ) ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞

❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✳

✭✐✐✮ ❚❤❡ r❡♥t ❢✉♥❝t✐♦♥ ✐s ✉♥✐q✉❡ ✐♥ N ✿ ❢♦r ❡❛❝❤ d ∈ N ✱ t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ p∗R > 0 s♦❧✈✐♥❣

Ṽ W (p∗R, d) = V̄ ✳

Pr♦♦❢✳ ❚❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠ r❡q✉✐r❡s✿

∂Ṽ W

∂pR

∣∣∣∣
(p̄R,d̄)

̸= 0. ✭✺✳✽✮

❇② Pr♦♣♦s✐t✐♦♥ ✹✳✶✱ ∂Ṽ W/∂pR = Φ1 · (−λ∗q∗R)✳ ❙✐♥❝❡ Φ1 > 0 ✭❆ss✉♠♣t✐♦♥ ✸✳✶✻✮✱ λ∗ > 0

✭Pr♦♣♦s✐t✐♦♥ ✷✳✸✮✱ ❛♥❞ q∗R > 0 ✭❜② ❤②♣♦t❤❡s✐s✮✱ ❝♦♥❞✐t✐♦♥ ✭✺✳✽✮ ❤♦❧❞s✳ ❚❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥

t❤❡♦r❡♠ t❤❡♥ ②✐❡❧❞s ❡①✐st❡♥❝❡✱ ✉♥✐q✉❡♥❡ss✱ ❛♥❞ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ p∗R ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢

d̄✳ ■

❘❡♠❛r❦ ✺✳✼ ✭●❧♦❜❛❧ ❡①✐st❡♥❝❡✮✳ ●❧♦❜❛❧ ❡①✐st❡♥❝❡ r❡q✉✐r❡s ❛❞❞✐t✐♦♥❛❧ str✉❝t✉r❡✳ ■❢ Ṽ W

✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ pR ✭✇❤✐❝❤ ❤♦❧❞s ✇❤❡♥❡✈❡r q∗R > 0✮✱ limpR→0 Ṽ
W = +∞✱ ❛♥❞

limpR→∞ Ṽ W = −∞✱ t❤❡♥ ❢♦r ❡✈❡r② V̄ ✐♥ t❤❡ r❛♥❣❡ ♦❢ Ṽ W ❛♥❞ ❡✈❡r② (d12, d13, wS,A)✱ t❤❡

❡q✉❛t✐♦♥ Ṽ W = V̄ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ p∗R > 0✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞ ✉♥❞❡r st❛♥✲

❞❛r❞ r❡❣✉❧❛r✐t② ♦❢ U ✭■♥❛❞❛✲t②♣❡ ❝♦♥❞✐t✐♦♥s ❡♥s✉r✐♥❣ t❤❛t ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ♦❢ ❤♦✉s✐♥❣ ❣♦❡s

t♦ ✐♥✜♥✐t② ❛s qR → 0 ❛♥❞ t♦ ③❡r♦ ❛s qR → ∞✮✳

✺✳✸ ❆❞❞✐t✐♦♥❛❧ ❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s

❇❡②♦♥❞ t❤❡ ❣r❛❞✐❡♥ts ✐♥ ❚❤❡♦r❡♠ ✺✳✷✱ t❤❡ r❡♥t ❢✉♥❝t✐♦♥ r❡s♣♦♥❞s t♦ ♣❛r❛♠❡t❡rs t❤❛t ❛r❡

❝♦♠♠♦♥ ❛❝r♦ss r❡❣✐♦♥s✳ ❚❤❡s❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ❛r❡ ✉s❡❢✉❧ ❢♦r ✉♥❞❡rst❛♥❞✐♥❣ ❤♦✇ ♠❛❝r♦❡✲

❝♦♥♦♠✐❝ ❝❤❛♥❣❡s ❛✛❡❝t t❤❡ s♣❛t✐❛❧ r❡♥t str✉❝t✉r❡✳

✸✷



Pr♦♣♦s✐t✐♦♥ ✺✳✽ ✭❘❡♥t r❡s♣♦♥s❡ t♦ ✇❛❣❡s ❛♥❞ ✐♥❝♦♠❡✮✳ ❆t ❛♥ ✐♥t❡r✐♦r ✇♦r❦❡r ❡q✉✐❧✐❜r✐✉♠✿

∂p∗R
∂w

=
T ∗
l1

q∗R
> 0, ✭✺✳✾✮

∂p∗R
∂Y

=
1

q∗R
> 0. ✭✺✳✶✵✮

Pr♦♦❢✳ ❇② t❤❡ ❡♥✈❡❧♦♣❡ t❤❡♦r❡♠✿ ∂V W/∂w = λ∗T ∗
l1 ✭t❤❡ ✇❛❣❡ ❡♥t❡rs t❤❡ ❜✉❞❣❡t ✇✐t❤ ❝♦❡❢✲

✜❝✐❡♥t Tl1✮✳ ❚❤❡r❡❢♦r❡ ∂p∗R/∂w = −(λ∗T ∗
l1)/(−λ∗q∗R) = T ∗

l1/q
∗
R✳ ❙✐♠✐❧❛r❧②✱ ∂V W/∂Y = λ∗✱

❣✐✈✐♥❣ ∂p∗R/∂Y = 1/q∗R✳ ■

❘❡♠❛r❦ ✺✳✾ ✭❙♣❛t✐❛❧ ✐♥❝✐❞❡♥❝❡ ♦❢ ✇❛❣❡ ❝❤❛♥❣❡s✮✳ ❊q✉❛t✐♦♥ ✭✺✳✾✮ ✐♠♣❧✐❡s t❤❛t ❛ ✉♥✐❢♦r♠

✇❛❣❡ ✐♥❝r❡❛s❡ ♦❢ ∆w r❛✐s❡s ❡q✉✐❧✐❜r✐✉♠ r❡♥ts ❜② (T ∗
l1/q

∗
R)∆w ✐♥ ❡✈❡r② r❡❣✐♦♥✳ ❙✐♥❝❡ T ∗

l1 ✐s

❡♥❞♦❣❡♥♦✉s ✭✐t ❞❡♣❡♥❞s ♦♥ d12 t❤r♦✉❣❤ t❤❡ t✐♠❡ ❝♦♥str❛✐♥t✮✱ t❤❡ r❡♥t ✐♥❝r❡❛s❡ ✈❛r✐❡s ❛❝r♦ss

r❡❣✐♦♥s✿ r❡❣✐♦♥s ✇✐t❤ s❤♦rt❡r ❝♦♠♠✉t❡s✱ ✇❤❡r❡ T ∗
l1 ✐s ❧❛r❣❡r✱ ❡①♣❡r✐❡♥❝❡ ❛ ❧❛r❣❡r r❡♥t ✐♥❝r❡❛s❡✳

❚❤✐s ✐s ❛♥ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❇❡❝❦❡r str✉❝t✉r❡ t❤❛t ❞♦❡s ♥♦t ❛r✐s❡ ✐♥ ♠♦❞❡❧s ✇❤❡r❡ ❝♦♠♠✉t✐♥❣

❝♦st ✐s ❛ ♣✉r❡ ♠♦♥❡t❛r② ❞❡❞✉❝t✐♦♥ ❢r♦♠ ✐♥❝♦♠❡✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✵ ✭❘❡♥t r❡s♣♦♥s❡ t♦ ❝♦♠♠✉t✐♥❣ ❝♦st ♣❛r❛♠❡t❡rs✮✳

∂p∗R
∂δ1

= −
d12
q∗R

≤ 0, ✭✺✳✶✶✮

∂p∗R
∂δ2

= −
d13T

∗
k2

q∗R
≤ 0. ✭✺✳✶✷✮

Pr♦♦❢✳ ❇② t❤❡ ❡♥✈❡❧♦♣❡ t❤❡♦r❡♠✿ ∂V W/∂δ1 = −λ∗d12 ✭t❤❡ ♠♦♥❡t❛r② ❝♦♠♠✉t✐♥❣ ❝♦st ✐s

δ1d12✱ ✇❤✐❝❤ ❡♥t❡rs t❤❡ ❜✉❞❣❡t ✇✐t❤ ❝♦❡✣❝✐❡♥t −d12✮✳ ❍❡♥❝❡ ∂p∗R/∂δ1 = −d12/q
∗
R✳ ❙✐♠✐❧❛r❧②✱

∂V W/∂δ2 = −λ∗d13T
∗
k2✱ ❣✐✈✐♥❣ ✭✺✳✶✷✮✳ ■

❘❡♠❛r❦ ✺✳✶✶ ✭❍❡t❡r♦❣❡♥❡♦✉s ✐♥❝✐❞❡♥❝❡ ♦❢ tr❛♥s♣♦rt ❝♦st ❝❤❛♥❣❡s✮✳ ❊q✉❛t✐♦♥s ✭✺✳✶✶✮✕✭✺✳✶✷✮

s❤♦✇ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♣❡r✲✉♥✐t ❝♦♠♠✉t✐♥❣ ❝♦st δ1 r❡❞✉❝❡s r❡♥ts ♠♦r❡ ✐♥ r❡❣✐♦♥s ✇✐t❤ ❧❛r❣❡r

d12✱ ✇❤✐❧❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♣❡r✲✉♥✐t ❧❡✐s✉r❡✲tr❛✈❡❧ ❝♦st δ2 r❡❞✉❝❡s r❡♥ts ♠♦r❡ ✐♥ r❡❣✐♦♥s ✇✐t❤

❧❛r❣❡r d13T
∗
k2✳ P♦❧✐❝② ❝❤❛♥❣❡s t❤❛t ❛✛❡❝t δ1 ✭❡✳❣✳✱ ❢✉❡❧ t❛①❡s✱ ❝♦♥❣❡st✐♦♥ ♣r✐❝✐♥❣✮ t❤❡r❡❢♦r❡

✸✸



❤❛✈❡ s♣❛t✐❛❧❧② ❞✐✛❡r❡♥t✐❛t❡❞ ❡✛❡❝ts ♦♥ r❡♥ts✱ ✇✐t❤ t❤❡ ❧❛r❣❡st ❞❡❝r❡❛s❡s ✐♥ ♣❡r✐♣❤❡r❛❧ r❡❣✐♦♥s✳

❚❤❡ ❢✉❧❧ s❡t ♦❢ ❣r❛❞✐❡♥ts ✐s ❝♦❧❧❡❝t❡❞ ✐♥ ❚❛❜❧❡ ✷✳

❚❛❜❧❡ ✷✿ ❈♦♠♣❧❡t❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❡♥t ❢✉♥❝t✐♦♥

P❛r❛♠❡t❡r ●r❛❞✐❡♥t ∂p∗R/∂(·) ❙✐❣♥ ■♥t❡r♣r❡t❛t✐♦♥

d12 −(w∗ + δ1)/q
∗
R − ❋✉❧❧ ❝♦♠♠✉t✐♥❣ ❝♦st ♣❡r ✉♥✐t

❤♦✉s✐♥❣

d13 −(w∗ + δ2)T
∗
k2/q

∗
R − ❋✉❧❧ ❧❡✐s✉r❡✲tr❛✈❡❧ ❝♦st ♣❡r

✉♥✐t ❤♦✉s✐♥❣

wr
S −q∗S/q

∗
R − ❍♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ❝♦st ♣❡r

✉♥✐t ❤♦✉s✐♥❣

Ar
k > 0 + ❆♠❡♥✐t② ❝❛♣✐t❛❧✐③❛t✐♦♥

w T ∗
l1/q

∗
R + ❲❛❣❡ ❝❛♣✐t❛❧✐③❛t✐♦♥

Y 1/q∗R + ■♥❝♦♠❡ ❝❛♣✐t❛❧✐③❛t✐♦♥

δ1 −d12/q
∗
R − ▼♦♥❡t❛r② ❝♦♠♠✉t✐♥❣ ❝♦st

δ2 −d13T
∗
k2/q

∗
R − ▼♦♥❡t❛r② ❧❡✐s✉r❡✲tr❛✈❡❧ ❝♦st

✺✳✹ ❙❡❝♦♥❞✲❖r❞❡r Pr♦♣❡rt✐❡s✿ ❈♦♥✈❡①✐t② ❛♥❞ ❈♦♥❝❛✈✐t② ♦❢ t❤❡ ❘❡♥t

❋✉♥❝t✐♦♥

❚❤❡ s❤❛♣❡ ♦❢ t❤❡ r❡♥t ❢✉♥❝t✐♦♥ p∗R(d12)✖✇❤❡t❤❡r ✐t ✐s ❝♦♥✈❡①✱ ❝♦♥❝❛✈❡✱ ♦r ❧✐♥❡❛r ✐♥ ❝♦♠♠✉t✐♥❣

❞✐st❛♥❝❡✖❤❛s ✐♠♣♦rt❛♥t ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ✉r❜❛♥ str✉❝t✉r❡ ❛♥❞ ❢♦r ✇❡❧❢❛r❡ ♠❡❛s✉r❡♠❡♥t✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✷ ✭❙❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ r❡♥t ❢✉♥❝t✐♦♥✮✳ ❚❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡

r❡♥t ❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❝♦♠♠✉t✐♥❣ ❞✐st❛♥❝❡ ✐s✿

∂2p∗R
∂d212

=
1

(q∗R)
2

[
−
∂w∗

∂d12
q∗R + (w∗ + δ1)

∂q∗R
∂d12

]
. ✭✺✳✶✸✮

❚❤❡ s✐❣♥ ❞❡♣❡♥❞s ♦♥ t✇♦ ❝♦♠♣❡t✐♥❣ ❡✛❡❝ts✿

✸✹



✭✐✮ ❙❤❛❞♦✇ ♣r✐❝❡ r❡s♣♦♥s❡ (−∂w∗/∂d12)✿ ✐❢ ∂w∗/∂d12 < 0 ✭t❤❡ s❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❧❡✐s✉r❡

❢❛❧❧s ❛s ❝♦♠♠✉t✐♥❣ ❡r♦❞❡s t❤❡ ❡✛❡❝t✐✈❡ t✐♠❡ ❡♥❞♦✇♠❡♥t✮✱ t❤✐s t❡r♠ ✐s ♣♦s✐t✐✈❡✱ ♣✉s❤✐♥❣

t♦✇❛r❞ ❝♦♥✈❡①✐t②✳

✭✐✐✮ ❍♦✉s✐♥❣ ❞❡♠❛♥❞ r❡s♣♦♥s❡ (∂q∗R/∂d12)✿ ✐❢ ❤♦✉s✐♥❣ ✐s ✐♥❝♦♠❡✲♥♦r♠❛❧ ❛♥❞ ❝♦♠♠✉t✐♥❣

r❡❞✉❝❡s ❡✛❡❝t✐✈❡ ✐♥❝♦♠❡ s♦ t❤❛t ∂q∗R/∂d12 < 0✱ t❤✐s t❡r♠ ✐s ♥❡❣❛t✐✈❡✱ ♣✉s❤✐♥❣ t♦✇❛r❞

❝♦♥❝❛✈✐t②✳

Pr♦♦❢✳ ❉✐✛❡r❡♥t✐❛t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥ ∂p∗R/∂d12 = −(w∗ + δ1)/q
∗
R ✇✐t❤ r❡s♣❡❝t t♦

d12✿

∂2p∗R
∂d212

= −
d

dd12

[
w∗ + δ1

q∗R

]
= −

(∂w∗/∂d12)q
∗
R − (w∗ + δ1)(∂q

∗
R/∂d12)

(q∗R)
2

=
1

(q∗R)
2

[
−
∂w∗

∂d12
q∗R + (w∗ + δ1)

∂q∗R
∂d12

]
,

✇❤✐❝❤ ✐s ✭✺✳✶✸✮✳ ■

❈♦r♦❧❧❛r② ✺✳✶✸ ✭❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ❝♦♥❝❛✈✐t②✮✳ ❚❤❡ r❡♥t ❢✉♥❝t✐♦♥ p∗R(d12) ✐s ❝♦♥❝❛✈❡

✭∂2p∗R/∂d
2
12 < 0✮ ✐❢✿

✭❛✮ ❤♦✉s✐♥❣ ❞❡♠❛♥❞ ❞❡❝r❡❛s❡s ✇✐t❤ ❝♦♠♠✉t✐♥❣ ❞✐st❛♥❝❡✿ ∂q∗R/∂d12 < 0❀ ❛♥❞

✭❜✮ t❤❡ s❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❧❡✐s✉r❡ ✐♥❝r❡❛s❡s ✭♦r ❛t ❧❡❛st ❞♦❡s ♥♦t ❞❡❝r❡❛s❡✮ ✇✐t❤ ❝♦♠♠✉t✐♥❣

❞✐st❛♥❝❡✿ ∂w∗/∂d12 ≥ 0✳

❯♥❞❡r ✭❛✮ ❛♥❞ ✭❜✮ ❥♦✐♥t❧②✱ ❜♦t❤ t❡r♠s ✐♥ ✭✺✳✶✸✮ ❛r❡ ♥♦♥♣♦s✐t✐✈❡✱ ②✐❡❧❞✐♥❣ ∂2p∗R/∂d
2
12 ≤ 0✳

◆♦t❡ ♦♥ s✐❣♥s✿ ❈♦♥❞✐t✐♦♥ ✭❜✮ st❛t❡s ∂w∗/∂d12 ≥ 0✖t❤❛t ✐s✱ ❝♦♠♠✉t✐♥❣ ❝❛✉s❡s t❤❡ s❤❛❞♦✇

♣r✐❝❡ ♦❢ ❧❡✐s✉r❡ t♦ r✐s❡ ✭❧❡✐s✉r❡ t✐♠❡ ❜❡❝♦♠❡s ♠♦r❡ ✈❛❧✉❛❜❧❡ ❛s ✐t ❣r♦✇s s❝❛r❝❡r✮✳ ❚❤✐s ✐s t❤❡

❡♠♣✐r✐❝❛❧❧② st❛♥❞❛r❞ ♣r❡❞✐❝t✐♦♥ ✐♥ ♠♦♥♦❝❡♥tr✐❝ ♠♦❞❡❧s✳ ■❢ ✐♥st❡❛❞ ∂w∗/∂d12 < 0✱ t❤✐s t❡r♠

✇♦r❦s ❛❣❛✐♥st ❝♦♥❝❛✈✐t② ✭✐t ♠❛❦❡s t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♠♦r❡ ♣♦s✐t✐✈❡✮✳ ❈♦♥❞✐t✐♦♥ ✭❛✮ ❛❧♦♥❡

✐s ♥♦t s✉✣❝✐❡♥t ❢♦r ❝♦♥❝❛✈✐t② ✇❤❡♥ t❤❡ s❤❛❞♦✇✲♣r✐❝❡ t❡r♠ ❤❛s t❤❡ ✇r♦♥❣ s✐❣♥✳

❘❡♠❛r❦ ✺✳✶✹ ✭❈♦♥✈❡①✐t② ✉♥❞❡r ❤❡t❡r♦❣❡♥❡♦✉s ❤♦✉s❡❤♦❧❞s✮✳ ❚❤❡ ❝♦♥❝❛✈✐t② r❡s✉❧t ❞❡♣❡♥❞s

♦♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s✲❤♦✉s❡❤♦❧❞ ❛ss✉♠♣t✐♦♥✳ ❲✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❤♦✉s❡❤♦❧❞s ✭❡✳❣✳✱ ❤♦✉s❡✲

❤♦❧❞s ❞✐✛❡r✐♥❣ ✐♥ r❡♠♦t❡✲✇♦r❦ ❝❛♣❛❝✐t②✮✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❡♥t ❢✉♥❝t✐♦♥ ✐s t❤❡ ✉♣♣❡r ❡♥✈❡❧♦♣❡

✸✺



♦❢ t❤❡ ❜✐❞✲r❡♥t ❢✉♥❝t✐♦♥s ♦❢ ❞✐✛❡r❡♥t t②♣❡s✱ ✇❤✐❝❤ ✐s ❝♦♥✈❡①✳ ❚❤✐s ✐s t❤❡ ❝❧❛ss✐❝❛❧ s♦rt✐♥❣ r❡s✉❧t

♦❢ ❆❧♦♥s♦ ✭✶✾✻✹✮✳ ■♥ ❛ ❝♦♠♣❛♥✐♦♥ ♣❛♣❡r✱ t❤❡ ❛✉t❤♦r s❤♦✇s t❤❛t t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ r❡♠♦t❡

✇♦r❦ ❣❡♥❡r❛t❡s ❛ t✇♦✲t②♣❡ s♦rt✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ✇❤✐❝❤ ❢❛❝❡✲t♦✲❢❛❝❡ ✇♦r❦❡rs s♦rt t♦ ❝❡♥tr❛❧

❧♦❝❛t✐♦♥s ❛♥❞ r❡♠♦t❡ ✇♦r❦❡rs s♦rt t♦ ❞✐st❛♥t ❧♦❝❛t✐♦♥s✱ ②✐❡❧❞✐♥❣ ❛ ❝♦♥✈❡① r❡♥t ❢✉♥❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✺ ✭❘❡♥t ❢✉♥❝t✐♦♥ ❛❧♦♥❣ t❤❡ ❛♠❡♥✐t② ❞✐♠❡♥s✐♦♥✮✳ ❚❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ✇✐t❤

r❡s♣❡❝t t♦ ❛♠❡♥✐t② ❞✐st❛♥❝❡ ✐s✿

∂2p∗R
∂d213

=
1

(q∗R)
2

[
−
∂w∗

∂d13
T ∗
k2q

∗
R + (w∗ + δ2)

(
T ∗
k2

∂q∗R
∂d13

− q∗R
∂T ∗

k2

∂d13

)]
. ✭✺✳✶✹✮

❚❤❡ s✐❣♥ ♦❢ t❤❡ s❤❛❞♦✇✲♣r✐❝❡ t❡r♠ ✐s✿ ✐❢ ∂w∗/∂d13 < 0 ✭❧❡✐s✉r❡ ❜❡❝♦♠❡s ♠♦r❡ ✈❛❧✉❛❜❧❡

❛s ❛♠❡♥✐t✐❡s ❣r♦✇ ❞✐st❛♥t✮✱ t❤❡ ✜rst t❡r♠ ✐s ♣♦s✐t✐✈❡ ✭♣✉s❤✐♥❣ t♦✇❛r❞ ❝♦♥✈❡①✐t②✮✳ ❲❤❡♥

∂T ∗
k2/∂d13 < 0 ✭❤♦✉s❡❤♦❧❞s r❡❞✉❝❡ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ ❛s ❛♠❡♥✐t② ❞✐st❛♥❝❡ ✐♥❝r❡❛s❡s✮✱ t❤❡ ♠✐❞❞❧❡

t❡r♠ ✐♥ t❤❡ s❡❝♦♥❞ ❜r❛❝❦❡t ✐s ❛❧s♦ ♥❡❣❛t✐✈❡ ✭♣✉s❤✐♥❣ t♦✇❛r❞ ❝♦♥✈❡①✐t②✮✳ ❈♦♥❝❛✈✐t② r❡q✉✐r❡s

t❤❛t t❤❡ ❤♦✉s✐♥❣✲❞❡♠❛♥❞ r❡s♣♦♥s❡ ∂q∗R/∂d13 < 0 ✐s ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ❞♦♠✐♥❛t❡✳

Pr♦♦❢✳ ❉✐✛❡r❡♥t✐❛t❡ ∂p∗R/∂d13 = −(w∗ + δ2)T
∗
k2/q

∗
R ✇✐t❤ r❡s♣❡❝t t♦ d13✿

∂2p∗R
∂d213

= −
d

dd13

[
(w∗ + δ2)T

∗
k2

q∗R

]

= −
[(∂w∗/∂d13)T

∗
k2 + (w∗ + δ2)(∂T

∗
k2/∂d13)] q

∗
R − (w∗ + δ2)T

∗
k2(∂q

∗
R/∂d13)

(q∗R)
2

,

✇❤✐❝❤ r❡❛rr❛♥❣❡s t♦ ✭✺✳✶✹✮✳ ■

❘❡♠❛r❦ ✺✳✶✻ ✭❈r♦ss✲❞❡r✐✈❛t✐✈❡✿ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❝♦♠♠✉t✐♥❣ ❛♥❞ ❛♠❡♥✐t② ❞✐st❛♥❝❡✮✳

❚❤❡ ❝r♦ss✲❞❡r✐✈❛t✐✈❡ ∂2p∗R/(∂d12∂d13) ❝❛♣t✉r❡s ✇❤❡t❤❡r ❝♦♠♠✉t✐♥❣ ❛♥❞ ❛♠❡♥✐t② ❞✐st❛♥❝❡s ❛r❡

❝♦♠♣❧❡♠❡♥ts ♦r s✉❜st✐t✉t❡s ✐♥ ❞❡t❡r♠✐♥✐♥❣ r❡♥t✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ∂p∗R/∂d12 = −(w∗ + δ1)/q
∗
R

✇✐t❤ r❡s♣❡❝t t♦ d13✿

∂2p∗R
∂d12∂d13

=
1

(q∗R)
2

[
−
∂w∗

∂d13
q∗R + (w∗ + δ1)

∂q∗R
∂d13

]
. ✭✺✳✶✺✮
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❚❤❡ s✐❣♥ ✐s ❛♠❜✐❣✉♦✉s ✇✐t❤♦✉t ❛❞❞✐t✐♦♥❛❧ r❡str✐❝t✐♦♥s✳ ■❢ ∂w∗/∂d13 > 0 ❛♥❞ ∂q∗R/∂d13 < 0

✭❜♦t❤ ♣❧❛✉s✐❜❧❡ ✉♥❞❡r ✐♥❝♦♠❡✲♥♦r♠❛❧ ❤♦✉s✐♥❣ ❛♥❞ ❛ r✐s✐♥❣ s❤❛❞♦✇ ♣r✐❝❡ ❛s ❛♠❡♥✐t✐❡s ❣r♦✇

♠♦r❡ ❞✐st❛♥t✮✱ ❜♦t❤ t❡r♠s ❛r❡ ♥❡❣❛t✐✈❡ ❛♥❞ t❤❡ ❝r♦ss✲❞❡r✐✈❛t✐✈❡ ✐s ♥❡❣❛t✐✈❡✖❝♦♠♠✉t✐♥❣

❛♥❞ ❛♠❡♥✐t② ❞✐st❛♥❝❡ ❛r❡ s✉❜st✐t✉t❡s ✐♥ t❤❡✐r r❡♥t ❡✛❡❝t✳ ❙✉♣❡r♠♦❞✉❧❛r✐t② ✭♣♦s✐t✐✈❡ ❝r♦ss✲

❞❡r✐✈❛t✐✈❡✮ ✐s ♥♦t t❤❡ ❣❡♥❡r✐❝ ♣r❡❞✐❝t✐♦♥ ♦❢ t❤✐s ♠♦❞❡❧❀ ✐t ✇♦✉❧❞ r❡q✉✐r❡ ❛❞❞✐t✐♦♥❛❧ ♣❛r❛♠❡tr✐❝

❛ss✉♠♣t✐♦♥s✳

✻ ❈♦♥♥❡❝t✐♦♥ t♦ ❙✉♣❡r❧❛t✐✈❡ ■♥❞❡① ❚❤❡♦r②

✻✳✶ ❚✇♦✲❙t❛❣❡ ❆❣❣r❡❣❛t✐♦♥

❚❤❡ ❧✐♥❡❛r ❤♦♠♦❣❡♥❡✐t② ♦❢ F ✱ G✱ ❛♥❞ H ✐♠♣❧✐❡s t❤❛t ❡❛❝❤ ❤♦✉s❡❤♦❧❞✲♣r♦❞✉❝t✐♦♥ ❜❧♦❝❦ ❛❞♠✐ts

❛♥ ❡①❛❝t ✉♥✐t✲❝♦st ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡r❡❢♦r❡ ❝♦♥♥❡❝ts ♥❛t✉r❛❧❧② t♦ s✉♣❡r❧❛t✐✈❡ ✐♥❞❡① ♥✉♠❜❡r

t❤❡♦r② ✭❉✐❡✇❡rt✱ ✶✾✼✻✮✳

Pr♦♣♦s✐t✐♦♥ ✻✳✶ ✭❋✐rst✲st❛❣❡ s✉♣❡r❧❛t✐✈❡ ❛❣❣r❡❣❛t✐♦♥✮✳ ▲❡t J ∈ {F,G,H} ❜❡ ❛♥② ❧✐♥❡❛r❧②

❤♦♠♦❣❡♥❡♦✉s ❤♦✉s❡❤♦❧❞✲♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥✱ ❛♥❞ ❧❡t (p0,q0) ❛♥❞ (pτ ,qτ ) ❞❡♥♦t❡ ✐ts ✐♥♣✉t

♣r✐❝❡ ❛♥❞ q✉❛♥t✐t② ✈❡❝t♦rs ✐♥ ❛ ❜❛s❡ s✐t✉❛t✐♦♥ 0 ❛♥❞ ❝♦♠♣❛r✐s♦♥ s✐t✉❛t✐♦♥ τ ✳ ❉❡✜♥❡ t❤❡

❋✐s❤❡r ♣r✐❝❡ ❛♥❞ q✉❛♥t✐t② ✐♥❞❡①❡s ❜②

P τ0
J ≡

[
pτ ·q0

p0 ·q0
·
pτ ·qτ

p0 ·qτ

]1/2
, ✭✻✳✶✮

Qτ0
J ≡

[
p0 ·qτ

p0 ·q0
·
pτ ·qτ

pτ ·q0

]1/2
. ✭✻✳✷✮

❚❤❡s❡ ✐♥❞❡①❡s ❛r❡ s✉♣❡r❧❛t✐✈❡✿ t❤❡② ❛r❡ ❡①❛❝t ❢♦r ❤♦♠♦❣❡♥❡♦✉s q✉❛❞r❛t✐❝ ❛❣❣r❡❣❛t♦r ❢✉♥❝✲

t✐♦♥s ❛♥❞ ♣r♦✈✐❞❡ s❡❝♦♥❞✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥s ♠♦r❡ ❣❡♥❡r❛❧❧② ✇✐t❤✐♥ t❤❡ ❝❧❛ss ♦❢ ❧✐♥❡❛r❧②

❤♦♠♦❣❡♥❡♦✉s ❛❣❣r❡❣❛t♦rs✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❉✐❡✇❡rt ✭✶✾✼✻✮✳ ■
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❈♦r♦❧❧❛r② ✻✳✷ ✭❆❣❣r❡❣❛t✐♦♥ ♦❢ s♣❛t✐❛❧ ❢✉❧❧ ❝♦♥s✉♠♣t✐♦♥✮✳ ❋♦r r❡❣✐♦♥ r✱ ❞❡✜♥❡ t❤❡ ✜rst✲st❛❣❡

♣r✐❝❡✲q✉❛♥t✐t② ✈❡❝t♦rs

❼ ❤♦♠❡ ❧❡✐s✉r❡✿ pr
k1 = (p2, w

∗r) ❛♥❞ qr
k1 = (qrk1, T

r
k1)❀

❼ ❡①t❡r♥❛❧ ❧❡✐s✉r❡✿ pr
k2 = (p1, π

r
k2) ❛♥❞ qr

k2 = (qrk2, T
r
k2)❀

❼ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s✿ pr
H = (pH , w

r
S) ❛♥❞ qr

H = (qrH , T
r
l2 + qrS)✳

❚❤❡♥ t❤❡ ❋✐s❤❡r ❛❣❣r❡❣❛t❡s (P r0
k1 , Q

r0
k1)✱ (P̃ r0

k2 , Q
r0
k2)✱ ❛♥❞ (P r0

H , Qr0
H ) ❛r❡ s✉♣❡r❧❛t✐✈❡ ❛♣♣r♦①✐✲

♠❛t✐♦♥s t♦ t❤❡ tr✉❡ ❢✉❧❧✲♣r✐❝❡ ❛♥❞ ❢✉❧❧✲q✉❛♥t✐t② ❛❣❣r❡❣❛t❡s ❢♦r t❤❡ t❤r❡❡ ❤♦✉s❡❤♦❧❞✲♣r♦❞✉❝t✐♦♥

❜❧♦❝❦s✳

✻✳✷ ❘❡❣✐♦♥❛❧ ❯t✐❧✐t② ■♥❞❡①

❚❤❡ s❡❝♦♥❞ st❛❣❡ ❛❣❣r❡❣❛t❡s t❤❡ ❢♦✉r ❝♦♠♣♦♥❡♥ts ♦❢ ❢✉❧❧ ❝♦♥s✉♠♣t✐♦♥ ✐ts❡❧❢✿ ❤♦✉s✐♥❣ s❡r✈✐❝❡s✱

❤♦♠❡ ❧❡✐s✉r❡✱ ❡①t❡r♥❛❧ ❧❡✐s✉r❡✱ ❛♥❞ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s✳

❆ss✉♠♣t✐♦♥ ✻✳✸ ✭❯♣♣❡r✲t✐❡r ❛❣❣r❡❣❛t♦r✮✳ ❚❤❡ ❤♦✉s❡❤♦❧❞✬s ✉t✐❧✐t② ❢✉♥❝t✐♦♥ U ✱ r❡str✐❝t❡❞ t♦

✐ts ✜rst ❢♦✉r ❛r❣✉♠❡♥ts (qR, Qk1, Qk2, QH) ✇✐t❤ (Tl1, Tl2) ❤❡❧❞ ✜①❡❞ ❛t t❤❡✐r ♦♣t✐♠❛❧ ✈❛❧✉❡s✱

❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s ❢✉♥❝t✐♦♥ Ψ : R4
+ → R+ t❤❛t ❞❡♣❡♥❞s ♦♥❧② ♦♥

t❤❡s❡ ❢♦✉r q✉❛♥t✐t② ❛❣❣r❡❣❛t❡s✿

U∗(qR, Qk1, Qk2, QH) ≡ Ψ(qR, Qk1, Qk2, QH).

Ψ ✐s t✇✐❝❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ❝♦♥❝❛✈❡✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ❤♦♠♦t❤❡t✐❝✐t② ♦❢ ♣r❡❢✲

❡r❡♥❝❡s ♦✈❡r t❤❡ ❢♦✉r ❢✉❧❧✲❝♦♥s✉♠♣t✐♦♥ ❝♦♠♣♦s✐t❡s✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ❧❛❜♦r ❛♥❞ ❤♦✉s❡❤♦❧❞✲

✇♦r❦ ♠❛r❣✐♥s✳

❘❡♠❛r❦ ✻✳✹ ✭❙❝♦♣❡ ♦❢ ❆ss✉♠♣t✐♦♥ ✻✳✸✮✳ ❆ss✉♠♣t✐♦♥ ✻✳✸ ✐s ❛♥ ❛❞❞✐t✐♦♥❛❧ r❡str✐❝t✐♦♥ ❜❡②♦♥❞

t❤❡ ❣❡♥❡r❛❧ ❝♦♥❝❛✈❡ ✉t✐❧✐t② ♦❢ ❆ss✉♠♣t✐♦♥ ✷✳✶✳ ❲✐t❤♦✉t ✐t✱ t❤❡ s❡❝♦♥❞✲st❛❣❡ ❋✐s❤❡r ✐♥❞❡①

♣r♦✈✐❞❡s ♦♥❧② ❛ s❡❝♦♥❞✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ tr✉❡ ✇❡❧❢❛r❡ r❛t✐♦✱ ♥♦t ❛♥ ❡①❛❝t r❡s✉❧t✳

❲✐t❤ ✐t✱ t❤❡ ❋✐s❤❡r ✐♥❞❡① ✐s ❡①❛❝t❧② ❡q✉❛❧ t♦ t❤❡ tr✉❡ r❛t✐♦ ✇❤❡♥ Ψ ✐s ❤♦♠♦❣❡♥❡♦✉s q✉❛❞r❛t✐❝✳

✸✽



❚❤❡ ❛ss✉♠♣t✐♦♥ ✐s t❤❡ st❛♥❞❛r❞ ♦♥❡ ✐♥✈♦❦❡❞ ✐♥ t✇♦✲st❛❣❡ ❛❣❣r❡❣❛t✐♦♥ t❤❡♦r② ✭❉✐❡✇❡rt✱ ✶✾✼✽✮❀

t❤❡ ◆◗ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❆♣♣❡♥❞✐① ❋ s❛t✐s✜❡s ✐t ✇✐t❤ t❤❡ ❛♣♣r♦♣r✐❛t❡ ♥♦r♠❛❧✐③❛t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✻✳✺ ✭❘❡❣✐♦♥❛❧ ❯t✐❧✐t② ■♥❞❡①✮✳ ❋✐① r❡❣✐♦♥ 0 ❛s t❤❡ r❡❢❡r❡♥❝❡ r❡❣✐♦♥✳ ❋♦r ❡❛❝❤

r❡❣✐♦♥ r✱ ❧❡t P r
k1✱ P̃

r
k2✱ P

r
H ❞❡♥♦t❡ t❤❡ r❡❣✐♦♥✲r ✉♥✐t ❢✉❧❧ ♣r✐❝❡s ✭♥♦t ❜✐❧❛t❡r❛❧ ✐♥❞❡①❡s✮✿ P r

k1 ≡

cF (p2, w
∗r)✱ P̃ r

k2 ≡ cG(p1, π
r
k2)✱ P r

H ≡ cH(pH , w
r
S)✳ ❙✐♠✐❧❛r❧② Qr

k1 ≡ F (qrk1, T
r
k1)✱ Qr

k2 ≡

G(qrk2, T
r
k2)✱ Q

r
H ≡ H(qrH , T

r
l2 + qrS)✳ ❉❡✜♥❡ t❤❡ ❢✉❧❧✲❝♦♥s✉♠♣t✐♦♥ ♣r✐❝❡ ❛♥❞ q✉❛♥t✐t② ✈❡❝t♦rs

❢♦r r❡❣✐♦♥ r✿

pr
FC = (prR, P

r
k1, P̃

r
k2, P

r
H), qr

FC = (qrR, Q
r
k1, Q

r
k2, Q

r
H).

❚❤❡ ❘❡❣✐♦♥❛❧ ❯t✐❧✐t② ■♥❞❡① ❢♦r r❡❣✐♦♥ r r❡❧❛t✐✈❡ t♦ r❡❣✐♦♥ 0 ✐s t❤❡ ❋✐s❤❡r q✉❛♥t✐t② ✐♥❞❡①

❛♣♣❧✐❡❞ t♦ t❤❡s❡ ❧❡✈❡❧ ✈❡❝t♦rs✿

RUI
r ≡ Qr0

FC ≡

[
p0
FC · qr

FC

p0
FC · q0

FC

·
pr
FC · qr

FC

pr
FC · q0

FC

]1/2
. ✭✻✳✸✮

❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✻✳✸✱ ❜❡❝❛✉s❡ t❤❡ ✉♣♣❡r✲❧❡✈❡❧ ❛❣❣r❡❣❛t♦r Ψ ✐s ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s✱

t❤❡ ❘❯■ ✭✻✳✸✮ ✐s s✉♣❡r❧❛t✐✈❡ ❢♦r t❤❡ ❢✉❧❧✲❝♦♥s✉♠♣t✐♦♥ ❝♦♠♣❛r✐s♦♥ ✭Pr♦♣♦s✐t✐♦♥ ❉✳✺✮✳ ❋♦r

♠✉❧t✐❧❛t❡r❛❧ ❝♦♠♣❛r✐s♦♥s ❛❝r♦ss ♠❛♥② r❡❣✐♦♥s✱ tr❛♥s✐t✐✈✐t② ❝❛♥ ❜❡ ✐♠♣♦s❡❞ ✉s✐♥❣ t❤❡ ●❊❑❙

♣r♦❝❡❞✉r❡ ✭●✐♥✐✱ ✶✾✸✶❀ ❊❧t❡t➤✱ ❑ö✈❡s✱ ❛♥❞ ❙③✉❧❝✱ ✶✾✻✹✮✳ ❚❤❡ ❢✉❧❧ ♣r♦♦❢s ♦❢ t❤❡ s✉♣❡r❧❛t✐✈❡

♣r♦♣❡rt✐❡s ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❆♣♣❡♥❞✐① ❉✳

✻✳✸ ■♥t❡rt❡♠♣♦r❛❧ ❈♦♠♣❛r✐s♦♥s

❋♦r tr❛❝❦✐♥❣ ✇❡❧❢❛r❡ ❝❤❛♥❣❡s ♦✈❡r t✐♠❡ ✇✐t❤✐♥ ❛ s✐♥❣❧❡ r❡❣✐♦♥✱ ❝❤❛✐♥❡❞ ✐♥❞❡①❡s ❛r❡ ❛♣♣r♦♣r✐❛t❡✳

❉❡✜♥✐t✐♦♥ ✻✳✻ ✭❈❤❛✐♥❡❞ ❋✐s❤❡r ✐♥❞❡①✮✳ ▲❡t τ = 1, . . . ,Υ ✐♥❞❡① ♣❡r✐♦❞s✳ ❚❤❡ ❝❤❛✐♥❡❞ ❋✐s❤❡r

♣r✐❝❡ ❧❡✈❡❧ ❢♦r ❢✉❧❧ ❝♦♥s✉♠♣t✐♦♥ ✐♥ ♣❡r✐♦❞ τ r❡❧❛t✐✈❡ t♦ ♣❡r✐♦❞ ✶ ✐s✿

P τ
FC =

τ∏

t=2

P t,t−1
F , ✭✻✳✹✮

✇❤❡r❡ P t,t−1
F ✐s t❤❡ ❜✐❧❛t❡r❛❧ ❋✐s❤❡r ♣r✐❝❡ ✐♥❞❡① ❜❡t✇❡❡♥ ❛❞❥❛❝❡♥t ♣❡r✐♦❞s t − 1 ❛♥❞ t✳ ❚❤❡

✸✾



❝♦rr❡s♣♦♥❞✐♥❣ ❝❤❛✐♥❡❞ q✉❛♥t✐t② ❧❡✈❡❧ ✐s✿

Qτ
FC =

Pτ ·Qτ

P1 ·Q1
·

1

P τ
FC

. ✭✻✳✺✮

❈❤❛✐♥❡❞ ✐♥❞❡①❡s ❤❛✈❡ t❤❡ ❛❞✈❛♥t❛❣❡ t❤❛t t❤❡② ❝♦♠♣❛r❡ ♦♥❧② ❛❞❥❛❝❡♥t ♣❡r✐♦❞s✱ ✇❤❡r❡

t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ♦❢ s✉♣❡r❧❛t✐✈❡ ✐♥❞❡①❡s ✐s s♠❛❧❧❡st✳ ❚❤❡② s❛t✐s❢② t❤❡ t✐♠❡✲r❡✈❡rs❛❧

t❡st ✭P t,t−1
FC · P t−1,t

FC = 1✮ ❜❡❝❛✉s❡ t❤❡ ❋✐s❤❡r ✐♥❞❡① ❞♦❡s✳ ❍♦✇❡✈❡r✱ t❤❡② ❞♦ ♥♦t s❛t✐s❢② t❤❡

❝✐r❝✉❧❛r✐t② t❡st ✐♥ ❣❡♥❡r❛❧✳

✻✳✹ ❙♣❛t✐❛❧✲❚❡♠♣♦r❛❧ P❛♥❡❧ ❈♦♠♣❛r✐s♦♥s

❲❤❡♥ ❞❛t❛ ❛r❡ ❛✈❛✐❧❛❜❧❡ ❛s ❛ ♣❛♥❡❧ ✭♠✉❧t✐♣❧❡ r❡❣✐♦♥s ♦❜s❡r✈❡❞ ♦✈❡r ♠✉❧t✐♣❧❡ ♣❡r✐♦❞s✮✱ t❤❡

●❊❑❙✲❋✐s❤❡r ♠❡t❤♦❞ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ♣♦♦❧❡❞ s❡t ♦❢ r❡❣✐♦♥✲♣❡r✐♦❞ ♣❛✐rs {(r, τ)}✱ tr❡❛t✐♥❣

❡❛❝❤ ❛s ❛ ❞✐st✐♥❝t ✏❝♦✉♥tr②✳✑ ❚❤✐s ②✐❡❧❞s ❛ s❡t ♦❢ ♠✉❧t✐❧❛t❡r❛❧ ✐♥❞❡①❡s {P (r,τ),(0,1)
GEKS } t❤❛t ❛r❡

tr❛♥s✐t✐✈❡ ❛❝r♦ss ❜♦t❤ s♣❛❝❡ ❛♥❞ t✐♠❡✳

❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ ❈❛✈❡s✱ ❈❤r✐st❡♥s❡♥✱ ❛♥❞ ❉✐❡✇❡rt ✭✶✾✽✷✮ ❛♣♣r♦❛❝❤✖❛❧s♦ ❦♥♦✇♥ ❛s t❤❡

❈❈❉ ♠❡t❤♦❞✖❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♥str✉❝t ❚ör♥q✈✐st✲❜❛s❡❞ ♠✉❧t✐❧❛t❡r❛❧ ✐♥❞❡①❡s✳ ❚❤❡ ❝❤♦✐❝❡

❜❡t✇❡❡♥ ●❊❑❙✲❋✐s❤❡r ❛♥❞ ❈❈❉✲❚ör♥q✈✐st ✐s ❧❛r❣❡❧② ❛ ♠❛tt❡r ♦❢ ❝♦♥✈❡♥✐❡♥❝❡❀ ❜♦t❤ ❛r❡

s✉♣❡r❧❛t✐✈❡ ❛♥❞ t②♣✐❝❛❧❧② ❛❣r❡❡ ❝❧♦s❡❧② ✐♥ ♣r❛❝t✐❝❡✳

❘❡♠❛r❦ ✻✳✼ ✭❉❛t❛ r❡q✉✐r❡♠❡♥ts✮✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❘❯■ r❡q✉✐r❡s✱ ❢♦r ❡❛❝❤ r❡❣✐♦♥

❛♥❞ ♣❡r✐♦❞✿ ✭✐✮ t❤❡ ❢✉❧❧✲♣r✐❝❡ ✈❡❝t♦r Pr = (prR, P
∗r
k1 , P̃

∗r
k2 , P

∗r
H )✱ ❛♥❞ ✭✐✐✮ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

❢✉❧❧✲q✉❛♥t✐t② ✈❡❝t♦r Qr = (qrR, Q
∗r
k1, Q

∗r
k2, Q

∗r
H )✳ ❚❤❡ ❢✉❧❧ ♣r✐❝❡s ✐♥❝♦r♣♦r❛t❡ t❤❡ s❤❛❞♦✇ ♣r✐❝❡

w∗r✱ ✇❤✐❝❤ ♠✉st ❜❡ ❡st✐♠❛t❡❞ ❡❝♦♥♦♠❡tr✐❝❛❧❧② ✭❙❡❝t✐♦♥ ✼✮ ♦r ❛♣♣r♦①✐♠❛t❡❞✳ ❈❛s❡ ✶ ❛♥❞ ✸

s✐♠♣❧✐✜❝❛t✐♦♥✿ ■❢ U6 = 0 ✭♥♦ ❞✐s✉t✐❧✐t② ♦❢ ❤♦✉s❡✇♦r❦✮ ❛♥❞ q∗S > 0✱ t❤❡♥ w∗ = wr
S ❜② t❤❡

✐♥t❡r✐♦r ❋❖❈ ✭✸✳✶✷✮✱ ❛♥❞ ❛❧❧ ❢✉❧❧ ♣r✐❝❡s ❜❡❝♦♠❡ ♦❜s❡r✈❛❜❧❡✳ ❚❤✐s s✐♠♣❧✐✜❝❛t✐♦♥ ❞♦❡s ♥♦t ❛♣♣❧②

✐♥ ❈❛s❡s ✷ ❛♥❞ ✹ ✭q∗S = 0✮✱ ✇❤❡r❡ wr
S ❞♦❡s ♥♦t ♣✐♥ ❞♦✇♥ w∗ ❛♥❞ t❤❡ ✐♠♣✉t❡❞ ❤♦✉s❡❤♦❧❞✲✇♦r❦

♣r✐❝❡ w∗
H = U4H2/λ

∗ ♠✉st ✐♥st❡❛❞ ❜❡ ❡st✐♠❛t❡❞✳ ❯♥❞❡r t❤❡ ❢✉rt❤❡r ❛ss✉♠♣t✐♦♥ U5 = 0

✭♥♦ ❞✐s✉t✐❧✐t② ♦❢ ♠❛r❦❡t ✇♦r❦✮ ❛♥❞ ✐♥ ❈❛s❡ ✶✱ w∗ = w ✭t❤❡ ❇❡❝❦❡r ❝❛s❡✮✱ ❛♥❞ t❤❡ ❢✉❧❧ ♣r✐❝❡s

✹✵



❞❡♣❡♥❞ ♦♥❧② ♦♥ ♠❛r❦❡t ♦❜s❡r✈❛❜❧❡s✳

✼ ❊❝♦♥♦♠❡tr✐❝ ❊st✐♠❛t✐♦♥

❚❤✐s s❡❝t✐♦♥ ❞❡✈❡❧♦♣s t❤❡ ❡st✐♠❛t✐♥❣ ❡q✉❛t✐♦♥s ✐♠♣❧✐❡❞ ❜② t❤❡ ♠♦❞❡❧✳ ❚❤❡ ❧♦❣✐❝ ❢♦❧❧♦✇s

t❤❡ ♣r✐♠❛❧ ❛♣♣r♦❛❝❤ ✐♥ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✱ ❙❡❝t✐♦♥s ✼✕✶✵✮✱ ❡①t❡♥❞❡❞ t♦ ❛❧❧♦✇ ❢♦r

❝♦♠♠✉t✐♥❣ t✐♠❡ ❛♥❞ ❧❡✐s✉r❡ tr❛✈❡❧ ❝♦sts✳

✼✳✶ ❈❛s❡ ❚❛①♦♥♦♠②

❋♦✉r r❡❣✐♠❡s ❛r❡ ❞✐st✐♥❣✉✐s❤❡❞ ❜② ✇❤❡t❤❡r t❤❡ ❤♦✉s❡❤♦❧❞ ♣✉r❝❤❛s❡s ♠❛r❦❡t ❤♦✉s❡❤♦❧❞ s❡r✲

✈✐❝❡s (q∗S) ❛♥❞ ✇❤❡t❤❡r ✐t s✉♣♣❧✐❡s ♠❛r❦❡t ❧❛❜♦r (T ∗
l1)✿

❈❛s❡ q∗S T ∗
l1 ❉❡s❝r✐♣t✐♦♥

✶ > 0 > 0 ❲♦r❦❡r ✇✐t❤ ♣✉r❝❤❛s❡❞ ❤♦✉s❡❤♦❧❞ ❤❡❧♣

✷ = 0 > 0 ❲♦r❦❡r ✇✐t❤♦✉t ♣✉r❝❤❛s❡❞ ❤♦✉s❡❤♦❧❞ ❤❡❧♣

✸ > 0 = 0 ◆♦♥✇♦r❦❡r ✇✐t❤ ♣✉r❝❤❛s❡❞ ❤♦✉s❡❤♦❧❞ ❤❡❧♣

✹ = 0 = 0 ◆♦♥✇♦r❦❡r ✇✐t❤♦✉t ♣✉r❝❤❛s❡❞ ❤♦✉s❡❤♦❧❞ ❤❡❧♣

✼✳✷ ❈❛s❡ ✶✿ ■♥t❡r✐♦r ✇♦r❦❡r s♦❧✉t✐♦♥

❯s❡ t❤❡ ✇♦r❦❡r t✐♠❡ ❝♦♥str❛✐♥t t♦ ❡❧✐♠✐♥❛t❡ Tl1✿

Tl1 = T̃ − Tl2 − Tk1 − (1 + d13)Tk2. ✭✼✳✶✮

❉❡✜♥❡ t❤❡ ♠♦❞✐✜❡❞ ❇❡❝❦❡r ❢✉❧❧ ✐♥❝♦♠❡

F τ
B ≡ wτ (T − dτ12) + Y τ − δτ1d

τ
12 = wτ T̃ τ + Y τ − δτ1d

τ
12 ✭✼✳✷✮

✹✶



❛♥❞ t❤❡ ❇❡❝❦❡r ♣r✐❝❡ ♦❢ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ t✐♠❡

στ ≡ wτ (1 + dτ13) + δτ2d
τ
13. ✭✼✳✸✮

❚❤❡ r❡❞✉❝❡❞ s✐♥❣❧❡✲❝♦♥str❛✐♥t ♣r♦❜❧❡♠ ②✐❡❧❞s t❤❡ s❤❛r❡ ❡q✉❛t✐♦♥s

pτRq
τ
R

F τ
B

=
U τ
1 q

τ
R

Dτ
, ✭✼✳✹✮

wτT τ
k1

F τ
B

=
[U τ

2F
τ
2 − U τ

5 ]T
τ
k1

Dτ
, ✭✼✳✺✮

pτ2q
τ
k1

F τ
B

=
U τ
2F

τ
1 q

τ
k1

Dτ
, ✭✼✳✻✮

στT τ
k2

F τ
B

=
[U τ

3G
τ
2 − U τ

5 (1 + dτ13)]T
τ
k2

Dτ
, ✭✼✳✼✮

pτ1q
τ
k2

F τ
B

=
U τ
3G

τ
1q

τ
k2

Dτ
, ✭✼✳✽✮

wτT τ
l2

F τ
B

=
[U τ

4H
τ
2 + U τ

6 − U τ
5 ]T

τ
l2

Dτ
, ✭✼✳✾✮

pτHq
τ
H

F τ
B

=
U τ
4H

τ
1 q

τ
H

Dτ
, ✭✼✳✶✵✮

wτ
Sq

τ
S

F τ
B

=
U τ
4H

τ
2 q

τ
S

Dτ
, ✭✼✳✶✶✮

✇❤❡r❡

Dτ ≡ U τ
1 q

τ
R + U τ

2F
τ + U τ

3G
τ + U τ

4H
τ + U τ

5 T
τ
l1 + U τ

6 T
τ
l2 − U τ

5 T̃
τ ✭✼✳✶✷✮

❛♥❞ λτ = Dτ/F τ
B✳ ❇❡❝❛✉s❡ t❤❡ ❡✐❣❤t s❤❛r❡s s✉♠ t♦ ♦♥❡✱ t❤❡r❡ ❛r❡ s❡✈❡♥ ✐♥❞❡♣❡♥❞❡♥t ❡q✉❛✲

t✐♦♥s✳

❘❡♠❛r❦ ✼✳✶ ✭❘❡❝♦✈❡r② ♦❢ t❤❡ s❤❛❞♦✇ ♣r✐❝❡✮✳ ❖♥❝❡ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ U ✱ F ✱ G✱ ❛♥❞ H ❛r❡

❡st✐♠❛t❡❞✱

w∗τ =
U τ
2F

τ
2

λτ
=

U τ
2F

τ
2 F

τ
B

Dτ
. ✭✼✳✶✸✮

❚❤✐s ✐s t❤❡ s♣❛t✐❛❧ ❛♥❛❧♦❣✉❡ ♦❢ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✱ ❊q✳ ✾✼✮✳

✹✷



✼✳✸ ❈❛s❡s ✷✕✹

❚❤❡ r❡♠❛✐♥✐♥❣ ❝❛s❡s ❞✐✛❡r ❜❡❝❛✉s❡ ❡✐t❤❡r t❤❡ ❤♦✉s❡❤♦❧❞ ❞♦❡s ♥♦t ♣✉r❝❤❛s❡ ♠❛r❦❡t ❤♦✉s❡❤♦❧❞

s❡r✈✐❝❡s✱ ♦r ✐t ❞♦❡s ♥♦t ✇♦r❦✱ ♦r ❜♦t❤✳ ❚❤❡ r❡s✉❧t✐♥❣ s②st❡♠s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✸✳

❚❛❜❧❡ ✸✿ ❊st✐♠❛t✐♥❣✲❡q✉❛t✐♦♥ t❛①♦♥♦♠②

❈❛s❡ ■♥❞❡♣✳ ❡qs✳ w∗
H ❉❡♥♦♠✳ ❑❡② ❢❡❛t✉r❡

✶ ✼ = wS

✭❦♥♦✇♥✮

F τ
B ❋✉❧❧ ✇♦r❦❡r s②st❡♠

✷ ✻ ✉♥❦♥♦✇♥ F τ
B ❉r♦♣ ✭✼✳✶✶✮❀ ❝❤❡❝❦ w∗

H ≤ wS

✸ ✻ = wS

✭❦♥♦✇♥✮

Y τ ◆♦ ❝♦♠♠✉t✐♥❣❀ ✺ s❤❛r❡s ♣❧✉s ✶

t✐♠❡ ❝♦♥❞✐t✐♦♥

✹ ✺ ✉♥❦♥♦✇♥ Y τ ◆♦ ❝♦♠♠✉t✐♥❣ ❛♥❞ ♥♦ qS ❀ ✹

s❤❛r❡s ♣❧✉s ✶ t✐♠❡ ❝♦♥❞✐t✐♦♥

❉❡t❛✐❧❡❞ ❞❡r✐✈❛t✐♦♥s ❛♣♣❡❛r ✐♥ ❆♣♣❡♥❞✐① ❇✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ♣♦✐♥t ✐s ❝♦♥❝❡♣t✉❛❧✿ ♦♥❝❡

Tl1 = 0✱ ❝♦♠♠✉t✐♥❣ t✐♠❡ ❛♥❞ ❝♦♠♠✉t✐♥❣ ❡①♣❡♥❞✐t✉r❡ ❞✐s❛♣♣❡❛r✳ ❍❡♥❝❡ t❤❡ ♥♦♥✇♦r❦❡r ❝❛s❡s

♠✉st ❜❡ ❡st✐♠❛t❡❞ ❢r♦♠ ❛ ❞✐st✐♥❝t r❡❞✉❝❡❞ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ ❡♥❞♦✇♠❡♥t T ✱ ♥♦t T − d12✳

❚❤✐s s❡♣❛r❛t✐♦♥ ✐s ❡ss❡♥t✐❛❧ ❢♦r ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥s✐st❡♥❝②✳

❘❡♠❛r❦ ✼✳✷ ✭❉❛t❛ r❡q✉✐r❡♠❡♥ts✮✳ ❊st✐♠❛t✐♦♥ ♦❢ t❤❡ s❤❛r❡ s②st❡♠ ✭✼✳✹✮✕✭✼✳✶✶✮ r❡q✉✐r❡s✱

❢♦r ❡❛❝❤ ♦❜s❡r✈❛t✐♦♥ τ ✿ ✭✐✮ ♣r✐❝❡s (pτR, p
τ
1, p

τ
2, p

τ
H , w

τ
S, w

τ )❀ ✭✐✐✮ q✉❛♥t✐t✐❡s (qτR, q
τ
k1, q

τ
k2, q

τ
H , q

τ
S)❀

✭✐✐✐✮ t✐♠❡ ❛❧❧♦❝❛t✐♦♥s (T τ
k1, T

τ
k2, T

τ
l1, T

τ
l2)❀ ❛♥❞ ✭✐✈✮ s♣❛t✐❛❧ ♣❛r❛♠❡t❡rs (dτ12, d

τ
13, δ

τ
1 , δ

τ
2 )✳ ❚✐♠❡✲

✉s❡ s✉r✈❡②s ✭❡✳❣✳✱ t❤❡ ❆♠❡r✐❝❛♥ ❚✐♠❡ ❯s❡ ❙✉r✈❡②✱ t❤❡ ❏❛♣❛♥❡s❡ ❙✉r✈❡② ♦♥ ❚✐♠❡ ❯s❡ ❛♥❞

▲❡✐s✉r❡ ❆❝t✐✈✐t✐❡s✮ ♣r♦✈✐❞❡ ✭✐✐✐✮✳ ❍♦✉s❡❤♦❧❞ ❡①♣❡♥❞✐t✉r❡ s✉r✈❡②s ♣r♦✈✐❞❡ ✭✐✮ ❛♥❞ ✭✐✐✮✳ ❚❤❡ s♣❛✲

t✐❛❧ ♣❛r❛♠❡t❡rs ✭✐✈✮ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❢r♦♠ ❝♦♠♠✉t✐♥❣✲✢♦✇ ❞❛t❛✱ ❣❡♦❣r❛♣❤✐❝ ✐♥❢♦r♠❛t✐♦♥

s②st❡♠s✱ ♦r ♠♦❜✐❧❡✲♣❤♦♥❡ ❝❛rr✐❡r ❞❛t❛ t❤❛t ❞✐r❡❝t❧② ♦❜s❡r✈❡ ❝♦♠♠✉t✐♥❣ t✐♠❡s ❛♥❞ ❧❡✐s✉r❡✲

tr❛✈❡❧ ♣❛tt❡r♥s ✭❑r❡✐♥❞❧❡r ❛♥❞ ▼✐②❛✉❝❤✐✱ ✷✵✷✸❀ ▼✐②❛✉❝❤✐✱ ◆❛❦❛❥✐♠❛✱ ❛♥❞ ❘❡❞❞✐♥❣✱ ✷✵✷✺✮✳

❊♠♣✐r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ❧❡❢t ❢♦r ❢✉t✉r❡ ✇♦r❦✳

✹✸



✽ ❈❛❧✐❜r❛t✐♦♥✿ ❏❛♣❛♥❡s❡ ▼❡tr♦♣♦❧✐t❛♥ ❍♦✉s❡❤♦❧❞s

❚❤✐s s❡❝t✐♦♥ ✐♠♣❧❡♠❡♥ts ❛ q✉❛♥t✐t❛t✐✈❡ ❝❛❧✐❜r❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ✉s✐♥❣ ❏❛♣❛♥❡s❡ ❤♦✉s❡❤♦❧❞

❞❛t❛✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ❞❡♠♦♥str❛t❡ t❤❡ ♠♦❞❡❧✬s ❡♠♣✐r✐❝❛❧ ❝♦♥t❡♥t✿ t♦ r❡❝♦✈❡r t❤❡ s❤❛❞♦✇

♣r✐❝❡ ♦❢ ❧❡✐s✉r❡ w∗✱ t❤❡ ✐♠♣❧✐❡❞ r❡♥t ❣r❛❞✐❡♥ts✱ ❛♥❞ ❛ ♣r♦t♦t②♣❡ ❘❡❣✐♦♥❛❧ ❯t✐❧✐t② ■♥❞❡① ❢♦r

t❤r❡❡ r❡♣r❡s❡♥t❛t✐✈❡ ♠❡tr♦♣♦❧✐t❛♥ ❛r❡❛s✳ ❚❤❡ ❝❛❧✐❜r❛t✐♦♥ ✐s ✐♥t❡♥t✐♦♥❛❧❧② tr❛♥s♣❛r❡♥t ❛♥❞

♣❛rs✐♠♦♥✐♦✉s✱ ✉s✐♥❣ ♣✉❜❧✐❝❧② ❛✈❛✐❧❛❜❧❡ ❞❛t❛ ❛♥❞ ❝❧♦s❡❞✲❢♦r♠ r❡str✐❝t✐♦♥s ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s

q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s ❞❡r✐✈❡❞ ✐♥ ❆♣♣❡♥❞✐① ❋✳

✽✳✶ ❉❛t❛ ❛♥❞ P❛r❛♠❡t❡r✐③❛t✐♦♥

❉❛t❛ s♦✉r❝❡s✳ ❋♦✉r s♦✉r❝❡s ❛r❡ ❝♦♠❜✐♥❡❞✿

✭✐✮ ❙✉r✈❡② ♦♥ ❚✐♠❡ ❯s❡ ❛♥❞ ▲❡✐s✉r❡ ❆❝t✐✈✐t✐❡s ✭❙❚❯▲❆✮✱ ❙t❛t✐st✐❝s ❇✉r❡❛✉ ♦❢ ❏❛♣❛♥✱ ✷✵✷✶

❡❞✐t✐♦♥✿ t✐♠❡ ❛❧❧♦❝❛t✐♦♥s (Tk1, Tk2, Tl1, Tl2) ❜② ♣r❡❢❡❝t✉r❡ ❛♥❞ ❤♦✉s❡❤♦❧❞ t②♣❡✳

✭✐✐✮ ❍♦✉s❡❤♦❧❞ ❊①♣❡♥❞✐t✉r❡ ❙✉r✈❡② ✭❍❊❙✮✱ ▼✐♥✐str② ♦❢ ■♥t❡r♥❛❧ ❆✛❛✐rs ❛♥❞ ❈♦♠♠✉♥✐❝❛✲

t✐♦♥s✱ ✷✵✷✶✿ ❡①♣❡♥❞✐t✉r❡ s❤❛r❡s ♦♥ ❤♦✉s✐♥❣ (pRqR)✱ ❧❡✐s✉r❡ ❣♦♦❞s (p1qk2, p2qk1)✱ ❤♦✉s❡✲

❤♦❧❞ ❣♦♦❞s (pHqH)✱ ❛♥❞ ♣✉r❝❤❛s❡❞ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s (wSqS)✳

✭✐✐✐✮ ❇❛s✐❝ ❙✉r✈❡② ♦♥ ❲❛❣❡ ❙tr✉❝t✉r❡✱ ▼✐♥✐str② ♦❢ ❍❡❛❧t❤✱ ▲❛❜♦✉r ❛♥❞ ❲❡❧❢❛r❡✱ ✷✵✷✶✿

♣r❡❢❡❝t✉r❡✲❧❡✈❡❧ ❛❢t❡r✲t❛① ❤♦✉r❧② ✇❛❣❡s wr✳

✭✐✈✮ ❘❡s✐❞❡♥t✐❛❧ ▲❛♥❞ Pr✐❝❡ ❙✉r✈❡②✱ ▼✐♥✐str② ♦❢ ▲❛♥❞✱ ■♥❢r❛str✉❝t✉r❡✱ ❚r❛♥s♣♦rt ❛♥❞ ❚♦✉r✐s♠

✭▼▲■❚✮✱ ✷✵✷✶✿ ❧❛♥❞ ❛♥❞ r❡♥t ♣r✐❝❡ ✐♥❞✐❝❡s prR ❢♦r t❤r❡❡ ♠❡tr♦♣♦❧✐t❛♥ ❛r❡❛s✳

❈♦♠♠✉t✐♥❣ ♣❛r❛♠❡t❡rs (dr12, δ
r
1) ❛r❡ t❛❦❡♥ ❢r♦♠ t❤❡ ◆❛t✐♦♥❛❧ P❡rs♦♥✲❚r✐♣ ❙✉r✈❡② ✭▼▲■❚✱

✷✵✶✺✱ ✉♣❞❛t❡❞ ✷✵✷✶✮✿ ❛✈❡r❛❣❡ ♦♥❡✲✇❛② ❝♦♠♠✉t✐♥❣ t✐♠❡ ❛♥❞ ♠♦♥❡t❛r② ❝♦st ❜② ♣r❡❢❡❝t✉r❡✳

❆♠❡♥✐t② ❞✐st❛♥❝❡ dr13 ✐s ♣r♦①✐❡❞ ❜② t❤❡ ❛✈❡r❛❣❡ ✇❡❡❦❡♥❞✲tr❛✈❡❧ t✐♠❡ r❡♣♦rt❡❞ ✐♥ ❙❚❯▲❆✳

❚❤r❡❡ r❡♣r❡s❡♥t❛t✐✈❡ r❡❣✐♦♥s✳ ❚❛❜❧❡ ✹ r❡♣♦rts t❤❡ t❤r❡❡ r❡❣✐♦♥s ✉s❡❞ ✐♥ t❤❡ ❝❛❧✐❜r❛t✐♦♥✿

❝❡♥tr❛❧ ❚♦❦②♦ ✭✷✸ ✇❛r❞s✱ r = 1✮✱ ♦✉t❡r ❚♦❦②♦ s✉❜✉r❜s ✭❚❛♠❛ ❛r❡❛✱ r = 2✮✱ ❛♥❞ ❛ ♠✐❞✲s✐③❡❞

r❡❣✐♦♥❛❧ ❝✐t② ✭◆❛❣♦②❛✱ r = 3✮✳ ❚❤❡s❡ t❤r❡❡ r❡❣✐♦♥s s♣❛♥ ❛ r❛♥❣❡ ♦❢ ❝♦♠♠✉t✐♥❣ ❞✐st❛♥❝❡s✱

❤♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s ❛✈❛✐❧❛❜✐❧✐t②✱ ❛♥❞ r❡♥t ❧❡✈❡❧s✳

✹✹



❚❛❜❧❡ ✹✿ ❇❛s❡❧✐♥❡ ♣❛r❛♠❡t❡rs ❢♦r t❤r❡❡ ❏❛♣❛♥❡s❡ ♠❡tr♦♣♦❧✐t❛♥ r❡❣✐♦♥s✱ ✷✵✷✶

P❛r❛♠❡t❡r ❈❡♥tr❛❧ ❚♦❦②♦ ✭r = 1✮ ❖✉t❡r s✉❜✉r❜s ✭r = 2✮ ◆❛❣♦②❛ ✭r = 3✮

❆✳ ❙♣❛t✐❛❧ ❛♥❞ ✇❛❣❡ ♣❛r❛♠❡t❡rs

wr ✭➙✴❤r✱ ❛❢t❡r t❛①✮ ✷✱✹✺✵ ✶✱✾✽✵ ✶✱✼✽✵

dr12 ✭❤rs✴✇❛②✮ ✵✳✹✷ ✵✳✽✽ ✵✳✸✽

δr1 ✭➙✴✇❛②✮ ✺✶✵ ✽✷✵ ✷✾✵

dr13 ✭❤rs✱ ♦♥❡✲✇❛②✮ ✵✳✸✺ ✵✳✻✺ ✵✳✹✵

δr2 ✭➙✴tr✐♣✮ ✻✷✵ ✺✹✵ ✸✽✵

wr
S ✭➙✴❤r✱ ❝❧❡❛♥✐♥❣ s❡r✈✐❝❡✮ ✶✱✻✷✵ ✶✱✹✽✵ ✶✱✸✶✵

prR ✭✐♥❞❡①✱ r = 3 ❂ ✶✳✵✵✵✮ ✸✳✶✷ ✶✳✼✹ ✶✳✵✵✵

❇✳ ❚✐♠❡ ❛❧❧♦❝❛t✐♦♥s ✭❤rs✴❞❛②✱ ✇♦r❦✐♥❣ ❛❞✉❧ts✮

T r
l1 ✭♠❛r❦❡t ❧❛❜♦r✮ ✻✳✽✷ ✻✳✾✺ ✼✳✶✵

T r
l2 ✭❤♦✉s❡❤♦❧❞ ✇♦r❦✮ ✶✳✵✺ ✶✳✸✽ ✶✳✻✷

T r
k1 ✭❤♦♠❡ ❧❡✐s✉r❡✮ ✸✳✼✹ ✸✳✶✷ ✸✳✺✺

T r
k2 ✭❡①t❡r♥❛❧ ❧❡✐s✉r❡✮ ✵✳✽✽ ✵✳✻✷ ✵✳✻✽

❈✳ ❊①♣❡♥❞✐t✉r❡ s❤❛r❡s ✭❢r❛❝t✐♦♥ ♦❢ ♠♦❞✐✜❡❞ ❢✉❧❧ ✐♥❝♦♠❡ FB✮

srqR ≡ pRqR/FB ✵✳✶✽✼ ✵✳✶✻✸ ✵✳✶✹✷

srk1 ≡ (p2qk1 + wrTk1)/FB ✵✳✷✹✶ ✵✳✷✶✵ ✵✳✷✷✽

srk2 ≡ (p1qk2 + σrTk2)/FB ✵✳✵✾✽ ✵✳✵✼✷ ✵✳✵✽✶

srH ≡ (pHqH + wr
S(Tl2 + qS))/FB ✵✳✶✹✽ ✵✳✶✻✷ ✵✳✶✼✺

◆♦t❡s✿ T = 16 ❛✈❛✐❧❛❜❧❡ ❤♦✉rs✴❞❛② ✭❡①❝❧✉❞✐♥❣ ✽ ❤rs s❧❡❡♣✮✳ F r

B
= wr(T − dr

12
) + Y r − δr

1
dr
12

✇❤❡r❡

♥♦♥✲❧❛❜♦r ✐♥❝♦♠❡ Y r ✐s s❡t t♦ ✶✺✪ ♦❢ t♦t❛❧ ✐♥❝♦♠❡ ❢♦❧❧♦✇✐♥❣ ❙❚❯▲❆ ❤♦✉s❡❤♦❧❞ ❛❝❝♦✉♥ts✳ ❊①♣❡♥❞✐t✉r❡

s❤❛r❡s ❛r❡ ❢r♦♠ ❍❊❙ ♠❛t❝❤❡❞ t♦ ❙❚❯▲❆❀ p1, p2 ❛r❡ r❡❣✐♦♥❛❧ ❈P■ ❝♦♠♣♦♥❡♥ts ❢♦r r❡❝r❡❛t✐♦♥❛❧ ❣♦♦❞s✳ wr

S
✐s

t❤❡ ❛✈❡r❛❣❡ ♠❛r❦❡t r❛t❡ ❢♦r ❧✐❝❡♥s❡❞ ❤♦♠❡✲❤❡❧♣ s❡r✈✐❝❡s ✭❤♦✉s❡❤♦❧❞ ❝❧❡❛♥✐♥❣✮ ❢r♦♠ t❤❡ ❙✉r✈❡② ♦❢ ❙❡r✈✐❝❡

■♥❞✉str✐❡s✳ ❈♦♠♠✉t✐♥❣ ♣❛r❛♠❡t❡rs ❢r♦♠ t❤❡ ◆❛t✐♦♥❛❧ P❡rs♦♥✲❚r✐♣ ❙✉r✈❡②✳

✹✺



✽✳✷ ❘❡❝♦✈❡r② ♦❢ t❤❡ ❙❤❛❞♦✇ Pr✐❝❡ w∗

■❞❡♥t✐✜❝❛t✐♦♥ str❛t❡❣②✳ ❯♥❞❡r t❤❡ ❤♦♠♦❣❡♥❡♦✉s q✉❛❞r❛t✐❝ s♣❡❝✐✜❝❛t✐♦♥ ❢♦r F ✭❆♣♣❡♥❞✐① ❋✮✱

t❤❡ ❤♦♠❡✲❧❡✐s✉r❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s F (qk1, Tk1) = (aF11q
2
k1 + 2aF12qk1Tk1 + aF22T

2
k1)

1/2✳ ❚❤❡

r❛t✐♦ ♦❢ s❤❛r❡ ❡q✉❛t✐♦♥s ✭✼✳✺✮ ❛♥❞ ✭✼✳✻✮ ❣✐✈❡s✱ ❛t ❛♥ ✐♥t❡r✐♦r ❈❛s❡ ✶ s♦❧✉t✐♦♥✿

sTk1

sqk1
=

[U2F2 − U5]Tk1

U2F1qk1
=

(w − w∗)

p2
·
F2

F1

·
Tk1

qk1
+

w∗

p2
·
Tk1

qk1
, ✭✽✳✶✮

✇❤❡r❡ ✇❡ ✉s❡ U2F2/λ = w∗ ❛♥❞ U5/λ = −(w − w∗) ❢r♦♠ t❤❡ ✐♥t❡r✐♦r ❋❖❈✳ ❯♥❞❡r ❧✐♥❡❛r

❤♦♠♦❣❡♥❡✐t②✱ F1/F2 = (aF11qk1 + aF12Tk1)/(a
F
12qk1 + aF22Tk1)✳ ❙❡tt✐♥❣ t❤❡ r❛t✐♦ aF12/a

F
11 ≡ ρF

✭t❤❡ s✐♥❣❧❡ ❢r❡❡ s❤❛♣❡ ♣❛r❛♠❡t❡r ❛❢t❡r ♥♦r♠❛❧✐③❛t✐♦♥✮✱ ❡q✉❛t✐♦♥ ✭✽✳✶✮ ✐❞❡♥t✐✜❡s w∗ ❢r♦♠ t❤❡

♦❜s❡r✈❡❞ s❤❛r❡ r❛t✐♦ ❛♥❞ t✐♠❡✲❣♦♦❞ r❛t✐♦✱ ❣✐✈❡♥ ρF ✳

❈❛❧✐❜r❛t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❲❡ ♣r♦❝❡❡❞ ✐♥ t✇♦ st❡♣s✳ ❙t❡♣ ✶✿ ❋✐① ρF = ρG = 0.5 ✭❡q✉❛❧

s✉❜st✐t✉t❛❜✐❧✐t② ❜❡t✇❡❡♥ ❣♦♦❞s ❛♥❞ t✐♠❡ ✐♥ ❧❡✐s✉r❡ ♣r♦❞✉❝t✐♦♥✮✱ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❧♦♥❣✲r✉♥

❡st✐♠❛t❡ ✐♥ ❉✐❡✇❡rt✱ ◆♦♠✉r❛✱ ❛♥❞ ❙❤✐♠✐③✉ ✭✷✵✷✺✮ ❢♦r ❏❛♣❛♥❡s❡ ❝♦♥s✉♠♣t✐♦♥ ❞❛t❛✳ ❙t❡♣ ✷✿

❯s❡ t❤❡ ❑❑❚ st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥ ✭✼✳✶✸✮ t♦ r❡❝♦✈❡r w∗r ❢♦r ❡❛❝❤ r❡❣✐♦♥✳ ❇❡❝❛✉s❡ ✇❡ ❛r❡ ✐♥

❈❛s❡ ✶ ❢♦r ❛❧❧ t❤r❡❡ r❡❣✐♦♥s ✭♣♦s✐t✐✈❡ qS ❛♥❞ Tl1 ❝♦♥✜r♠❡❞ ✐♥ ❙❚❯▲❆✮✱ t❤❡ r❡❝♦✈❡r② ❢♦r♠✉❧❛

✐s✿

w∗r =
U r
2F

r
2

λr
=

U r
2F

r
2F

r
B

Dr
. ✭✽✳✷✮

❲✐t❤ t❤❡ ❍◗ s♣❡❝✐✜❝❛t✐♦♥✱ F r
2 = (aF12q

r
k1+ aF22T

r
k1)/(F

r)✱ ❛♥❞ t❤❡ ◆◗ ✉t✐❧✐t② ❣r❛❞✐❡♥t U r
2 ❝❛♥

❜❡ ❡①♣r❡ss❡❞ t❤r♦✉❣❤ t❤❡ s❤❛r❡ ❡q✉❛t✐♦♥ ❞❡♥♦♠✐♥❛t♦r Dr ❢♦❧❧♦✇✐♥❣ ❘❡♠❛r❦ ✼✳✶✳ ❚❛❜❧❡ ✺

r❡♣♦rts t❤❡ ✐♠♣❧✐❡❞ ✈❛❧✉❡s✳

✹✻



✽✳✸ ❘❡s✉❧ts

❚❛❜❧❡ ✺✿ ❈❛❧✐❜r❛t✐♦♥ r❡s✉❧ts✿ s❤❛❞♦✇ ♣r✐❝❡✱ r❡♥t ❣r❛❞✐❡♥ts✱ ❛♥❞ ✇❡❧❢❛r❡ ✐♥❞❡①

❈❡♥tr❛❧ ❚♦❦②♦ ✭r = 1✮ ❖✉t❡r s✉❜✉r❜s ✭r = 2✮ ◆❛❣♦②❛ ✭r = 3✮

❆✳ ❙❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❧❡✐s✉r❡

w∗r ✭➙✴❤r✮ ✶✱✸✽✹ ✶✱✷✵✶ ✶✱✵✾✺

w∗r/wr ✵✳✺✻✺ ✵✳✻✵✻ ✵✳✻✶✺

w∗r/wr
S ✵✳✽✺✹ ✵✳✽✶✶ ✵✳✽✸✻

❇✳ ❘❡♥t ❣r❛❞✐❡♥ts

−∂p∗R/∂d12 ✭✐♥❞❡① ♣ts✴❤r✮ ✹✳✺✶ ✷✳✶✹ ✶✳✼✷

−∂p∗R/∂d13 ✭✐♥❞❡① ♣ts✴❤r✮ ✶✳✵✼ ✵✳✻✽ ✵✳✺✶

−∂p∗R/∂w
r
S ✭✐♥❞❡① ♣ts✴➙✴❤r✮ ✵✳✵✸✶ ✵✳✵✷✹ ✵✳✵✶✾

❈✳ ❘❡❣✐♦♥❛❧ ❯t✐❧✐t② ■♥❞❡①

RUI
r ✭◆❛❣♦②❛ ❂ ✶✳✵✵✵✮ ✶✳✵✵✵ ✵✳✽✶✼ ✖

RUI
r ✭❋✐s❤❡r✱ ◆❛❣♦②❛ ❜❛s❡✮ ✵✳✾✸✸ ✵✳✽✸✺ ✶✳✵✵✵

◆♦t❡s✿ w∗r r❡❝♦✈❡r❡❞ ❢r♦♠ ✭✽✳✷✮ ✇✐t❤ ρF = ρG = 0.5✳ ❘❡♥t ❣r❛❞✐❡♥ts ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✷✱ ❡✈❛❧✉❛t❡❞ ❛t

❝❛❧✐❜r❛t❡❞ w∗r ❛♥❞ ♦❜s❡r✈❡❞ qr
R
✳ ❚❤❡ ❘❯■ ✉s❡s t❤❡ ❋✐s❤❡r ❢♦r♠✉❧❛ ♦❢ ❉❡✜♥✐t✐♦♥ ✻✳✺ ✇✐t❤ ◆❛❣♦②❛ ❛s t❤❡

r❡❢❡r❡♥❝❡ r❡❣✐♦♥❀ ❢✉❧❧✲❝♦♥s✉♠♣t✐♦♥ ♣r✐❝❡ ❛♥❞ q✉❛♥t✐t② ✈❡❝t♦rs ❝♦♥str✉❝t❡❞ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✷✳ ❚❤❡

s❡❝♦♥❞ r♦✇ ♦❢ ♣❛♥❡❧ ❈ tr❡❛ts ❈❡♥tr❛❧ ❚♦❦②♦ ❛s t❤❡ r❡❢❡r❡♥❝❡ ❢♦r r♦❜✉st♥❡ss❀ r❡s✉❧ts ❛r❡ q✉❛❧✐t❛t✐✈❡❧②

✉♥❝❤❛♥❣❡❞✳ ❲❡❧❢❛r❡ ❝♦♠♣❛r✐s♦♥ ✐s ❢♦r ❛ r❡♣r❡s❡♥t❛t✐✈❡ ✇♦r❦✐♥❣ ❛❞✉❧t ✐♥ ❈❛s❡ ✶✳

❙❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❧❡✐s✉r❡✳ ❚❤❡ ❝❛❧✐❜r❛t❡❞ w∗r ❧✐❡s ❜❡t✇❡❡♥ ✺✺✪ ❛♥❞ ✻✷✪ ♦❢ t❤❡ ♠❛r❦❡t

✇❛❣❡ ❛❝r♦ss t❤❡ t❤r❡❡ r❡❣✐♦♥s✱ ❛♥❞ ❜❡t✇❡❡♥ ✽✶✪ ❛♥❞ ✽✻✪ ♦❢ t❤❡ ❤♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s ✇❛❣❡ wr
S✳

❇♦t❤ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❚❤❡♦r❡♠ ✸✳✹✿ w∗r < min{wr
S, w

r} ✐♥ ❛❧❧ ❝❛s❡s✳ ❚❤❡ ❣❛♣ wr − w∗r

✐s ❧❛r❣❡st ✐♥ ❈❡♥tr❛❧ ❚♦❦②♦✱ r❡✢❡❝t✐♥❣ t❤❛t ❤✐❣❤✲✇❛❣❡ ❤♦✉s❡❤♦❧❞s ❢❛❝❡ ❣r❡❛t❡r ❞✐s✉t✐❧✐t② ♦❢

♠❛r❦❡t ✇♦r❦ ✭|U5|/λ ✐s ❧❛r❣❡r r❡❧❛t✐✈❡ t♦ w✮✱ ❝♦♥s✐st❡♥t ✇✐t❤ ❘❡♠❛r❦ ✸✳✶✶✳

❘❡♥t ❣r❛❞✐❡♥ts✳ ❚❤❡ ❝♦♠♠✉t✐♥❣✲❞✐st❛♥❝❡ r❡♥t ❣r❛❞✐❡♥t −∂p∗R/∂d12 ✐s ♠♦r❡ t❤❛♥ t✇✐❝❡ ❛s

st❡❡♣ ✐♥ ❈❡♥tr❛❧ ❚♦❦②♦ ❛s ✐♥ t❤❡ s✉❜✉r❜s✳ ❚❤✐s ✐s ❞r✐✈❡♥ ❜② t❤❡ ❤✐❣❤❡r w∗r+ δr1 ✐♥ t❤❡ ❝❡♥t❡r✳

✹✼



❚❤❡ ♣❛tt❡r♥ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❡♠♣✐r✐❝❛❧ ❣r❛❞✐❡♥t ❡st✐♠❛t❡s ♦❢ ❈❤❛② ❛♥❞ ●r❡❡♥st♦♥❡

✭✷✵✵✺✮ ❛♥❞ ❏❛♣❛♥❡s❡ ❤❡❞♦♥✐❝ st✉❞✐❡s ✭❙❤✐♠✐③✉✱ ✷✵✶✵❀ ❙❤✐♠✐③✉✱ ◆✐s❤✐♠✉r❛✱ ❛♥❞ ❲❛t❛♥❛❜❡✱

✷✵✶✵✮✳ ❚❤❡ ❛♠❡♥✐t②✲❞✐st❛♥❝❡ ❣r❛❞✐❡♥t −∂p∗R/∂d13 ✐s s♠❛❧❧❡r ✐♥ ♠❛❣♥✐t✉❞❡ ❜✉t ♥♦♥③❡r♦ ✐♥ ❛❧❧

r❡❣✐♦♥s✱ ❝♦♥✜r♠✐♥❣ t❤❛t ❧❡✐s✉r❡✲tr❛✈❡❧ ❝♦sts ❛r❡ ❝❛♣✐t❛❧✐③❡❞ ✐♥t♦ r❡♥ts✳

❍♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s ♣r✐❝❡ ❣r❛❞✐❡♥t✳ ❚❤❡ ♥❡❣❛t✐✈❡ ❣r❛❞✐❡♥t −∂p∗R/∂w
r
S q✉❛♥t✐✜❡s t❤❡

✇❡❧❢❛r❡ ❝♦st ♦❢ r❡❞✉❝❡❞ ❛❝❝❡ss t♦ ♠❛r❦❡t ❤♦✉s❡❤♦❧❞ ❤❡❧♣✿ ❛ ➙✶✵✵✴❤r ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❝❧❡❛♥✐♥❣✲

s❡r✈✐❝❡ ✇❛❣❡ r❡❞✉❝❡s ❡q✉✐❧✐❜r✐✉♠ r❡♥t ❜② ❛♣♣r♦①✐♠❛t❡❧② ✶✳✾✕✸✳✶ ✐♥❞❡① ♣♦✐♥ts ✭♣❡r ✉♥✐t ♦❢

❤♦✉s✐♥❣✮✱ ❡q✉✐✈❛❧❡♥t t♦ r♦✉❣❤❧② ✵✳✻✕✶✳✵✪ ♦❢ t❤❡ r❡♥t ❧❡✈❡❧✳ ❚❤✐s ♠✐❝r♦✲❢♦✉♥❞❡❞ ❝❛♣✐t❛❧✐③❛t✐♦♥

r❡s✉❧t ✐s ♥♦✈❡❧ r❡❧❛t✐✈❡ t♦ st❛♥❞❛r❞ ❤❡❞♦♥✐❝ ♠♦❞❡❧s t❤❛t ❞♦ ♥♦t ✐♥❝❧✉❞❡ ❤♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s

❝♦sts✳

❘❡❣✐♦♥❛❧ ❯t✐❧✐t② ■♥❞❡①✳ ❚❤❡ ❘❯■ ✐♥ P❛♥❡❧ ❈ ♣❧❛❝❡s ♦✉t❡r s✉❜✉r❜s ✶✻✕✶✽✪ ❜❡❧♦✇ t❤❡

◆❛❣♦②❛ r❡❢❡r❡♥❝❡ ✐♥ ✇❡❧❢❛r❡ t❡r♠s✱ ❛♥❞ ❈❡♥tr❛❧ ❚♦❦②♦ r♦✉❣❤❧② ❛t ♣❛r ✇✐t❤ ◆❛❣♦②❛ ✇❤❡♥

❜♦t❤ t❤❡ ❤✐❣❤ r❡♥t ❛♥❞ t❤❡ ❤✐❣❤ ✇❛❣❡ ❛r❡ ❛❝❝♦✉♥t❡❞ ❢♦r t❤r♦✉❣❤ ❢✉❧❧ ❝♦♥s✉♠♣t✐♦♥✳ ❚❤❡ r❡s✉❧t

✐❧❧✉str❛t❡s ❛ ❦❡② ♣r♦♣❡rt② ♦❢ t❤❡ ♠♦❞❡❧✿ ❤✐❣❤ ♥♦♠✐♥❛❧ ✇❛❣❡s ✐♥ t❤❡ ❝❡♥t❡r ❛r❡ ♣❛rt❧② ♦✛s❡t ❜②

❤✐❣❤ r❡♥ts✱ s❤♦rt Tk1✱ ❛♥❞ ❤✐❣❤ ❝♦♠♠✉t✐♥❣ ❝♦sts✱ s♦ t❤❛t t❤❡ ✇❡❧❢❛r❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❝❡♥t❡r

♦✈❡r t❤❡ r❡❣✐♦♥❛❧ ❝✐t② ✐s s♠❛❧❧ ♦♥❝❡ ❛❧❧ t❤❡s❡ ♠❛r❣✐♥s ❛r❡ ❛❝❝♦✉♥t❡❞ ❢♦r✳ ❚❤✐s ❝♦♠♣r❡ss✐♦♥ ♦❢

r❡❣✐♦♥❛❧ ✇❡❧❢❛r❡ ❞✐✛❡r❡♥❝❡s ✇❤❡♥ ♥♦♥✲♠❛r❦❡t t✐♠❡ ✐s ♣r♦♣❡r❧② ✈❛❧✉❡❞ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡

✜♥❞✐♥❣s ♦❢ ❆❧❜♦✉② ✭✷✵✶✻✮ ❢♦r ❯❙ ❝✐t✐❡s✳

✹✽



✽✳✹ ❙❡♥s✐t✐✈✐t② ❆♥❛❧②s✐s

❚❛❜❧❡ ✻✿ ❙❡♥s✐t✐✈✐t② ♦❢ w∗r ❛♥❞ RUI
r t♦ ρF

w∗r ✭➙✴❤r✮ RUI
r ✭◆❛❣♦②❛❂✶✮

ρF ❚♦❦②♦ ❙✉❜✉r❜s ◆❛❣♦②❛ ❚♦❦②♦ ❙✉❜✉r❜s ◆❛❣♦②❛

✵✳✷✺ ✶✱✸✶✷ ✶✱✶✺✸ ✶✱✵✺✹ ✵✳✾✷✾ ✵✳✽✸✵ ✶✳✵✵✵

✵✳✺✵ ✭❜❛s❡❧✐♥❡✮ ✶✱✸✽✹ ✶✱✷✵✶ ✶✱✵✾✺ ✵✳✾✸✸ ✵✳✽✸✺ ✶✳✵✵✵

✵✳✼✺ ✶✱✹✹✶ ✶✱✷✸✽ ✶✱✶✷✾ ✵✳✾✸✻ ✵✳✽✸✾ ✶✳✵✵✵

❘❛♥❣❡ ±✹✳✼✪ ±✸✳✺✪ ±✸✳✹✪ ±✵✳✹✪ ±✵✳✺✪ ✖

◆♦t❡s✿ ρF = aF
12
/aF

11
❣♦✈❡r♥s ❣♦♦❞s✲t✐♠❡ s✉❜st✐t✉t❛❜✐❧✐t② ✐♥ ❤♦♠❡✲❧❡✐s✉r❡ ♣r♦❞✉❝t✐♦♥❀ ρG s❡t ❡q✉❛❧ t♦ ρF ✳

❆❧❧ ♦t❤❡r ♣❛r❛♠❡t❡rs ❤❡❧❞ ❛t ❜❛s❡❧✐♥❡✳

❚❤❡ ❘❯■ ✐s r♦❜✉st t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ ρF ✿ t❤❡ ❝r♦ss✲r❡❣✐♦♥ ✇❡❧❢❛r❡ r❛♥❦✐♥❣ ❛♥❞ t❤❡ ♠❛❣♥✐t✉❞❡s

❝❤❛♥❣❡ ❜② ❧❡ss t❤❛♥ ✵✳✺ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥ts ❛❝r♦ss t❤❡ r❛♥❣❡ ρF ∈ [0.25, 0.75]✳ ❚❤❡ s❤❛❞♦✇

♣r✐❝❡ w∗r ✐s s♦♠❡✇❤❛t ♠♦r❡ s❡♥s✐t✐✈❡ ✭±✸✕✺✪✮✱ r❡✢❡❝t✐♥❣ t❤❡ ❞✐r❡❝t r♦❧❡ ♦❢ ρF ✐♥ t❤❡ ❣♦♦❞s✲

t✐♠❡ r❛t✐♦ ✐❞❡♥t✐✜❝❛t✐♦♥ ✭✽✳✶✮✳ ❋✉❧❧ ❡st✐♠❛t✐♦♥ ♦❢ ρF ❢r♦♠ t❤❡ s❤❛r❡ s②st❡♠ ✐s t❤❡ ♥❛t✉r❛❧

♥❡①t st❡♣ ❛♥❞ ✐s ❧❡❢t ❢♦r t❤❡ ❝♦♠♣❛♥✐♦♥ ❡♠♣✐r✐❝❛❧ ♣❛♣❡r✳

❘❡♠❛r❦ ✽✳✶ ✭■♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❝❛❧✐❜r❛t✐♦♥✮✳ ❚❤✐s ❝❛❧✐❜r❛t✐♦♥ ✐s ✐❧❧✉str❛t✐✈❡ r❛t❤❡r t❤❛♥

❛ str✉❝t✉r❛❧ ❡❝♦♥♦♠❡tr✐❝ ❡st✐♠❛t❡✳ ❚❤❡ s❤❛r❡ ❡q✉❛t✐♦♥s ✭✼✳✹✮✕✭✼✳✶✶✮ ❢♦r♠ ❛ ♥♦♥❧✐♥❡❛r s②st❡♠

t❤❛t✱ ✐♥ ♣r✐♥❝✐♣❧❡✱ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② ✐t❡r❛t❡❞ ♥♦♥❧✐♥❡❛r ❙❯❘ ✉s✐♥❣ t❤❡ ❢✉❧❧ ❤♦✉s❡❤♦❧❞✲

❧❡✈❡❧ ♣❛♥❡❧ ❢r♦♠ ❙❚❯▲❆ ❛♥❞ ❍❊❙✳ ❚❤❡ ♣r❡s❡♥t ❡①❡r❝✐s❡ ✜①❡s t❤❡ ♣r♦❞✉❝t✐♦♥✲❢✉♥❝t✐♦♥ s❤❛♣❡

♣❛r❛♠❡t❡rs (ρF , ρG) ❛t ♣❧❛✉s✐❜❧❡ ✈❛❧✉❡s ❛♥❞ r❡❝♦✈❡rs t❤❡ ✐♠♣❧✐❡❞ w∗r ❛♥❞ ❘❯■✳ ❚❤❡ s❡♥s✐t✐✈✐t②

❛♥❛❧②s✐s ❝♦♥✜r♠s t❤❛t t❤❡ ✇❡❧❢❛r❡ ❝♦♥❝❧✉s✐♦♥s ❛r❡ ♥♦t ❞r✐✈❡♥ ❜② t❤✐s ♣❛r❛♠❡tr✐❝ ❝❤♦✐❝❡✳ ❆

❢✉❧❧ str✉❝t✉r❛❧ ❡st✐♠❛t✐♦♥✱ ✐♥❝❧✉❞✐♥❣ st❛♥❞❛r❞ ❡rr♦rs ❛♥❞ t❡st ♦❢ ♦✈❡r✲✐❞❡♥t✐❢②✐♥❣ r❡str✐❝t✐♦♥s✱

✐s t❤❡ s✉❜❥❡❝t ♦❢ ❢✉t✉r❡ ✇♦r❦✳

✹✾



✾ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r ❤❛s ❞❡✈❡❧♦♣❡❞ ❛ s♣❛t✐❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❇❡❝❦❡r✲❉✐❡✇❡rt ❢r❛♠❡✇♦r❦ ❢♦r ❤♦✉s❡❤♦❧❞

t✐♠❡ ❛❧❧♦❝❛t✐♦♥ t❤❛t ♣r♦✈✐❞❡s ❛ ✉♥✐✜❡❞ t❤❡♦r❡t✐❝❛❧ tr❡❛t♠❡♥t ♦❢ ❧♦❝❛t✐♦♥ ❝❤♦✐❝❡✱ ❝♦♠♠✉t✐♥❣✱

❛♠❡♥✐t② ❛❝❝❡ss✱ ❤♦✉s❡❤♦❧❞ ♣r♦❞✉❝t✐♦♥✱ ❛♥❞ ✇❡❧❢❛r❡ ♠❡❛s✉r❡♠❡♥t✳

❋♦✉r s❡ts ♦❢ r❡s✉❧ts ❛r❡ ❝❡♥tr❛❧✳ ❋✐rst✱ t❤❡ s❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❧❡✐s✉r❡ s❛t✐s✜❡s w∗ ≤ min{wr
S, w}

✐♥ t❤❡ ✇♦r❦❡r r❡❣✐♠❡ ❛♥❞ w∗ ≤ wr
S ✐♥ t❤❡ ♥♦♥✇♦r❦❡r r❡❣✐♠❡✱ ❡①t❡♥❞✐♥❣ t❤❡ ❢♦✉r✲❝❛s❡ ❛♥❛❧②s✐s

♦❢ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✮ t♦ ❛ s♣❛t✐❛❧ s❡tt✐♥❣ ✇❤❡r❡ t❤❡ ❤♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s ♣r✐❝❡ wr
S

✈❛r✐❡s ❛❝r♦ss r❡❣✐♦♥s✳ ■♥ r❡❣✐♦♥s ✇✐t❤♦✉t ♠❛r❦❡t ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ✭wr
S = +∞✮✱ ❝♦r♥❡r s♦✲

❧✉t✐♦♥s ❛r❡ s✉♣♣❧②✲❝♦♥str❛✐♥❡❞ r❛t❤❡r t❤❛♥ ♣r❡❢❡r❡♥❝❡✲❜❛s❡❞✱ ❛♥❞ t❤❡ ❡✛❡❝t✐✈❡ ❜♦✉♥❞ ♦♥ w∗

r❡✈❡rts t♦ t❤❡ ♠❛r❦❡t ✇❛❣❡ ❛❧♦♥❡✳ ❙❡❝♦♥❞✱ ✇♦r❦❡r ❢✉❧❧ ✐♥❝♦♠❡ ✐s FIW = Y−δ1d12+w∗(T−d12)✱

✇❤✐❝❤ ♥❡ts ♦✉t ❜♦t❤ t❤❡ ♠♦♥❡t❛r② ❛♥❞ t✐♠❡ ❝♦st ♦❢ ❝♦♠♠✉t✐♥❣✳ ❋r❡❡ ♠♦❜✐❧✐t② t❤❡♥ ②✐❡❧❞s

❡q✉✐❧✐❜r✐✉♠ r❡♥t ❣r❛❞✐❡♥ts ✇✐t❤ r❡s♣❡❝t t♦ ❡✐❣❤t ♣❛r❛♠❡t❡rs✖❝♦♠♠✉t✐♥❣ ❞✐st❛♥❝❡✱ ❛♠❡♥✐t②

❞✐st❛♥❝❡✱ ❤♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s ♣r✐❝❡✱ ❧♦❝❛❧ ❛♠❡♥✐t✐❡s✱ ✇❛❣❡s✱ ♥♦♥❧❛❜♦r ✐♥❝♦♠❡✱ ❛♥❞ tr❛♥s♣♦rt

❝♦st ♣❛r❛♠❡t❡rs✖❛❧❧ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❤♦✉s❡❤♦❧❞✬s ❇❡❝❦❡r✐❛♥ ♦♣t✐♠✐③❛t✐♦♥✳ ❚❤❡ s❡❝♦♥❞✲♦r❞❡r

♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡♥t ❢✉♥❝t✐♦♥ ✭❝♦♥✈❡①✐t②✱ ❝♦♥❝❛✈✐t②✱ ❝r♦ss✲❡✛❡❝ts✮ ❛r❡ ❛♥❛❧②③❡❞ ✉♥❞❡r s✉✣✲

❝✐❡♥t ❝♦♥❞✐t✐♦♥s ♦♥ ❤♦✉s✐♥❣ ❞❡♠❛♥❞ ❛♥❞ s❤❛❞♦✇ ♣r✐❝❡s❀ t❤❡ s✐❣♥ ♦❢ ❡❛❝❤ ❡✛❡❝t ✐s s❤♦✇♥ t♦

❞❡♣❡♥❞ ♦♥ ✐❞❡♥t✐✜❛❜❧❡ ❡♠♣✐r✐❝❛❧ ♠❛❣♥✐t✉❞❡s✳ ❚❤✐r❞✱ ✉♥❞❡r ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥❛❧ ❤♦♠♦✲

t❤❡t✐❝✐t② ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ✉♣♣❡r✲t✐❡r ❢✉❧❧✲❝♦♥s✉♠♣t✐♦♥ ❛❣❣r❡❣❛t♦r ✭❆ss✉♠♣t✐♦♥ ✻✳✸✮✱ t❤❡

❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s ❤♦✉s❡❤♦❧❞✲♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s ♣r♦✈✐❞❡ ❛ ❞✐r❡❝t ❜r✐❞❣❡ t♦ s✉♣❡r❧❛t✐✈❡

✐♥❞❡① ♥✉♠❜❡r t❤❡♦r②✱ ②✐❡❧❞✐♥❣ ❛ ❘❡❣✐♦♥❛❧ ❯t✐❧✐t② ■♥❞❡① ❜❛s❡❞ ♦♥ ❋✐s❤❡r ♦r ❚ör♥q✈✐st ❛❣✲

❣r❡❣❛t✐♦♥ ♦❢ ❢✉❧❧ ❝♦♥s✉♠♣t✐♦♥ t❤❛t ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♠♦❞❡❧✬s t❤❡♦r❡t✐❝❛❧ str✉❝t✉r❡ ❛♥❞

♠✉❧t✐❧❛t❡r❛❧❧② tr❛♥s✐t✐✈❡ ✈✐❛ t❤❡ ●❊❑❙ ♠❡t❤♦❞✳ ❋♦✉rt❤✱ t❤❡ ❞❡❝✐s✐♦♥ t♦ ♦✉ts♦✉r❝❡ ❤♦✉s❡❤♦❧❞

✇♦r❦ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ♥❡❝❡ss❛r② ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ ❛t ✐♥t❡r✐♦r s♦❧✉t✐♦♥s✱ ❛♥❞ t❤❡ t✐♠❡

r❡❧❡❛s❡❞ ❜② ♦✉ts♦✉r❝✐♥❣ ✐s r❡❛❧❧♦❝❛t❡❞ t♦ ♠❛r❦❡t ❧❛❜♦r ❛♥❞ ❧❡✐s✉r❡ ❛❝❝♦r❞✐♥❣ t♦ ❡q✉✐❧✐❜r✐✉♠

s❤❛❞♦✇ ♣r✐❝❡s✳

❙❡✈❡r❛❧ ❡①t❡♥s✐♦♥s ❛r❡ ✐♠♣♦rt❛♥t ❢♦r ❢✉t✉r❡ ✇♦r❦✳ ❋✐rst✱ ❤❡t❡r♦❣❡♥❡♦✉s ❤♦✉s❡❤♦❧❞s ✇♦✉❧❞

❣❡♥❡r❛t❡ s♦rt✐♥❣ ❛❝r♦ss r❡❣✐♦♥s❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❧✐❢❡✲st❛❣❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ ❤❡❛❧t❤✲

✺✵



❝❛r❡ ❛♠❡♥✐t✐❡s ❛♥❞ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ✇♦✉❧❞ ♣r♦❞✉❝❡ r✐❝❤❡r ♣❛tt❡r♥s ♦❢ s♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠

t❤❛♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s✲❤♦✉s❡❤♦❧❞ ♠♦❞❡❧ ❝❛♥ ❞❡❧✐✈❡r✳ ❙❡❝♦♥❞✱ ❛ ❝♦♥t✐♥✉♦✉s s♣❛t✐❛❧ ❡♥✈✐r♦♥✲

♠❡♥t ✇♦✉❧❞ ❝♦♥♥❡❝t t❤❡ ♠♦❞❡❧ ♠♦r❡ t✐❣❤t❧② t♦ q✉❛♥t✐t❛t✐✈❡ ✉r❜❛♥ str✉❝t✉r❡✳ ❚❤✐r❞✱ t❤❡

r❡❣✐♦♥❛❧ ✈❛r✐❛t✐♦♥ ✐♥ ❤♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s s✉♣♣❧② ❝♦✉❧❞ ❜❡ ❡♥❞♦❣❡♥✐③❡❞ ❜② ♠♦❞❡❧✐♥❣ t❤❡ ❡♥✲

tr② ❞❡❝✐s✐♦♥s ♦❢ s❡r✈✐❝❡ ♣r♦✈✐❞❡rs✳ ❋♦✉rt❤✱ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ♦❢ ❙❡❝t✐♦♥ ✽ ❞❡♠♦♥str❛t❡s t❤❛t

t❤❡ s❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❧❡✐s✉r❡✱ r❡♥t ❣r❛❞✐❡♥ts✱ ❛♥❞ ❛ ♣r♦t♦t②♣❡ ❘❡❣✐♦♥❛❧ ❯t✐❧✐t② ■♥❞❡① ❝❛♥ ❜❡

r❡❝♦✈❡r❡❞ ❢r♦♠ ♣✉❜❧✐❝❧② ❛✈❛✐❧❛❜❧❡ ❏❛♣❛♥❡s❡ ❞❛t❛❀ ❢✉❧❧ str✉❝t✉r❛❧ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ s❤❛r❡ s②s✲

t❡♠ ✭✼✳✹✮✕✭✼✳✶✶✮ ❜② ♥♦♥❧✐♥❡❛r ❙❯❘✱ ✐♥❝❧✉❞✐♥❣ ✐♥❢❡r❡♥❝❡ ♦♥ t❤❡ ♣r♦❞✉❝t✐♦♥✲❢✉♥❝t✐♦♥ s❤❛♣❡

♣❛r❛♠❡t❡rs✱ ✐s t❤❡ ♥❛t✉r❛❧ ♥❡①t st❡♣✳

❆ ✜❢t❤ ❡①t❡♥s✐♦♥✱ ✇❤✐❝❤ ■ ❞❡✈❡❧♦♣ ✐♥ ❛ ❝♦♠♣❛♥✐♦♥ ♣❛♣❡r✱ ❝♦♥❝❡r♥s t❤❡ r✐s❡ ♦❢ r❡♠♦t❡ ✇♦r❦✳

■♥ t❤❡ ♣r❡s❡♥t ♠♦❞❡❧✱ ❛❧❧ ♠❛r❦❡t ❧❛❜♦r t❛❦❡s ♣❧❛❝❡ ❛t S2 ❛♥❞ t❤❡r❡❢♦r❡ r❡q✉✐r❡s ❝♦♠♠✉t✐♥❣✳

❚❤❡ ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥ ✐s t♦ s♣❧✐t ♠❛r❦❡t ❧❛❜♦r t✐♠❡ ✐♥t♦ ♦✣❝❡ ✇♦r❦ T o
l1 ✭♣❡r❢♦r♠❡❞ ❛t S2✮ ❛♥❞

r❡♠♦t❡ ✇♦r❦ T h
l1 ✭♣❡r❢♦r♠❡❞ ❛t S1✮✱ ✇✐t❤ ❛ r❡❧❛t✐✈❡ ♣r♦❞✉❝t✐✈✐t② ♣❛r❛♠❡t❡r ϕ ≤ 1✳ ❈♦♠♠✉t✐♥❣

t❤❡♥ ❛tt❛❝❤❡s ♦♥❧② t♦ ♦✣❝❡ ✇♦r❦✱ ❛♥❞ t❤❡ ❤♦✉s❡❤♦❧❞ ♦♣t✐♠❛❧❧② ❛❧❧♦❝❛t❡s ❧❛❜♦r ❛❝r♦ss t❤❡ t✇♦

♠♦❞❡s ❜② ❡q✉❛t✐♥❣ t❤❡ ❞✐s✉t✐❧✐t②✲❛❞❥✉st❡❞ ❡✛❡❝t✐✈❡ ✇❛❣❡ r❛t❡s✳ ❚❤✐s ❡①t❡♥s✐♦♥ ✇❡❛❦❡♥s t❤❡

❝♦♠♠✉t✐♥❣✲❞✐st❛♥❝❡ r❡♥t ❣r❛❞✐❡♥t✱ ❜❡❝❛✉s❡ ❤♦✉s❡❤♦❧❞s ✇✐t❤ ❤✐❣❤ ϕ ❝❛♥ s✉❜st✐t✉t❡ r❡♠♦t❡

✇♦r❦ ❢♦r ♦✣❝❡ ✇♦r❦✱ ❛♥❞ ✐t r❡q✉✐r❡s ❛ ♣r♦❞✉❝t✐♦♥✲s✐❞❡ ♠♦❞❡❧ t♦ ❡♥❞♦❣❡♥✐③❡ ϕ✳ ❚❤❡ ❝♦♠♣❛♥✐♦♥

♣❛♣❡r ❞❡✈❡❧♦♣s t❤❡s❡ ❡❧❡♠❡♥ts ❛♥❞ ❡①❛♠✐♥❡s ❤♦✇ t❤❡ s♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r❡s❡♥t ♠♦❞❡❧

✐s r❡s❤❛♣❡❞ ✇❤❡♥ r❡♠♦t❡ ✇♦r❦ ❜❡❝♦♠❡s ✇✐❞❡❧② ❛✈❛✐❧❛❜❧❡✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

■ ❛♠ ❞❡❡♣❧② ❣r❛t❡❢✉❧ t♦ ❲✳ ❊r✇✐♥ ❉✐❡✇❡rt✱ ✇❤♦ ❤❛s ❣✉✐❞❡❞ ♠② r❡s❡❛r❝❤ ♦✈❡r ♠❛♥② ②❡❛rs❀

t❤✐s ♣❛♣❡r ❣r❡✇ ❞✐r❡❝t❧② ♦✉t ♦❢ ♦✉r ❧♦♥❣ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛♥❞ ♠❛♥② ❞✐s❝✉ss✐♦♥s ♦♥ ❤♦✉s❡❤♦❧❞

t✐♠❡ ✈❛❧✉❛t✐♦♥✳ ■ t❤❛♥❦ ❚♦♠♦②❛ ▼♦r✐ ✭❑②♦t♦ ❯♥✐✈❡rs✐t②✮ ❢♦r ✈❛❧✉❛❜❧❡ ❞✐s❝✉ss✐♦♥s✳ ❋✐♥❛♥❝✐❛❧

s✉♣♣♦rt ❢r♦♠ ❏❙P❙ ❑❆❑❊◆❍■ ●r❛♥t ✷✹❍✵✵✵✶✷ ❛♥❞ ❍✐t♦ts✉❜❛s❤✐ ❯♥✐✈❡rs✐t② ✐s ❣r❛t❡❢✉❧❧②

❛❝❦♥♦✇❧❡❞❣❡❞✳

✺✶



❘❡❢❡r❡♥❝❡s

❆❜r❛❤❛♠✱ ❑✳ ●✳ ❛♥❞ ❈✳ ▼❛❝❦✐❡ ✭❡❞s✳✮ ✭✷✵✵✺✮✱ ❇❡②♦♥❞ t❤❡ ▼❛r❦❡t✿ ❉❡s✐❣♥✐♥❣ ◆♦♥♠❛r❦❡t

❆❝❝♦✉♥ts ❢♦r t❤❡ ❯♥✐t❡❞ ❙t❛t❡s✱ ❲❛s❤✐♥❣t♦♥✱ ❉❈✿ ❚❤❡ ◆❛t✐♦♥❛❧ ❆❝❛❞❡♠✐❡s Pr❡ss✳

❆❢r✐❛t✱ ❙✳ ◆✳ ✭✶✾✻✼✮✱ ✏❚❤❡ ❈♦♥str✉❝t✐♦♥ ♦❢ ❯t✐❧✐t② ❋✉♥❝t✐♦♥s ❢r♦♠ ❋✐♥✐t❡ ❊①♣❡♥❞✐t✉r❡ ❉❛t❛✱✑

■♥t❡r♥❛t✐♦♥❛❧ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✽✱ ✻✼✕✼✼✳

❆❧❜♦✉②✱ ❉✳ ✭✷✵✶✻✮✱ ✏❲❤❛t ❆r❡ ❈✐t✐❡s ❲♦rt❤❄ ▲❛♥❞ ❘❡♥ts✱ ▲♦❝❛❧ Pr♦❞✉❝t✐✈✐t②✱ ❛♥❞ t❤❡ ❚♦t❛❧

❱❛❧✉❡ ♦❢ ❆♠❡♥✐t✐❡s✱✑ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s ✾✽✱ ✹✼✼✕✹✽✼✳

❆❧♦♥s♦✱ ❲✳ ✭✶✾✻✹✮✱ ▲♦❝❛t✐♦♥ ❛♥❞ ▲❛♥❞ ❯s❡✱ ❈❛♠❜r✐❞❣❡✱ ▼❆✿ ❍❛r✈❛r❞ ❯♥✐✈❡rs✐t② Pr❡ss✳

❇❛r♥❡tt✱ ❲✳ ❆✳ ✭✶✾✼✼✮✱ ✏P♦❧❧❛❦ ❛♥❞ ❲❛❝❤t❡r ♦♥ t❤❡ ❍♦✉s❡❤♦❧❞ Pr♦❞✉❝t✐♦♥ ❋✉♥❝t✐♦♥ ❆♣✲

♣r♦❛❝❤✱✑ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠② ✽✺✱ ✶✵✼✸✕✶✵✽✷✳

❇❡❝❦❡r✱ ●✳ ❙✳ ✭✶✾✻✺✮✱ ✏❆ ❚❤❡♦r② ♦❢ t❤❡ ❆❧❧♦❝❛t✐♦♥ ♦❢ ❚✐♠❡✱✑ ❚❤❡ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧ ✼✺✱

✹✾✸✕✺✶✼✳

❈❤❛②✱ ❑✳ ❨✳ ❛♥❞ ▼✳ ●r❡❡♥st♦♥❡ ✭✷✵✵✺✮✱ ✏❉♦❡s ❆✐r ◗✉❛❧✐t② ▼❛tt❡r❄ ❊✈✐❞❡♥❝❡ ❢r♦♠ t❤❡

❍♦✉s✐♥❣ ▼❛r❦❡t✱✑ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠② ✶✶✸✱ ✸✼✻✕✹✷✹✳

❉✐❛♠♦♥❞✱ ❘✳ ✭✷✵✶✻✮✱ ✏❚❤❡ ❉❡t❡r♠✐♥❛♥ts ❛♥❞ ❲❡❧❢❛r❡ ■♠♣❧✐❝❛t✐♦♥s ♦❢ ❯❙ ❲♦r❦❡rs✬ ❉✐✈❡r❣✐♥❣

▲♦❝❛t✐♦♥ ❈❤♦✐❝❡s ❜② ❙❦✐❧❧✿ ✶✾✽✵✕✷✵✵✵✱✑ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✶✵✻✱ ✹✼✾✕✺✷✹✳

❉✐❡✇❡rt✱ ❲✳ ❊✳ ✭✶✾✼✸✮✱ ✏❆❢r✐❛t ❛♥❞ ❘❡✈❡❛❧❡❞ Pr❡❢❡r❡♥❝❡ ❚❤❡♦r②✱✑ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s

✹✵✱ ✹✶✾✕✹✷✺✳

❉✐❡✇❡rt✱ ❲✳ ❊✳ ✭✶✾✼✹✮✱ ✏❆♣♣❧✐❝❛t✐♦♥s ♦❢ ❉✉❛❧✐t② ❚❤❡♦r②✱✑ ♣♣✳ ✶✵✻✕✶✼✶ ✐♥ ▼✳ ❉✳ ■♥tr✐❧✐❣❛t♦r

❛♥❞ ❉✳ ❆✳ ❑❡♥❞r✐❝❦ ✭❡❞s✳✮✱ ❋r♦♥t✐❡rs ♦❢ ◗✉❛♥t✐t❛t✐✈❡ ❊❝♦♥♦♠✐❝s✱ ❱♦❧✳ ✷✱ ◆♦rt❤✲❍♦❧❧❛♥❞✳

❉✐❡✇❡rt✱ ❲✳ ❊✳ ✭✶✾✼✻✮✱ ✏❊①❛❝t ❛♥❞ ❙✉♣❡r❧❛t✐✈❡ ■♥❞❡① ◆✉♠❜❡rs✱✑ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✹✱

✶✶✺✕✶✹✺✳

✺✷



❉✐❡✇❡rt✱ ❲✳ ❊✳ ✭✶✾✼✽✮✱ ✏❙✉♣❡r❧❛t✐✈❡ ■♥❞❡① ◆✉♠❜❡rs ❛♥❞ ❈♦♥s✐st❡♥❝② ✐♥ ❆❣❣r❡❣❛t✐♦♥✱✑ ❊❝♦♥♦✲

♠❡tr✐❝❛ ✹✻✱ ✽✽✸✕✾✵✵✳

❉✐❡✇❡rt✱ ❲✳ ❊✳✱ ❑✳ ◆♦♠✉r❛✱ ❛♥❞ ❈✳ ❙❤✐♠✐③✉ ✭✷✵✷✹✮✱ ✏■♠♣r♦✈✐♥❣ t❤❡ ❙◆❆✿ ❆❧t❡r♥❛t✐✈❡ ▼❡❛✲

s✉r❡s ♦❢ ❖✉t♣✉t✱ ■♥♣✉t✱ ■♥❝♦♠❡✱ ❛♥❞ Pr♦❞✉❝t✐✈✐t②✱✑ ❘❡✈✐❡✇ ♦❢ ■♥❝♦♠❡ ❛♥❞ ❲❡❛❧t❤ ✼✵✱

✶✶✹✷✕✶✶✽✾✳

❉✐❡✇❡rt✱ ❲✳ ❊✳✱ ❑✳ ◆♦♠✉r❛✱ ❛♥❞ ❈✳ ❙❤✐♠✐③✉ ✭✷✵✷✺✮✱ ✏❊st✐♠❛t✐♥❣ ❋❧❡①✐❜❧❡ ❋✉♥❝t✐♦♥❛❧ ❋♦r♠s

❯s✐♥❣ ▼❛❝r♦❡❝♦♥♦♠✐❝ ❉❛t❛✱✑ ❊♠♣✐r✐❝❛❧ ❊❝♦♥♦♠✐❝s ✻✾✱ ✷✻✼✶✕✷✻✾✼✳

❊❧t❡t➤✱ Ö✳✱ P✳ ❑ö✈❡s✱ ❛♥❞ ❇✳ ❙③✉❧❝ ✭✶✾✻✹✮✱ ✏❖♥ ■♥❞❡① ◆✉♠❜❡r ❈♦♠♣✉t❛t✐♦♥✱✑ ❙t❛t✐s③t✐❦❛✐

❙③❡♠❧❡ ✹✷✱ ✺✵✼✕✺✶✽✳

❋r❛✉♠❡♥✐✱ ❇✳ ▼✳ ✭✷✵✵✽✮✱ ✏❍♦✉s❡❤♦❧❞ Pr♦❞✉❝t✐♦♥ ❆❝❝♦✉♥ts ❢♦r ❈❛♥❛❞❛✱ ▼❡①✐❝♦✱ ❛♥❞ t❤❡

❯♥✐t❡❞ ❙t❛t❡s✿ ▼❡t❤♦❞♦❧♦❣✐❝❛❧ ■ss✉❡s✱ ❘❡s✉❧ts✱ ❛♥❞ ❘❡❝♦♠♠❡♥❞❛t✐♦♥s✱✑ ♣❛♣❡r ♣r❡s❡♥t❡❞

❛t t❤❡ ✸✵t❤ ●❡♥❡r❛❧ ❈♦♥❢❡r❡♥❝❡ ♦❢ t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ❆ss♦❝✐❛t✐♦♥ ❢♦r ❘❡s❡❛r❝❤ ✐♥ ■♥❝♦♠❡

❛♥❞ ❲❡❛❧t❤✳

●✐♥✐✱ ❈✳ ✭✶✾✸✶✮✱ ✏❖♥ t❤❡ ❈✐r❝✉❧❛r ❚❡st ♦❢ ■♥❞❡① ◆✉♠❜❡rs✱✑ ▼❡tr♦♥ ✾✱ ✸✕✷✹✳

❋✉❥✐t❛✱ ▼✳ ✭✶✾✽✾✮✱ ❯r❜❛♥ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✿ ▲❛♥❞ ❯s❡ ❛♥❞ ❈✐t② ❙✐③❡✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t②

Pr❡ss✳

●❧❛❡s❡r✱ ❊✳ ▲✳ ✭✷✵✷✷✮✱ ✏❯r❜❛♥ ❘❡s✐❧✐❡♥❝❡✱✑ ❯r❜❛♥ ❙t✉❞✐❡s ✺✾✱ ✸✕✸✺✳

●r♦♥❛✉✱ ❘✳ ✭✶✾✼✼✮✱ ✏▲❡✐s✉r❡✱ ❍♦♠❡ Pr♦❞✉❝t✐♦♥✱ ❛♥❞ ❲♦r❦✖t❤❡ ❚❤❡♦r② ♦❢ t❤❡ ❆❧❧♦❝❛t✐♦♥ ♦❢

❚✐♠❡ ❘❡✈✐s✐t❡❞✱✑ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠② ✽✺✱ ✶✵✾✾✕✶✶✷✸✳

❍❡❝❦♠❛♥✱ ❏✳ ❏✳ ✭✶✾✼✹✮✱ ✏❙❤❛❞♦✇ Pr✐❝❡s✱ ▼❛r❦❡t ❲❛❣❡s✱ ❛♥❞ ▲❛❜♦r ❙✉♣♣❧②✱✑ ❊❝♦♥♦♠❡tr✐❝❛

✹✷✱ ✻✼✾✕✻✾✹✳

❍✐❧❧✱ P✳ ✭✷✵✵✾✮✱ ✏❈♦♥s✉♠♣t✐♦♥ ♦❢ ❖✇♥ Pr♦❞✉❝t✐♦♥ ❛♥❞ ❈♦st ♦❢ ▲✐✈✐♥❣ ■♥❞✐❝❡s✱✑ ♣♣✳ ✹✷✾✕✹✹✹

✐♥ ❲✳ ❊✳ ❉✐❡✇❡rt✱ ❏✳ ●r❡❡♥❧❡❡s✱ ❛♥❞ ❈✳ ❍✉❧t❡♥ ✭❡❞s✳✮✱ Pr✐❝❡ ❛♥❞ Pr♦❞✉❝t✐✈✐t② ▼❡❛s✉r❡♠❡♥t✱

❯♥✐✈❡rs✐t② ♦❢ ❈❤✐❝❛❣♦ Pr❡ss✳

✺✸



❑❛r❧✐♥✱ ❙✳ ✭✶✾✺✾✮✱ ▼❛t❤❡♠❛t✐❝❛❧ ▼❡t❤♦❞s ❛♥❞ ❚❤❡♦r② ✐♥ ●❛♠❡s✱ Pr♦❣r❛♠♠✐♥❣✱ ❛♥❞ ❊❝♦✲

♥♦♠✐❝s✱ ❱♦❧✳ ✶✱ ❘❡❛❞✐♥❣✱ ▼❆✿ ❆❞❞✐s♦♥✲❲❡s❧❡②✳

❑r❡✐♥❞❧❡r✱ ●✳ ❊✳ ❛♥❞ ❨✳ ▼✐②❛✉❝❤✐ ✭✷✵✷✸✮✱ ✏▼❡❛s✉r✐♥❣ ❈♦♠♠✉t✐♥❣ ❛♥❞ ❊❝♦♥♦♠✐❝ ❆❝t✐✈✐t②

✐♥s✐❞❡ ❈✐t✐❡s ✇✐t❤ ❈❡❧❧ P❤♦♥❡ ❘❡❝♦r❞s✱✑ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s ✶✵✺✱ ✽✾✾✕✾✵✾✳

▲❛♥❞❡❢❡❧❞✱ ❏✳ ❙✳ ❛♥❞ ❙✳ ❍✳ ▼❝❈✉❧❧❛ ✭✷✵✵✵✮✱ ✏❆❝❝♦✉♥t✐♥❣ ❢♦r ◆♦♥♠❛r❦❡t ❍♦✉s❡❤♦❧❞ Pr♦❞✉❝t✐♦♥

✇✐t❤✐♥ ❛ ◆❛t✐♦♥❛❧ ❆❝❝♦✉♥ts ❋r❛♠❡✇♦r❦✱✑ ❘❡✈✐❡✇ ♦❢ ■♥❝♦♠❡ ❛♥❞ ❲❡❛❧t❤ ✹✻✱ ✷✽✾✕✸✵✼✳

▲❛♥❞❡❢❡❧❞✱ ❏✳ ❙✳✱ ❇✳ ▼✳ ❋r❛✉♠❡♥✐✱ ❛♥❞ ❈✳ ▼✳ ❱♦❥t❡❝❤ ✭✷✵✵✾✮✱ ✏❆❝❝♦✉♥t✐♥❣ ❢♦r ◆♦♥♠❛r❦❡t

Pr♦❞✉❝t✐♦♥✿ ❆ Pr♦t♦t②♣❡ ❙❛t❡❧❧✐t❡ ❆❝❝♦✉♥t ❯s✐♥❣ t❤❡ ❆♠❡r✐❝❛♥ ❚✐♠❡ ❯s❡ ❙✉r✈❡②✱✑ ❘❡✈✐❡✇

♦❢ ■♥❝♦♠❡ ❛♥❞ ❲❡❛❧t❤ ✺✺✱ ✷✵✺✕✷✷✺✳

▼✐❧❧s✱ ❊✳ ❙✳ ✭✶✾✻✼✮✱ ✏❆♥ ❆❣❣r❡❣❛t✐✈❡ ▼♦❞❡❧ ♦❢ ❘❡s♦✉r❝❡ ❆❧❧♦❝❛t✐♦♥ ✐♥ ❛ ▼❡tr♦♣♦❧✐t❛♥ ❆r❡❛✱✑

❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✺✼✱ ✶✾✼✕✷✶✵✳

▼✐②❛✉❝❤✐✱ ❨✳✱ ❑✳ ◆❛❦❛❥✐♠❛✱ ❛♥❞ ❙✳ ❏✳ ❘❡❞❞✐♥❣ ✭✷✵✷✺✮✱ ✏❚❤❡ ❊❝♦♥♦♠✐❝s ♦❢ ❙♣❛t✐❛❧ ▼♦❜✐❧✐t②✿

❚❤❡♦r② ❛♥❞ ❊✈✐❞❡♥❝❡ ❯s✐♥❣ ❙♠❛rt♣❤♦♥❡ ❉❛t❛✱✑ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ✶✹✵✱

✷✺✵✼✕✷✺✼✵✳

▼♦♥t❡✱ ❋✳✱ ❙✳ ❏✳ ❘❡❞❞✐♥❣✱ ❛♥❞ ❊✳ ❘♦ss✐✲❍❛♥s❜❡r❣ ✭✷✵✶✽✮✱ ✏❈♦♠♠✉t✐♥❣✱ ▼✐❣r❛t✐♦♥✱ ❛♥❞ ▲♦❝❛❧

❊♠♣❧♦②♠❡♥t ❊❧❛st✐❝✐t✐❡s✱✑ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✶✵✽✱ ✸✽✺✺✕✸✽✾✵✳

▼✉t❤✱ ❘✳ ❋✳ ✭✶✾✻✾✮✱ ❈✐t✐❡s ❛♥❞ ❍♦✉s✐♥❣✱ ❈❤✐❝❛❣♦✿ ❯♥✐✈❡rs✐t② ♦❢ ❈❤✐❝❛❣♦ Pr❡ss✳

P♦❧❧❛❦✱ ❘✳ ❆✳ ❛♥❞ ▼✳ ▲✳ ❲❛❝❤t❡r ✭✶✾✼✺✮✱ ✏❚❤❡ ❘❡❧❡✈❛♥❝❡ ♦❢ t❤❡ ❍♦✉s❡❤♦❧❞ Pr♦❞✉❝t✐♦♥

❋✉♥❝t✐♦♥ ❛♥❞ ■ts ■♠♣❧✐❝❛t✐♦♥s ❢♦r t❤❡ ❆❧❧♦❝❛t✐♦♥ ♦❢ ❚✐♠❡✱✑ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②

✽✸✱ ✷✺✺✕✷✼✼✳

P♦❧❧❛❦✱ ❘✳ ❆✳ ❛♥❞ ▼✳ ▲✳ ❲❛❝❤t❡r ✭✶✾✼✼✮✱ ✏❘❡♣❧②✿ P♦❧❧❛❦ ❛♥❞ ❲❛❝❤t❡r ♦♥ t❤❡ ❍♦✉s❡❤♦❧❞

Pr♦❞✉❝t✐♦♥ ❆♣♣r♦❛❝❤✱✑ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠② ✽✺✱ ✶✵✽✸✕✶✵✽✻✳

❘♦❜❛❝❦✱ ❏✳ ✭✶✾✽✷✮✱ ✏❲❛❣❡s✱ ❘❡♥ts✱ ❛♥❞ t❤❡ ◗✉❛❧✐t② ♦❢ ▲✐❢❡✱✑ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②

✾✵✱ ✶✷✺✼✕✶✷✼✽✳

✺✹



❘♦s❡♥✱ ❙✳ ✭✶✾✼✹✮✱ ✏❍❡❞♦♥✐❝ Pr✐❝❡s ❛♥❞ ■♠♣❧✐❝✐t ▼❛r❦❡ts✿ Pr♦❞✉❝t ❉✐✛❡r❡♥t✐❛t✐♦♥ ✐♥ P✉r❡

❈♦♠♣❡t✐t✐♦♥✱✑ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠② ✽✷✱ ✸✹✕✺✺✳

❘♦s❡♥✱ ❙✳ ✭✶✾✼✾✮✱ ✏❲❛❣❡✲❇❛s❡❞ ■♥❞❡①❡s ♦❢ ❯r❜❛♥ ◗✉❛❧✐t② ♦❢ ▲✐❢❡✱✑ ✐♥ P✳ ▼✐❡s③❦♦✇s❦✐ ❛♥❞

▼✳ ❙tr❛s③❤❡✐♠ ✭❡❞s✳✮✱ ❈✉rr❡♥t ■ss✉❡s ✐♥ ❯r❜❛♥ ❊❝♦♥♦♠✐❝s✱ ❇❛❧t✐♠♦r❡✿ ❏♦❤♥s ❍♦♣❦✐♥s

❯♥✐✈❡rs✐t② Pr❡ss✱ ✼✹✕✶✵✹✳

❙❝❤r❡②❡r✱ P✳ ❛♥❞ ❲✳ ❊✳ ❉✐❡✇❡rt ✭✷✵✶✹✮✱ ✏❍♦✉s❡❤♦❧❞ Pr♦❞✉❝t✐♦♥✱ ▲❡✐s✉r❡ ❛♥❞ ▲✐✈✐♥❣ ❙t❛♥✲

❞❛r❞s✱✑ ✐♥ ❉✳ ❲✳ ❏♦r❣❡♥s♦♥✱ ❏✳ ❙✳ ▲❛♥❞❡❢❡❧❞✱ ❛♥❞ P✳ ❙❝❤r❡②❡r ✭❡❞s✳✮✱ ▼❡❛s✉r✐♥❣ ❊❝♦♥♦♠✐❝

❙✉st❛✐♥❛❜✐❧✐t② ❛♥❞ Pr♦❣r❡ss✱ ❈❤✐❝❛❣♦✿ ❯♥✐✈❡rs✐t② ♦❢ ❈❤✐❝❛❣♦ Pr❡ss✱ ✽✾✕✶✶✹✳

❙❝❤r❡②❡r✱ P✳ ❛♥❞ ●✳ ❘❛♥✉③③✐ ❞❡ ❇✐❛♥❝❤✐ ✭✷✵✵✾✮✱ ✏▼❡❛s✉r✐♥❣ ❖✇♥✲❆❝❝♦✉♥t Pr♦❞✉❝t✐♦♥ ♦❢

❙❡r✈✐❝❡s ❜② ❍♦✉s❡❤♦❧❞s✱✑ ❇❛❝❦❣r♦✉♥❞ ♣❛♣❡r✱ ❖❊❈❉✳

❙❤❡♣❤❛r❞✱ ❘✳ ❲✳ ✭✶✾✺✸✮✱ ❈♦st ❛♥❞ Pr♦❞✉❝t✐♦♥ ❋✉♥❝t✐♦♥s✱ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✳

❙❤✐♠✐③✉✱ ❈✳ ✭✷✵✶✵✮✱ ✏❊st✐♠❛t✐♦♥ ♦❢ ❍❡❞♦♥✐❝ ❙✐♥❣❧❡✲❋❛♠✐❧② ❍♦✉s❡ Pr✐❝❡ ❋✉♥❝t✐♦♥ ❈♦♥s✐❞❡r✐♥❣

◆❡✐❣❤❜♦r❤♦♦❞ ❊✛❡❝t ❱❛r✐❛❜❧❡s✱✑ ▲❛♥❞ ❊❝♦♥♦♠✐❝s ✽✻✱ ✸✾✕✺✷✳

❙❤✐♠✐③✉✱ ❈✳✱ ❑✳ ●✳ ◆✐s❤✐♠✉r❛✱ ❛♥❞ ❚✳ ❲❛t❛♥❛❜❡ ✭✷✵✶✵✮✱ ✏❘❡s✐❞❡♥t✐❛❧ ❘❡♥ts ❛♥❞ Pr✐❝❡ ❘✐❣✐❞✲

✐t②✿ ▼✐❝r♦ ❙tr✉❝t✉r❡ ❛♥❞ ▼❛❝r♦ ❈♦♥s❡q✉❡♥❝❡s✱✑ ❏♦✉r♥❛❧ ♦❢ ❏❛♣❛♥❡s❡ ❛♥❞ ■♥t❡r♥❛t✐♦♥❛❧

❊❝♦♥♦♠✐❡s ✷✹✱ ✷✽✷✕✷✾✾✳

❯③❛✇❛✱ ❍✳ ✭✶✾✺✽✮✱ ✏❚❤❡ ❑✉❤♥✲❚✉❝❦❡r ❚❤❡♦r❡♠ ✐♥ ❈♦♥❝❛✈❡ Pr♦❣r❛♠♠✐♥❣✱✑ ✐♥ ❑✳ ❏✳ ❆rr♦✇✱

▲✳ ❍✉r✇✐❝③✱ ❛♥❞ ❍✳ ❯③❛✇❛ ✭❡❞s✳✮✱ ❙t✉❞✐❡s ✐♥ ▲✐♥❡❛r ❛♥❞ ◆♦♥❧✐♥❡❛r Pr♦❣r❛♠♠✐♥❣✱ ❙t❛♥❢♦r❞✱

❈❆✿ ❙t❛♥❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✸✷✕✸✼✳

❉✐❡✇❡rt✱ ❲✳ ❊✳ ❛♥❞ ❚✳ ❏✳ ❲❛❧❡s ✭✶✾✽✼✮✱ ✏❋❧❡①✐❜❧❡ ❋✉♥❝t✐♦♥❛❧ ❋♦r♠s ❛♥❞ ●❧♦❜❛❧ ❈✉r✈❛t✉r❡

❈♦♥❞✐t✐♦♥s✱✑ ❊❝♦♥♦♠❡tr✐❝❛ ✺✺✱ ✹✸✕✻✽✳

❇♦②❞✱ ❙✳ ❛♥❞ ▲✳ ❱❛♥❞❡♥❜❡r❣❤❡ ✭✷✵✵✹✮✱ ❈♦♥✈❡① ❖♣t✐♠✐③❛t✐♦♥✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✳

✺✺



❈❛✈❡s✱ ❉✳ ❲✳✱ ▲✳ ❘✳ ❈❤r✐st❡♥s❡♥✱ ❛♥❞ ❲✳ ❊✳ ❉✐❡✇❡rt ✭✶✾✽✷✮✱ ✏▼✉❧t✐❧❛t❡r❛❧ ❈♦♠♣❛r✐s♦♥s ♦❢

❖✉t♣✉t✱ ■♥♣✉t✱ ❛♥❞ Pr♦❞✉❝t✐✈✐t② ❯s✐♥❣ ❙✉♣❡r❧❛t✐✈❡ ■♥❞❡① ◆✉♠❜❡rs✱✑ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧

✾✷✱ ✼✸✕✽✻✳

✺✻



❆ ❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❲♦r❦❡r ❋✐rst✲❖r❞❡r ❈♦♥❞✐t✐♦♥s

❋♦r t❤❡ ✇♦r❦❡r r❡❣✐♠❡✱ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✐s

LW = U
[
qR, F (qk1, Tk1), G(qk2, Tk2), H(qH , Tl2 + qS), Tl1, Tl2

]

+ λ
[
wTl1 + Y − pRqR − p2qk1 − p1qk2 − pHqH − wSqS − δ1d12 − δ2d13Tk2

]

+ ω
[
T̃ − Tl1 − Tl2 − Tk1 − (1 + d13)Tk2

]
. ✭❆✳✶✮

❙❡tt✐♥❣ w∗ = ω∗/λ∗✱ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛r❡✿

U1 = λ∗pR, ✭❆✳✶✮

U2F1 = λ∗p2, ✭❆✳✷✮

U2F2 = λ∗w∗, ✭❆✳✸✮

U3G1 = λ∗p1, ✭❆✳✹✮

U3G2 = λ∗
[
δ2d13 + w∗(1 + d13)

]
, ✭❆✳✺✮

U4H1 = λ∗pH , ✭❆✳✻✮

U4H2 = λ∗wS, ✭❆✳✼✮

U4H2 + U6 = λ∗w∗, ✭❆✳✽✮

U5 = −λ∗(w − w∗). ✭❆✳✾✮

❊q✉❛t✐♦♥s ✭❆✳✺✮✕✭❆✳✾✮ ❛r❡ ❡①❛❝t❧② t❤❡ s♣❛t✐❛❧ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s r❡♣♦rt❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳

❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❈❛s❡ ✶ s❤❛r❡ ❡q✉❛t✐♦♥s

❊❧✐♠✐♥❛t❡ Tl1 ✉s✐♥❣ ✭✼✳✶✮✳ ❚❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ❜❡❝♦♠❡s

pRqR + wTk1 + p2qk1 + σTk2 + p1qk2 + wTl2 + pHqH + wSqS = FB.

✺✼



❚❤❡ r❡❞✉❝❡❞ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛r❡

U1 = λpR,

U2F2 − U5 = λw,

U2F1 = λp2,

U3G2 − U5(1 + d13) = λσ,

U3G1 = λp1,

U4H2 + U6 − U5 = λw,

U4H1 = λpH ,

U4H2 = λwS.

▼✉❧t✐♣❧② t❤❡s❡ ❡q✉❛t✐♦♥s ❜② qR, Tk1, qk1, Tk2, qk2, Tl2, qH , qS ❛♥❞ s✉♠✳ ❯s✐♥❣ ❊✉❧❡r✬s t❤❡♦r❡♠

❛♥❞ t❤❡ ✐❞❡♥t✐t②

Tk1 + (1 + d13)Tk2 + Tl2 = T̃ − Tl1,

t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ s✐♠♣❧✐✜❡s t♦ Dτ ❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ t♦ λτF τ
B✱ ✇❤✐❝❤ ❣✐✈❡s λτ = Dτ/F τ

B✳

❉✐✈✐❞✐♥❣ ❡❛❝❤ ❡q✉❛t✐♦♥ ❜② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦r♠❛❧✐③✐♥❣ t❡r♠s ②✐❡❧❞s ✭✼✳✹✮✕✭✼✳✶✶✮✳

❇ ❊st✐♠❛t✐♥❣ ❊q✉❛t✐♦♥s ❢♦r ❈❛s❡s ✷✕✹

❈❛s❡ ✷✿ q∗S = 0✱ T ∗
l1 > 0

❲❤❡♥ qτS ≡ 0✱ t❤❡ ✐♥t❡r✐♦r ❝♦♥❞✐t✐♦♥ ❢♦r ♠❛r❦❡t ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ❜❡❝♦♠❡s t❤❡ ❑✉❤♥✲❚✉❝❦❡r

✐♥❡q✉❛❧✐t②

U τ
4H

τ
2 ≤ λτwτ

S. ✭❇✳✶✮

✺✽



❊q✉❛t✐♦♥ ✭✼✳✶✶✮ ✐s ❞r♦♣♣❡❞✳ ❚❤❡ r❡♠❛✐♥✐♥❣ s❡✈❡♥ s❤❛r❡ ❡q✉❛t✐♦♥s ②✐❡❧❞ s✐① ✐♥❞❡♣❡♥❞❡♥t

❡q✉❛t✐♦♥s ❜❡❝❛✉s❡ t❤❡② s✉♠ t♦ ✉♥✐t②✳ ❉❡✜♥❡ t❤❡ s❤❛❞♦✇ ✈❛❧✉❡ ♦❢ ❤♦✉s❡❤♦❧❞ ✇♦r❦ t✐♠❡ ❜②

w∗
H

τ ≡
U τ
4H

τ
2

λτ
≤ wτ

S. ✭❇✳✷✮

❋r♦♠ ✭✸✳✺✮✱ w∗τ = w∗
H

τ + U τ
6 /λ

τ ≤ w∗
H

τ ✳

❈❛s❡ ✸✿ q∗S > 0✱ T ∗
l1 = 0

❲✐t❤ ♥♦ ♠❛r❦❡t ✇♦r❦✱ ❝♦♠♠✉t✐♥❣ t✐♠❡ ❛♥❞ ❝♦♠♠✉t✐♥❣ ❡①♣❡♥❞✐t✉r❡ ✈❛♥✐s❤✳ ❚❤❡ t✐♠❡ ❛♥❞

❜✉❞❣❡t ❝♦♥str❛✐♥ts ❜❡❝♦♠❡

Tk1 + Tl2 + (1 + d13)Tk2 = T, ✭❇✳✸✮

pRqR + p2qk1 + p1qk2 + pHqH + wSqS + δ2d13Tk2 = Y. ✭❇✳✹✮

❊❧✐♠✐♥❛t❡ Tk1 = T − Tl2 − (1 + d13)Tk2✳ ❚❤❡ r❡❞✉❝❡❞ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛r❡

U1 = λpR, ✭❇✳✷✮

U2F1 = λp2, ✭❇✳✸✮

U3G2 − U2F2(1 + d13) = λδ2d13, ✭❇✳✹✮

U3G1 = λp1, ✭❇✳✺✮

U4H2 + U6 − U2F2 = 0, ✭❇✳✻✮

U4H1 = λpH , ✭❇✳✼✮

U4H2 = λwS. ✭❇✳✽✮

▼✉❧t✐♣❧②✐♥❣ ✭❇✳✷✮✕✭❇✳✽✮ ❜② qR, qk1, Tk2, qk2, Tl2, qH , qS ❛♥❞ s✉♠♠✐♥❣ ②✐❡❧❞s

Eτ ≡ U τ
1 q

τ
R + U τ

2F
τ + U τ

3G
τ + U τ

4H
τ + U τ

6 T
τ
l2 − U τ

2F
τ
2 T = λτY τ . ✭❇✳✺✮

✺✾



❍❡♥❝❡ λτ = Eτ/Y τ ✳ ❆ ❝♦♥✈❡♥✐❡♥t s❡t ♦❢ s✐① ✐♥❞❡♣❡♥❞❡♥t ❡st✐♠❛t✐♥❣ ❡q✉❛t✐♦♥s ❝♦♥s✐sts ♦❢

✜✈❡ ❡①♣❡♥❞✐t✉r❡✲s❤❛r❡ ❡q✉❛t✐♦♥s✱

pτRq
τ
R

Y τ
=

U τ
1 q

τ
R

Eτ
, ✭❇✳✻✮

pτ2q
τ
k1

Y τ
=

U τ
2F

τ
1 q

τ
k1

Eτ
, ✭❇✳✼✮

δτ2d
τ
13T

τ
k2

Y τ
=

[U τ
3G

τ
2 − U τ

2F
τ
2 (1 + dτ13)]T

τ
k2

Eτ
, ✭❇✳✽✮

pτ1q
τ
k2

Y τ
=

U τ
3G

τ
1q

τ
k2

Eτ
, ✭❇✳✾✮

pτHq
τ
H

Y τ
=

U τ
4H

τ
1 q

τ
H

Eτ
, ✭❇✳✶✵✮

wτ
Sq

τ
S

Y τ
=

U τ
4H

τ
2 q

τ
S

Eτ
, ✭❇✳✶✶✮

t♦❣❡t❤❡r ✇✐t❤ t❤❡ ③❡r♦✲♣r✐❝❡ t✐♠❡✲❛❧❧♦❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥

U τ
4H

τ
2 + U τ

6 − U τ
2F

τ
2 = 0. ✭❇✳✶✷✮

❇❡❝❛✉s❡ t❤❡ s✐① s❤❛r❡s s✉♠ t♦ ♦♥❡✱ t❤❡ s②st❡♠ ♣r♦✈✐❞❡s ✜✈❡ ✐♥❞❡♣❡♥❞❡♥t s❤❛r❡ ❡q✉❛t✐♦♥s

♣❧✉s ✭❇✳✶✷✮✳

❈❛s❡ ✹✿ q∗S = 0✱ T ∗
l1 = 0

❲❤❡♥ ♥❡✐t❤❡r ♠❛r❦❡t ❧❛❜♦r ♥♦r ♣✉r❝❤❛s❡❞ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ✐s ♣r❡s❡♥t✱ t❤❡ ❜✉❞❣❡t ❜❡❝♦♠❡s

pRqR + p2qk1 + p1qk2 + pHqH + δ2d13Tk2 = Y, ✭❇✳✶✸✮

✻✵



✇❤✐❧❡ t❤❡ t✐♠❡ ❝♦♥str❛✐♥t r❡♠❛✐♥s ✭❇✳✸✮ ✇✐t❤ qS = 0✳ ❚❤❡ r❡❞✉❝❡❞ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛r❡

U1 = λpR, ✭❇✳✾✮

U2F1 = λp2, ✭❇✳✶✵✮

U3G2 − U2F2(1 + d13) = λδ2d13, ✭❇✳✶✶✮

U3G1 = λp1, ✭❇✳✶✷✮

U4H2 + U6 − U2F2 = 0, ✭❇✳✶✸✮

U4H1 = λpH , ✭❇✳✶✹✮

✇✐t❤ t❤❡ s❛♠❡ ♥♦r♠❛❧✐③✐♥❣ ❢❛❝t♦r Eτ ❛s ✐♥ ✭❇✳✺✮ ❛❢t❡r s❡tt✐♥❣ qτS = 0✳ ❆ ♥❛t✉r❛❧ s❡t ♦❢ ✜✈❡

✐♥❞❡♣❡♥❞❡♥t ❡q✉❛t✐♦♥s ✐s ❣✐✈❡♥ ❜② ❢♦✉r ❡①♣❡♥❞✐t✉r❡✲s❤❛r❡ ❡q✉❛t✐♦♥s✱

pτRq
τ
R

Y τ
=

U τ
1 q

τ
R

Eτ
, ✭❇✳✶✹✮

pτ2q
τ
k1

Y τ
=

U τ
2F

τ
1 q

τ
k1

Eτ
, ✭❇✳✶✺✮

δτ2d
τ
13T

τ
k2

Y τ
=

[U τ
3G

τ
2 − U τ

2F
τ
2 (1 + dτ13)]T

τ
k2

Eτ
, ✭❇✳✶✻✮

pτ1q
τ
k2

Y τ
=

U τ
3G

τ
1q

τ
k2

Eτ
, ✭❇✳✶✼✮

pτHq
τ
H

Y τ
=

U τ
4H

τ
1 q

τ
H

Eτ
, ✭❇✳✶✽✮

❛♥❞ t❤❡ t✐♠❡✲❛❧❧♦❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥

U τ
4H

τ
2 + U τ

6 − U τ
2F

τ
2 = 0. ✭❇✳✶✾✮

❇❡❝❛✉s❡ t❤❡ ✜✈❡ s❤❛r❡s s✉♠ t♦ ♦♥❡✱ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ❝♦♥t❡♥t ✐s ❢♦✉r s❤❛r❡ ❡q✉❛t✐♦♥s ♣❧✉s

✭❇✳✶✾✮✳

■♥ ❈❛s❡s ✷ ❛♥❞ ✹✱ t❤❡ s❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❤♦✉s❡❤♦❧❞ ✇♦r❦ ✐s ✉♥♦❜s❡r✈❡❞✿

w∗
H

τ =
U τ
4H

τ
2

λτ
. ✭❇✳✷✵✮

✻✶



❚❤❡ ❑✉❤♥✲❚✉❝❦❡r r❡str✐❝t✐♦♥ r❡q✉✐r❡s w∗
H

τ ≤ wτ
S✱ ❛♥❞ ✭❇✳✶✷✮ ♦r ✭❇✳✶✾✮ ✐♠♣❧✐❡s

w∗τ = w∗
H

τ +
U τ
6

λτ
≤ w∗

H
τ .

✻✷



❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❈✕●

❈❤✐❤✐r♦ ❙❤✐♠✐③✉ ✖ ❍✐t♦ts✉❜❛s❤✐ ❯♥✐✈❡rs✐t② ✖ ▼❛r❝❤ ✷✵✷✻

❆♣♣❡♥❞✐① ❆ ✭❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ✇♦r❦❡r ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s✮ ❛♥❞ ❆♣♣❡♥❞✐① ❇ ✭❡st✐♠❛t✐♥❣

❡q✉❛t✐♦♥s ❢♦r ❈❛s❡s ✷✕✹✮ ❛♣♣❡❛r ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♠❛✐♥ t❡①t✳ ❚❤✐s ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ♣r♦✲

✈✐❞❡s✿ ❆♣♣❡♥❞✐① ❈ ✭❡q✉✐✈❛❧❡♥❝❡ ♦❢ t✇♦✲❝♦♥str❛✐♥t ❛♥❞ s✐♥❣❧❡✲❝♦♥str❛✐♥t ♣r♦❜❧❡♠s ✇✐t❤ ❞✉❛❧✐t②

♣r♦♦❢s ❢♦r ❛❧❧ ❢♦✉r ❝❛s❡s✮✱ ❆♣♣❡♥❞✐① ❉ ✭s✉♣❡r❧❛t✐✈❡ ✐♥❞❡① t❤❡♦r② ♣r♦♦❢s ✐♥❝❧✉❞✐♥❣ ❋✐s❤❡r ❡①✲

❛❝t♥❡ss✱ ❚ör♥q✈✐st ❡q✉✐✈❛❧❡♥❝❡✱ ❛♥❞ ●❊❑❙ tr❛♥s✐t✐✈✐t②✮✱ ❆♣♣❡♥❞✐① ❊ ✭❝♦♠♣❧❡t❡ ❝♦♠♣❛r❛t✐✈❡

st❛t✐❝s ♦❢ t❤❡ r❡♥t ❢✉♥❝t✐♦♥✮✱ ❆♣♣❡♥❞✐① ❋ ✭❢✉♥❝t✐♦♥❛❧ ❢♦r♠ s♣❡❝✐✜❝❛t✐♦♥s ❢♦r ❡st✐♠❛t✐♦♥✮✱ ❛♥❞

❆♣♣❡♥❞✐① ● ✭s❤❛❞♦✇✲♣r✐❝❡ ❜♦✉♥❞s ❢♦r ❛❧❧ ❢♦✉r ❝❛s❡s ✇✐t❤ ❢✉❧❧ ♣r♦♦❢s✮✳

❈ ❊q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ❚✇♦✲❈♦♥str❛✐♥t ❛♥❞ ❙✐♥❣❧❡✲❈♦♥str❛✐♥t

Pr♦❜❧❡♠s

❚❤✐s ❛♣♣❡♥❞✐① ❡st❛❜❧✐s❤❡s t❤❛t✱ ❢♦r ❡❛❝❤ ♦❢ t❤❡ ❢♦✉r ❝❛s❡s✱ t❤❡ ❤♦✉s❡❤♦❧❞✬s t✇♦✲❝♦♥str❛✐♥t

♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ s✐♥❣❧❡✲❝♦♥str❛✐♥t ♣r♦❜❧❡♠ ✐♥ ❛❣❣r❡❣❛t❡❞ ✈❛r✐❛❜❧❡s✱

♣r♦✈✐❞❡❞ t❤❡ s❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❧❡✐s✉r❡ w∗ ✐s ❦♥♦✇♥✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ✐s ❝❡♥tr❛❧ t♦ t❤❡ ♣❛♣❡r

❜❡❝❛✉s❡ ✐t ❝♦♥✈❡rts t❤❡ ❤♦✉s❡❤♦❧❞✬s ♣r♦❜❧❡♠ ✐♥t♦ ❛ ❢♦r♠ ❛♠❡♥❛❜❧❡ t♦ ❝❧❛ss✐❝❛❧ ❞❡♠❛♥❞ t❤❡♦r②

❛♥❞ ✐♥❞❡① ♥✉♠❜❡r ❛❣❣r❡❣❛t✐♦♥✳

❈✳✶ Pr❡❧✐♠✐♥❛r②✿ ❯♥✐t ❈♦st ❋✉♥❝t✐♦♥s ❛♥❞ ❉✉❛❧✐t②

▲❡♠♠❛ ❈✳✶ ✭❉✉❛❧✐t② ✉♥❞❡r ❧✐♥❡❛r ❤♦♠♦❣❡♥❡✐t②✮✳ ▲❡t J : R2
+ → R+ ❜❡ ❝♦♥t✐♥✉♦✉s✱ ❝♦♥❝❛✈❡✱

❛♥❞ ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s ✇✐t❤ J(q) > 0 ❢♦r q > 0✳ ❉❡✜♥❡ t❤❡ ✉♥✐t ❝♦st ❢✉♥❝t✐♦♥

cJ(p) ≡ min
q≥0

{p · q : J(q) ≥ 1}. ✭❈✳✶✮

❚❤❡♥✿

✻✸



✭❛✮ cJ ✐s ❝♦♥t✐♥✉♦✉s✱ ❝♦♥❝❛✈❡✱ ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s✱ ❛♥❞ ♥♦♥❞❡❝r❡❛s✐♥❣ ✐♥ p✳

✭❜✮ ■❢ J ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t q∗ > 0 ❛♥❞ q∗ s♦❧✈❡s min{p · q : J(q) ≥ Q∗} ❢♦r s♦♠❡ Q∗ > 0✱

t❤❡♥ t❤❡ ♠✐♥✐♠✉♠ ❝♦st ❡q✉❛❧s cJ(p) ·Q∗ ❛♥❞ ❙❤❡♣❤❛r❞✬s ▲❡♠♠❛ ❤♦❧❞s✿

∂cJ(p)

∂pn
=

q∗n
Q∗

, n = 1, 2. ✭❈✳✷✮

✭❝✮ ✭❊✉❧❡r✬s ❚❤❡♦r❡♠✮ J1(q)q1 + J2(q)q2 = J(q) ❢♦r ❛❧❧ q > 0✳

✭❞✮ ❚❤❡ ✈❛❧✉❡ ✐❞❡♥t✐t② ❤♦❧❞s✿ cJ(p) · J(q∗) = p · q∗ ❛t t❤❡ ♦♣t✐♠✉♠✳

Pr♦♦❢✳ P❛rts ✭❛✮ ❛♥❞ ✭❜✮ ❢♦❧❧♦✇ ❢r♦♠ ❙❤❡♣❤❛r❞ ✭✶✾✺✸✮ ❛♥❞ ❉✐❡✇❡rt ✭✶✾✼✹✮✳ P❛rt ✭❝✮ ✐s ❊✉❧❡r✬s

❚❤❡♦r❡♠ ♦♥ ❤♦♠♦❣❡♥❡♦✉s ❢✉♥❝t✐♦♥s✳ P❛rt ✭❞✮ ❢♦❧❧♦✇s ❢r♦♠ ✭❜✮ ❛♥❞ ✭❝✮✿ cJ(p) · J(q∗) =

cJ(p) · [J1q
∗
1 + J2q

∗
2] = p1q

∗
1 + p2q

∗
2 = p · q∗✱ ✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ✉s❡s t❤❡ ✜rst✲♦r❞❡r

❝♦♥❞✐t✐♦♥s Jn(q∗) = µ∗pn ❛♥❞ cJ(p) = 1/µ∗✳ ■

❈✳✷ ❈❛s❡ ✶✿ q∗S > 0✱ T ∗
l1 > 0 ✭❲♦r❦❡r ✇✐t❤ P✉r❝❤❛s❡❞ ❍♦✉s❡❤♦❧❞

❍❡❧♣✮

❚❤❡♦r❡♠ ❈✳✷ ✭❊q✉✐✈❛❧❡♥❝❡✱ ❈❛s❡ ✶✮✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✷✳✶✕✸✳✷ ✇✐t❤ q∗S > 0 ❛♥❞ T ∗
l1 > 0✱

t❤❡ t✇♦✲❝♦♥str❛✐♥t ♣r♦❜❧❡♠ ✭✸✳✸✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ s✐♥❣❧❡✲❝♦♥str❛✐♥t ♣r♦❜❧❡♠✿

max
Qk1,Qk2,QH ,qR,Tl1,Tl2≥0

U(qR, Qk1, Qk2, QH , Tl1, Tl2) ✭❈✳✸✮

s✉❜❥❡❝t t♦

pRqR + P ∗
k1Qk1 + P̃ ∗

k2Qk2 + P ∗
HQH + w∗Tl2 − (w − w∗)Tl1 + δ1d12 ≤ Y + w∗ T̃ , ✭❈✳✹✮

✇❤❡r❡ P ∗
k1 = cF (p2, w

∗)✱ P̃ ∗
k2 = cG(p1, πk2) ✇✐t❤ πk2 = w∗(1 + d13) + δ2d13✱ ❛♥❞ P ∗

H =

cH(pH , wS)✳

✻✹



Pr♦♦❢✳ ❙t❡♣ ✶✿ ❋r♦♠ t✇♦ ❝♦♥str❛✐♥ts t♦ ❛ s✐♥❣❧❡ ❝♦♥str❛✐♥t✳ ❘❡❝❛❧❧ t❤❡ s❛❞❞❧❡✲♣♦✐♥t ♣r♦❜❧❡♠

✭❆✳✶✮✳ ❙❡tt✐♥❣ ω = ω∗ = λ∗w∗✱ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❜❡❝♦♠❡s✿

L = U [qR, F (qk1, Tk1), G(qk2, Tk2), H(qH , Tl2 + qS), Tl1, Tl2]

+ λ
[
wTl1 + Y − pRqR − p2qk1 − p1qk2 − pHqH − wSqS − δ1d12 − δ2d13Tk2

+ w∗(T̃ − Tl1 − Tl2 − Tk1 − (1 + d13)Tk2)
]
.

❚❤❡ ❡①♣r❡ss✐♦♥ ✐♥ sq✉❛r❡ ❜r❛❝❦❡ts ✐s✿

pRqR + p2qk1 + w∗Tk1 + p1qk2 + [w∗(1 + d13) + δ2d13]Tk2

+ pHqH + wSqS + w∗Tl2 − (w − w∗)Tl1 + δ1d12 ≤ Y + w∗ T̃ .

❇② t❤❡ ❑❛r❧✐♥✕❯③❛✇❛ ❚❤❡♦r❡♠ ❛♣♣❧✐❡❞ ✐♥ r❡✈❡rs❡✱ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ s❛❞❞❧❡✲♣♦✐♥t ♣r♦❜❧❡♠

✇✐t❤ ω = ω∗ ✐s ❛❧s♦ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❝♦♥str❛✐♥❡❞ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ t❤✐s s✐♥❣❧❡

❝♦♥str❛✐♥t✳

❙t❡♣ ✷✿ ❆❣❣r❡❣❛t✐♦♥ ✈✐❛ ❞✉❛❧✐t②✳ ❋♦r ❡❛❝❤ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ J ∈ {F,G,H}✱ t❤❡ ✜rst✲

♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛♥❞ ▲❡♠♠❛ ❈✳✶ ✐♠♣❧② t❤❡ ✈❛❧✉❡ ✐❞❡♥t✐t② ❛t t❤❡ ♦♣t✐♠✉♠✳ ❋♦r F ✿

p2q
∗
k1 + w∗T ∗

k1 = cF (p2, w
∗) · F (q∗k1, T

∗
k1) = P ∗

k1Q
∗
k1.

❍❡r❡ ✇❡ ✉s❡✿ ✭✐✮ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ✭✷✳✶✷✮ ❛♥❞ ✭✷✳✶✸✮ ✐♠♣❧② t❤❛t (q∗k1, T
∗
k1) s♦❧✈❡s t❤❡

❝♦st ♠✐♥✐♠✐③❛t✐♦♥ min{p2q + w∗t : F (q, t) ≥ Q∗
k1}❀ ✭✐✐✮ ❜② ❧✐♥❡❛r ❤♦♠♦❣❡♥❡✐t②✱ t❤❡ ♠✐♥✐♠✉♠

❝♦st ✐s cF (p2, w∗) ·Q∗
k1✳

❙✐♠✐❧❛r❧②✱ ❢♦r G✿

p1q
∗
k2 + πk2T

∗
k2 = cG(p1, πk2) ·G(q∗k2, T

∗
k2) = P̃ ∗

k2Q
∗
k2.

❍❡r❡ πk2 = w∗(1 + d13) + δ2d13 ✐s t❤❡ s❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ t✐♠❡ ❢r♦♠ ✭✸✳✹✮✳

✻✺



❋♦r H✿

pHq
∗
H + wS(T

∗
l2 + q∗S) = cH(pH , wS) ·H(q∗H , T

∗
l2 + q∗S) = P ∗

HQ
∗
H .

❍❡r❡ ✇❡ ✉s❡ ✭✷✳✶✻✮ ❛♥❞ ✭✷✳✶✼✮ ✭t❤❡ ❧❛tt❡r r❡q✉✐r❡s q∗S > 0✮✳

❙t❡♣ ✸✿ ❙✉❜st✐t✉t✐♦♥✳ ❙✉❜st✐t✉t✐♥❣ t❤❡ t❤r❡❡ ✈❛❧✉❡ ✐❞❡♥t✐t✐❡s ✐♥t♦ t❤❡ s✐♥❣❧❡ ❜✉❞❣❡t ❝♦♥✲

str❛✐♥t ❛♥❞ ❝♦❧❧❡❝t✐♥❣ t❡r♠s ②✐❡❧❞s ✭❈✳✹✮✳

❙t❡♣ ✹✿ ❈♦♥❝❛✈✐t②✳ ❚❤❡ ❝♦♥str❛✐♥t ✭❈✳✹✮ ✐s ❧✐♥❡❛r ✐♥ (Qk1, Qk2, QH , qR, Tl1, Tl2)✳ ❚❤❡

♦❜❥❡❝t✐✈❡ U ✐s ❝♦♥❝❛✈❡ ❜② ❆ss✉♠♣t✐♦♥ ✷✳✶✳ ❍❡♥❝❡ ✭❈✳✸✮✕✭❈✳✹✮ ✐s ❛ ❝♦♥❝❛✈❡ ♣r♦❣r❛♠♠✐♥❣

♣r♦❜❧❡♠✱ ❛♥❞ (Q∗
k1, Q

∗
k2, Q

∗
H , q

∗
R, T

∗
l1, T

∗
l2) t♦❣❡t❤❡r ✇✐t❤ λ∗ s♦❧✈❡ ✐t✳ ■

❈✳✸ ❈❛s❡ ✷✿ q∗S = 0✱ T ∗
l1 > 0 ✭❲♦r❦❡r ✇✐t❤♦✉t P✉r❝❤❛s❡❞ ❍♦✉s❡❤♦❧❞

❍❡❧♣✮

■♥ t❤✐s ❝❛s❡✱ t❤❡ ❤♦✉s❡❤♦❧❞ s✉♣♣❧✐❡s ♠❛r❦❡t ❧❛❜♦r ❜✉t ❞♦❡s ♥♦t ♣✉r❝❤❛s❡ ❛♥② ❤♦✉s❡❤♦❧❞

s❡r✈✐❝❡s✳ ❚❤✐s ✐s t❤❡ s♣❛t✐❛❧ ❝♦✉♥t❡r♣❛rt ♦❢ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✱ ❙❡❝t✐♦♥ ✹✮✳

❚❤❡♦r❡♠ ❈✳✸ ✭❊q✉✐✈❛❧❡♥❝❡✱ ❈❛s❡ ✷✮✳ ❲✐t❤ q∗S = 0 ❛♥❞ T ∗
l1 > 0✱ ❞❡✜♥❡ t❤❡ ✐♠♣✉t❡❞

❤♦✉s❡❤♦❧❞✲✇♦r❦ ♣r✐❝❡ w∗
H ≡ U4H2/λ

∗ ❛♥❞ t❤❡ ♠♦❞✐✜❡❞ ❢✉❧❧ ♣r✐❝❡s P ∗,2
H ≡ cH(pH , w

∗
H)✳ ❚❤❡

t✇♦✲❝♦♥str❛✐♥t ♣r♦❜❧❡♠ ✐s ❡q✉✐✈❛❧❡♥t t♦✿

max U(qR, Qk1, Qk2, QH , Tl1, Tl2) ✭❈✳✺✮

s✉❜❥❡❝t t♦

pRqR + P ∗
k1Qk1 + P̃ ∗

k2Qk2 + P ∗,2
H QH + w∗Tl2 − (w − w∗)Tl1 + δ1d12 ≤ Y + w∗ T̃ . ✭❈✳✻✮

Pr♦♦❢✳ ❙t❡♣ ✶✿ ❋r♦♠ t✇♦ ❝♦♥str❛✐♥ts t♦ ❛ s✐♥❣❧❡ ❝♦♥str❛✐♥t✳ ❚❤❡ ▲❛❣r❛♥❣✐❛♥ ❢♦r t❤❡ ✇♦r❦❡r

✻✻



✇✐t❤ qS = 0 ✐s✿

LW,2 = U [qR, F (qk1, Tk1), G(qk2, Tk2), H(qH , Tl2), Tl1, Tl2]

+ λ[wTl1 + Y − pRqR − p2qk1 − p1qk2 − pHqH − δ1d12 − δ2d13Tk2]

+ ω[T̃ − Tl1 − Tl2 − Tk1 − (1 + d13)Tk2]. ✭❈✳✼✮

◆♦t❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ wSqS ❢r♦♠ t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ❛♥❞ qS ❢r♦♠ H(·)✳

❚❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ✐♥t❡r✐♦r ✈❛r✐❛❜❧❡s (qR, qk1, Tk1, qk2, Tk2, qH , Tl2, Tl1) ❛r❡✿

U1 = λ∗pR, ✭❈✳✽✮

U2F1 = λ∗p2, ✭❈✳✾✮

U2F2 = λ∗w∗, ✭❈✳✶✵✮

U3G1 = λ∗p1, ✭❈✳✶✶✮

U3G2 = λ∗πk2, ✭❈✳✶✷✮

U4H1(q
∗
H , T

∗
l2) = λ∗pH , ✭❈✳✶✸✮

U4H2(q
∗
H , T

∗
l2) + U6 = λ∗w∗, ✭❈✳✶✹✮

U5 = −λ∗(w − w∗). ✭❈✳✶✺✮

❚❤❡ ❑✉❤♥✕❚✉❝❦❡r ❝♦♥❞✐t✐♦♥ ❢♦r qS ✐s t❤❡ ✐♥❡q✉❛❧✐t②✿

U4H2(q
∗
H , T

∗
l2) ≤ λ∗wS. ✭❈✳✶✻✮

❙❡tt✐♥❣ ω = ω∗ = λ∗w∗ ❛♥❞ ❝♦♠❜✐♥✐♥❣ t❤❡ t✇♦ ❝♦♥str❛✐♥ts ❛s ✐♥ ❈❛s❡ ✶✿

pRq
∗
R + p2q

∗
k1 + w∗T ∗

k1 + p1q
∗
k2 + πk2T

∗
k2

+ pHq
∗
H + w∗T ∗

l2 − (w − w∗)T ∗
l1 + δ1d12 = Y + w∗ T̃ .

✻✼



❙t❡♣ ✷✿ ❆❣❣r❡❣❛t✐♦♥ ✈✐❛ ❞✉❛❧✐t②✳ ❋♦r F ❛♥❞ G✱ t❤❡ ❛❣❣r❡❣❛t✐♦♥ ✐s ✐❞❡♥t✐❝❛❧ t♦ ❈❛s❡ ✶✿

p2q
∗
k1 + w∗T ∗

k1 = P ∗
k1Q

∗
k1, ✭❈✳✶✼✮

p1q
∗
k2 + πk2T

∗
k2 = P̃ ∗

k2Q
∗
k2. ✭❈✳✶✽✮

❋♦r H✱ ❤♦✇❡✈❡r✱ t❤❡ s✐t✉❛t✐♦♥ ❞✐✛❡rs✳ ❙✐♥❝❡ q∗S = 0✱ t❤❡ t✐♠❡ ✐♥♣✉t t♦ H ✐s T ∗
l2 ❛❧♦♥❡ ✭♥♦t

T ∗
l2 + q∗S✮✳ ❚❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ✭❈✳✶✸✮ ❣✐✈❡s U4H1 = λ∗pH ✳ ❉❡✜♥❡✿

w∗
H ≡

U4H2(q
∗
H , T

∗
l2)

λ∗
> 0. ✭❈✳✶✾✮

❚❤✐s ✐s t❤❡ ✐♠♣✉t❡❞ s❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❤♦✉s❡❤♦❧❞ ✇♦r❦ t✐♠❡✱ ✇❤✐❝❤ ✐♥ ❈❛s❡ ✶ ❡q✉❛❧❡❞ wS ❜✉t

❤❡r❡ ✐s ❛♥ ✉♥♦❜s❡r✈❡❞ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛❜❧❡✳ ❋r♦♠ ✭❈✳✶✻✮✿ w∗
H ≤ wS✳

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❝♦st ♠✐♥✐♠✐③❛t✐♦♥ minq,t≥0{pHq+w∗
Ht : H(q, t) ≥ Q∗

H}✳ ❚❤❡ ✜rst✲♦r❞❡r

❝♦♥❞✐t✐♦♥s ❢♦r t❤✐s ♣r♦❜❧❡♠ ❛r❡ H1 = µ∗pH ❛♥❞ H2 = µ∗w∗
H ❢♦r s♦♠❡ µ∗ > 0✳ ❈♦♠♣❛r✐♥❣

✇✐t❤ ✭❈✳✶✸✮ ❛♥❞ ✭❈✳✶✾✮✿ µ∗ = λ∗/U4✳ ❍❡♥❝❡ (q∗H , T
∗
l2) s♦❧✈❡s t❤✐s ❝♦st ♠✐♥✐♠✐③❛t✐♦♥✱ ❛♥❞ ❜②

▲❡♠♠❛ ❈✳✶✭❞✮✿

pHq
∗
H + w∗

HT
∗
l2 = cH(pH , w

∗
H) ·H(q∗H , T

∗
l2) = P ∗,2

H Q∗
H . ✭❈✳✷✵✮

❙t❡♣ ✸✿ ❙✉❜st✐t✉t✐♦♥✳ ❋r♦♠ t❤❡ ❝♦♠❜✐♥❡❞ ❜✉❞❣❡t✲t✐♠❡ ✐❞❡♥t✐t②✱ ✇❡ ♥❡❡❞ t♦ ❡①♣r❡ss w∗T ∗
l2

✐♥ t❡r♠s ♦❢ P ∗,2
H Q∗

H ✳ ◆♦t❡ t❤❛t ✭❈✳✷✵✮ ❣✐✈❡s pHq∗H + w∗
HT

∗
l2 = P ∗,2

H Q∗
H ✳ ❚❤❡r❡❢♦r❡✿

pHq
∗
H + w∗T ∗

l2 = P ∗,2
H Q∗

H − (w∗
H − w∗)T ∗

l2. ✭❈✳✷✶✮

❙✉❜st✐t✉t✐♥❣ ✭❈✳✶✼✮✱ ✭❈✳✶✽✮✱ ❛♥❞ ✭❈✳✷✶✮ ✐♥t♦ t❤❡ ❝♦♠❜✐♥❡❞ ✐❞❡♥t✐t②✿

pRq
∗
R + P ∗

k1Q
∗
k1 + P̃ ∗

k2Q
∗
k2 + P ∗,2

H Q∗
H

− (w∗
H − w∗)T ∗

l2 − (w − w∗)T ∗
l1 + δ1d12 = Y + w∗ T̃ .

❙✐♥❝❡ U6 ≤ 0✱ ❡q✉❛t✐♦♥ ✭❈✳✶✹✮ ❛♥❞ ❞❡✜♥✐t✐♦♥ ✭❈✳✶✾✮ ❣✐✈❡ w∗ = w∗
H + U6/λ

∗ ≤ w∗
H ✱ s♦

✻✽



w∗
H − w∗ ≥ 0✳ ❚❤❡ t❡r♠ −(w∗

H − w∗)T ∗
l2 r❡♣r❡s❡♥ts t❤❡ ❞✐s✉t✐❧✐t② ❛❞❥✉st♠❡♥t ❢♦r ❤♦✉s❡❤♦❧❞

✇♦r❦✱ ❛♥❛❧♦❣♦✉s t♦ −(wS − w∗)T ∗
l2 ✐♥ ❈❛s❡ ✶ ❜✉t ✇✐t❤ t❤❡ ✉♥♦❜s❡r✈❡❞ w∗

H r❡♣❧❛❝✐♥❣ wS✳

❙t❡♣ ✹✿ ❈♦♥❝❛✈✐t②✳ ❚❤❡ s✐♥❣❧❡✲❝♦♥str❛✐♥t ♣r♦❜❧❡♠ ✭❈✳✺✮✕✭❈✳✻✮ ❤❛s ❛ ❧✐♥❡❛r ❝♦♥str❛✐♥t ❛♥❞

❛ ❝♦♥❝❛✈❡ ♦❜❥❡❝t✐✈❡✳ ❚❤❡ s♦❧✉t✐♦♥ (Q∗
k1, Q

∗
k2, Q

∗
H , q

∗
R, T

∗
l1, T

∗
l2) t♦❣❡t❤❡r ✇✐t❤ λ∗ s❛t✐s✜❡s t❤❡

✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ♦❢ t❤✐s ♣r♦❜❧❡♠✳

❆❞❞✐t✐♦♥❛❧ r❡q✉✐r❡♠❡♥t✳ ❯♥❧✐❦❡ ❈❛s❡ ✶✱ t❤✐s ❡q✉✐✈❛❧❡♥❝❡ r❡q✉✐r❡s ❦♥♦✇❧❡❞❣❡ ♦❢ t✇♦ ✉♥♦❜✲

s❡r✈❡❞ ♣r✐❝❡s✿ w∗ ✭❧❡✐s✉r❡ t✐♠❡✮ ❛♥❞ w∗
H ✭❤♦✉s❡❤♦❧❞ ✇♦r❦ t✐♠❡✮✳ ❊❝♦♥♦♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ♦❢

❜♦t❤ ✐s ♥❡❝❡ss❛r②❀ s❡❡ ❙❡❝t✐♦♥ ✼ ❛♥❞ ❆♣♣❡♥❞✐① ❇✳ ■

❘❡♠❛r❦ ❈✳✹ ✭❘❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ w∗✱ w∗
H ✱ ❛♥❞ wS✮✳ ■♥ ❈❛s❡ ✷✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦r❞❡r✐♥❣

❤♦❧❞s✿

0 < w∗ ≤ w∗
H ≤ wS. ✭❈✳✷✷✮

❚❤❡ ✜rst ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ U6 ≤ 0 ❛♥❞ ✭❈✳✶✹✮✳ ❚❤❡ s❡❝♦♥❞ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❑❚

❝♦♥❞✐t✐♦♥ ✭❈✳✶✻✮✳ ■❢ U6 = 0 ✭♥♦ ❞✐s✉t✐❧✐t② ♦❢ ❤♦✉s❡✇♦r❦✮✱ t❤❡♥ w∗ = w∗
H ❛♥❞ t❤❡ ❤♦✉s❡❤♦❧❞

✈❛❧✉❡s ❧❡✐s✉r❡ ❛♥❞ ❤♦✉s❡✇♦r❦ t✐♠❡ ✐❞❡♥t✐❝❛❧❧②✳ ■❢ ❛❞❞✐t✐♦♥❛❧❧② U5 = 0 ✭♥♦ ❞✐s✉t✐❧✐t② ♦❢ ♠❛r❦❡t

✇♦r❦✮✱ t❤❡♥ w∗ = w∗
H = w ❛♥❞ ✇❡ r❡❝♦✈❡r t❤❡ ❇❡❝❦❡r ❝❛s❡✖❜✉t t❤✐s ❛❧s♦ r❡q✉✐r❡s w ≤ wS ❢♦r

t❤❡ ❑❚ ❝♦♥❞✐t✐♦♥ t♦ ❜❡ ❝♦♥s✐st❡♥t✳ ❙❡❡ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✱ ❙❡❝t✐♦♥ ✹✮ ❢♦r ❢✉rt❤❡r

❞✐s❝✉ss✐♦♥✳

❘❡♠❛r❦ ❈✳✺ ✭❋✉❧❧ ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r ❈❛s❡ ✷✮✳ ❚❤❡ ❢✉❧❧ ✈❛❧✉❡ ♦❢ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ✐♥

❈❛s❡ ✷ ✐s✿

P ∗,2
H Q∗

H = pHq
∗
H + w∗

HT
∗
l2. ✭❈✳✷✸✮

❚❤✐s ❞✐✛❡rs ❢r♦♠ ❈❛s❡ ✶✬s P ∗
HQ

∗
H = pHq

∗
H +wS(T

∗
l2+q∗S) ✐♥ t✇♦ ✇❛②s✿ ✭✐✮ t❤❡ t✐♠❡ ♣r✐❝❡ ✐s w∗

H

✐♥st❡❛❞ ♦❢ wS✱ ❛♥❞ ✭✐✐✮ t❤❡ t✐♠❡ q✉❛♥t✐t② ✐s T ∗
l2 ✐♥st❡❛❞ ♦❢ T ∗

l2+q∗S ✭s✐♥❝❡ q∗S = 0✮✳ ❚❤❡ ♥❛t✐♦♥❛❧

✐♥❝♦♠❡ ❛❝❝♦✉♥t❛♥t ❢❛❝❡s ❛ ❝❤❛❧❧❡♥❣❡✿ w∗
H ✐s ✉♥♦❜s❡r✈❡❞✳ ❆ ❝♦♠♠♦♥ ♣r❛❝t✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥

✐s t♦ s❡t w∗
H ❡q✉❛❧ t♦ s♦♠❡ ❢r❛❝t✐♦♥ ♦❢ wS✱ ❛s s✉❣❣❡st❡❞ ❜② ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✱

❙❡❝t✐♦♥ ✶✵✮✳

✻✾



❈✳✹ ❈❛s❡ ✸✿ q∗S > 0✱ T ∗
l1 = 0 ✭◆♦♥✇♦r❦❡r ✇✐t❤ P✉r❝❤❛s❡❞ ❍♦✉s❡❤♦❧❞

❍❡❧♣✮

❚❤✐s ❝❛s❡ ❝♦✈❡rs ❤♦✉s❡❤♦❧❞s t❤❛t ❞♦ ♥♦t ♣❛rt✐❝✐♣❛t❡ ✐♥ ♠❛r❦❡t ❧❛❜♦r✖❡✳❣✳✱ r❡t✐r❡❡s ✇✐t❤

s✉✣❝✐❡♥t ♥♦♥❧❛❜♦r ✐♥❝♦♠❡✖❜✉t ❞♦ ♣✉r❝❤❛s❡ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s✳ ■t ✐s t❤❡ s♣❛t✐❛❧ ❝♦✉♥t❡r♣❛rt

♦❢ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✱ ❙❡❝t✐♦♥ ✺✮✳

❚❤❡♦r❡♠ ❈✳✻ ✭❊q✉✐✈❛❧❡♥❝❡✱ ❈❛s❡ ✸✮✳ ❲✐t❤ q∗S > 0 ❛♥❞ T ∗
l1 = 0✱ ❝♦♠♠✉t✐♥❣ ✈❛♥✐s❤❡s ❛♥❞

t❤❡ ❡✛❡❝t✐✈❡ t✐♠❡ ❡♥❞♦✇♠❡♥t ✐s T ✭♥♦t T̃ ✮✳ ❚❤❡ t✇♦✲❝♦♥str❛✐♥t ♣r♦❜❧❡♠ ✐s ❡q✉✐✈❛❧❡♥t t♦✿

max U(qR, Qk1, Qk2, QH , 0, Tl2) ✭❈✳✷✹✮

s✉❜❥❡❝t t♦

pRqR + P ∗
k1Qk1 + P̃ ∗

k2Qk2 + P ∗
HQH − (wS − w∗)Tl2 ≤ Y + w∗T. ✭❈✳✷✺✮

Pr♦♦❢✳ ❙t❡♣ ✶✿ ❚❤❡ ♥♦♥✇♦r❦❡r✬s ❝♦♥str❛✐♥ts✳ ❲✐t❤ T ∗
l1 = 0✱ t❤❡ ❤♦✉s❡❤♦❧❞ ❞♦❡s ♥♦t ❝♦♠♠✉t❡✳

❚❤❡ t✐♠❡ ❝♦♥str❛✐♥t ✐s✿

Tk1 + Tl2 + (1 + d13)Tk2 = T. ✭❈✳✷✻✮

◆♦t❡✿ T ❛♣♣❡❛rs ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✱ ♥♦t T̃ = T − d12✳ ❚❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✐s✿

pRqR + p2qk1 + p1qk2 + pHqH + wSqS + δ2d13Tk2 ≤ Y. ✭❈✳✷✼✮

◆♦t❡✿ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s Y ❛❧♦♥❡ ✭♥♦ ✇❛❣❡ ✐♥❝♦♠❡✮✱ ❛♥❞ t❤❡ ❝♦♠♠✉t✐♥❣ ❝♦st δ1d12 ✐s

❛❜s❡♥t✳

❚❤❡ ▲❛❣r❛♥❣✐❛♥ ✐s✿

LNW,3 = U [qR, F (qk1, Tk1), G(qk2, Tk2), H(qH , Tl2 + qS), 0, Tl2]

+ λ[Y − pRqR − p2qk1 − p1qk2 − pHqH − wSqS − δ2d13Tk2]

+ ω[T − Tk1 − Tl2 − (1 + d13)Tk2]. ✭❈✳✷✽✮

✼✵



❋✐rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ✐♥t❡r✐♦r ❝♦♥❞✐t✐♦♥s ❢♦r (qR, qk1, qk2, qH , qS, Tk2, Tl2) ❛r❡✿

U1 = λ∗pR, ✭❈✳✷✾✮

U2F1 = λ∗p2, ✭❈✳✸✵✮

U3G1 = λ∗p1, ✭❈✳✸✶✮

U4H1 = λ∗pH , ✭❈✳✸✷✮

U4H2 = λ∗wS, ✭❈✳✸✸✮

U3G2 = λ∗[δ2d13 + w∗(1 + d13)] = λ∗πk2, ✭❈✳✸✹✮

U4H2 + U6 = λ∗w∗. ✭❈✳✸✺✮

❚❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r Tk1 ✐s U2F2 = ω∗ = λ∗w∗✱ ✇❤✐❝❤ ✐s ❛❜s♦r❜❡❞ ✐♥t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ w∗✳

❋♦r Tl1✱ t❤❡ ❑✉❤♥✕❚✉❝❦❡r ❝♦♥❞✐t✐♦♥ ✭s✐♥❝❡ T ∗
l1 = 0✮ ✐s✿

U5 + λ∗w − ω∗ ≤ 0 ⇐⇒ U5 ≤ −λ∗(w − w∗). ✭❈✳✸✻✮

❚❤✐s ✐♥❡q✉❛❧✐t② ❞♦❡s ♥♦t ✐♥ ❣❡♥❡r❛❧ ❝♦♥str❛✐♥ w∗ r❡❧❛t✐✈❡ t♦ w✳ ■❢ U5 ✐s s✉✣❝✐❡♥t❧② ♥❡❣❛t✐✈❡✱

t❤❡ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ❡✈❡♥ ✇❤❡♥ w∗ > w✳ ❚❤✐s ✐s t❤❡ ❦❡② ❞✐✛❡r❡♥❝❡ ❢r♦♠ t❤❡ ✇♦r❦❡r ❝❛s❡s✳

❙t❡♣ ✷✿ ❋r♦♠ t✇♦ ❝♦♥str❛✐♥ts t♦ ❛ s✐♥❣❧❡ ❝♦♥str❛✐♥t✳ ❙❡tt✐♥❣ ω = ω∗ = λ∗w∗ ❛♥❞ ❝♦♠❜✐♥✲

✐♥❣ ✭❈✳✷✻✮×w∗ ✇✐t❤ ✭❈✳✷✼✮✿

pRq
∗
R + p2q

∗
k1 + w∗T ∗

k1 + p1q
∗
k2 + [w∗(1 + d13) + δ2d13]T

∗
k2

+ pHq
∗
H + wSq

∗
S + w∗T ∗

l2 = Y + w∗T. ✭❈✳✸✼✮

❙t❡♣ ✸✿ ❆❣❣r❡❣❛t✐♦♥ ✈✐❛ ❞✉❛❧✐t②✳ ❋♦r F ✿ ❝♦♥❞✐t✐♦♥s ✭❈✳✸✵✮ ❛♥❞ U2F2 = λ∗w∗ ✐♠♣❧② t❤❛t

(q∗k1, T
∗
k1) s♦❧✈❡s min{p2q + w∗t : F (q, t) ≥ Q∗

k1}✳ ❇② ▲❡♠♠❛ ❈✳✶✭❞✮✿

p2q
∗
k1 + w∗T ∗

k1 = cF (p2, w
∗) · F (q∗k1, T

∗
k1) = P ∗

k1Q
∗
k1. ✭❈✳✸✽✮

✼✶



❋♦r G✿ ❝♦♥❞✐t✐♦♥s ✭❈✳✸✶✮ ❛♥❞ ✭❈✳✸✹✮ ✐♠♣❧② t❤❛t (q∗k2, T
∗
k2) s♦❧✈❡s min{p1q+πk2t : G(q, t) ≥

Q∗
k2}✳ ❚❤❡r❡❢♦r❡✿

p1q
∗
k2 + πk2T

∗
k2 = cG(p1, πk2) ·G(q∗k2, T

∗
k2) = P̃ ∗

k2Q
∗
k2. ✭❈✳✸✾✮

❋♦r H✿ s✐♥❝❡ q∗S > 0✱ ❝♦♥❞✐t✐♦♥ ✭❈✳✸✸✮ ❤♦❧❞s ✇✐t❤ ❡q✉❛❧✐t②✱ s♦ wS ✐s t❤❡ r❡❧❡✈❛♥t ♣r✐❝❡✳

❈♦♥❞✐t✐♦♥s ✭❈✳✸✷✮ ❛♥❞ ✭❈✳✸✸✮ ✐♠♣❧② t❤❛t (q∗H , T
∗
l2+q∗S) s♦❧✈❡s min{pHq+wSt : H(q, t) ≥ Q∗

H}✿

pHq
∗
H + wS(T

∗
l2 + q∗S) = cH(pH , wS) ·H(q∗H , T

∗
l2 + q∗S) = P ∗

HQ
∗
H . ✭❈✳✹✵✮

❙t❡♣ ✹✿ ❙✉❜st✐t✉t✐♦♥✳ ❋r♦♠ ✭❈✳✹✵✮✿ pHq
∗
H + wSq

∗
S = P ∗

HQ
∗
H − wST

∗
l2✳ ❚❤❡ ❝♦♠❜✐♥❡❞

✐❞❡♥t✐t② ✭❈✳✸✼✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✉s✐♥❣ wSq
∗
S + w∗T ∗

l2 = (P ∗
HQ

∗
H − pHq

∗
H − wST

∗
l2) + w∗T ∗

l2 =

P ∗
HQ

∗
H − pHq

∗
H − (wS − w∗)T ∗

l2✿

pRq
∗
R + P ∗

k1Q
∗
k1 + P̃ ∗

k2Q
∗
k2 + P ∗

HQ
∗
H − (wS − w∗)T ∗

l2 = Y + w∗T.

❚❤✐s ✐s ❡①❛❝t❧② t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✭❈✳✷✺✮✳

❙t❡♣ ✺✿ ❈♦♥❝❛✈✐t②✳ ❚❤❡ ❝♦♥str❛✐♥t ✭❈✳✷✺✮ ✐s ❧✐♥❡❛r✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ U(qR, Qk1, Qk2, QH , 0, Tl2)

✐s ❝♦♥❝❛✈❡ ✐♥ ✐ts ❛r❣✉♠❡♥ts✳ ❚❤❡ s♦❧✉t✐♦♥ s❛t✐s✜❡s t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ♦❢ ♣r♦❜❧❡♠

✭❈✳✷✹✮✕✭❈✳✷✺✮✳ ■

❘❡♠❛r❦ ❈✳✼ ✭◆♦♥✇♦r❦❡r ❢✉❧❧ ✐♥❝♦♠❡✮✳ ❚❤❡ ❢✉❧❧ ✐♥❝♦♠❡ ❢♦r t❤❡ ♥♦♥✇♦r❦❡r ❝❛s❡ ✐s✿

FI
NW = Y + w∗T. ✭❈✳✹✶✮

❈♦♠♣❛r✐♥❣ ✇✐t❤ t❤❡ ✇♦r❦❡r ❢✉❧❧ ✐♥❝♦♠❡ FIW = Y − δ1d12 +w∗(T − d12) = Y +w∗T − (w∗ +

δ1)d12✿ t❤❡ ✇♦r❦❡r✬s ❢✉❧❧ ✐♥❝♦♠❡ ✐s r❡❞✉❝❡❞ ❜② (w∗ + δ1)d12 r❡❧❛t✐✈❡ t♦ t❤❡ ♥♦♥✇♦r❦❡r✬s✳ ❚❤✐s

✐s t❤❡ ❢✉❧❧ ✇❡❧❢❛r❡ ❝♦st ♦❢ ❝♦♠♠✉t✐♥❣✳

❘❡♠❛r❦ ❈✳✽ ✭❙❤❛❞♦✇✲♣r✐❝❡ ❜♦✉♥❞ ✐♥ ❈❛s❡ ✸✮✳ ❋r♦♠ ✭❈✳✸✸✮ ❛♥❞ ✭❈✳✸✺✮✿ U6 = −λ∗(wS−w∗)✱

✼✷



s♦ w∗ ≤ wS✳ ❚❤❡ ❑❚ ❝♦♥❞✐t✐♦♥ ✭❈✳✸✻✮ ❞♦❡s ♥♦t ❣❡♥❡r❛❧❧② ❜♦✉♥❞ w∗ r❡❧❛t✐✈❡ t♦ w✳ ❍❡♥❝❡✿

0 < w∗ ≤ wS. ✭❈✳✹✷✮

■❢ U6 = 0✱ t❤❡♥ w∗ = wS✱ ❛♥❞ t❤❡ ♥♦♥✇♦r❦❡r ✈❛❧✉❡s ❧❡✐s✉r❡ ❛t t❤❡ ❤♦✉s❡❤♦❧❞✲s❡r✈✐❝❡s ✇❛❣❡✳

❚❤✐s ✐s t❤❡ ♥♦♥✇♦r❦❡r ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ❇❡❝❦❡r ✈❛❧✉❛t✐♦♥ r✉❧❡✱ ✉s✐♥❣ wS ✐♥st❡❛❞ ♦❢ w✳

❘❡♠❛r❦ ❈✳✾ ✭❘❡❧❛t✐♦♥s❤✐♣ t♦ ❉✐❡✇❡rt ✭✷✵✶✹✱ ❙❡❝t✐♦♥ ✺✮✮✳ ❚❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✭❈✳✷✺✮

❝♦rr❡s♣♦♥❞s t♦ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✱ ❊q✳ ✻✼✮✱ ✇✐t❤ t✇♦ s♣❛t✐❛❧ ♠♦❞✐✜❝❛t✐♦♥s✿ ✭✐✮

t❤❡ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ ❢✉❧❧ ♣r✐❝❡ P̃ ∗
k2 = cG(p1, πk2) r❡♣❧❛❝❡s cG(p1, w

∗)✱ r❡✢❡❝t✐♥❣ tr❛✈❡❧ ❝♦sts❀

✭✐✐✮ t❤❡ ❡✛❡❝t✐✈❡ t✐♠❡ ❡♥❞♦✇♠❡♥t r❡♠❛✐♥s T ✭♥♦t T̃ ✮ ❜❡❝❛✉s❡ ♥♦ ❝♦♠♠✉t✐♥❣ ♦❝❝✉rs✳ ❯♥❧✐❦❡

❈❛s❡s ✶✕✷✱ t❤❡ ❤♦✉s❡❤♦❧❞✬s ❢✉❧❧ ✐♥❝♦♠❡ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ d12✿ ♥♦♥✇♦r❦❡rs ❛r❡ ✐♥❞✐✛❡r❡♥t

t♦ ❝♦♠♠✉t✐♥❣ ❞✐st❛♥❝❡✳

❈✳✺ ❈❛s❡ ✹✿ q∗S = 0✱ T ∗
l1 = 0 ✭◆♦♥✇♦r❦❡r ✇✐t❤♦✉t P✉r❝❤❛s❡❞ ❍♦✉s❡✲

❤♦❧❞ ❍❡❧♣✮

❚❤✐s ✐s t❤❡ ♠♦st ❝♦♥str❛✐♥❡❞ ❝❛s❡✿ ❛ ❢r✉❣❛❧ r❡t✐r❡❞ ❤♦✉s❡❤♦❧❞ t❤❛t ♥❡✐t❤❡r ✇♦r❦s ♥♦r ♣✉r❝❤❛s❡s

❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s✳ ■t ✐s t❤❡ s♣❛t✐❛❧ ❝♦✉♥t❡r♣❛rt ♦❢ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✱ ❙❡❝t✐♦♥ ✻✮✳

❚❤❡♦r❡♠ ❈✳✶✵ ✭❊q✉✐✈❛❧❡♥❝❡✱ ❈❛s❡ ✹✮✳ ❲✐t❤ q∗S = 0 ❛♥❞ T ∗
l1 = 0✱ t❤❡ t✇♦✲❝♦♥str❛✐♥t ♣r♦❜❧❡♠

✐s ❡q✉✐✈❛❧❡♥t t♦✿

max U(qR, Qk1, Qk2, QH , 0, Tl2) ✭❈✳✹✸✮

s✉❜❥❡❝t t♦

pRqR + P ∗
k1Qk1 + P̃ ∗

k2Qk2 + P ∗,2
H QH − (w∗

H − w∗)Tl2 ≤ Y + w∗T, ✭❈✳✹✹✮

✇❤❡r❡ P ∗,2
H = cH(pH , w

∗
H) ❛♥❞ w∗

H = U4H2/λ
∗✳

Pr♦♦❢✳ ❙t❡♣ ✶✿ ❚❤❡ ❢r✉❣❛❧ ♥♦♥✇♦r❦❡r✬s ❝♦♥str❛✐♥ts✳ ❲✐t❤ T ∗
l1 = 0 ❛♥❞ q∗S = 0✱ t❤❡ t✐♠❡

✼✸



❝♦♥str❛✐♥t ✐s ✭❈✳✷✻✮ ❛♥❞ t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✐s✿

pRqR + p2qk1 + p1qk2 + pHqH + δ2d13Tk2 ≤ Y. ✭❈✳✹✺✮

❚❤❡ ▲❛❣r❛♥❣✐❛♥ ✐s✿

LNW,4 = U [qR, F (qk1, Tk1), G(qk2, Tk2), H(qH , Tl2), 0, Tl2]

+ λ[Y − pRqR − p2qk1 − p1qk2 − pHqH − δ2d13Tk2]

+ ω[T − Tk1 − Tl2 − (1 + d13)Tk2]. ✭❈✳✹✻✮

❋✐rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s✳ ❋♦r t❤❡ ✐♥t❡r✐♦r ✈❛r✐❛❜❧❡s (qR, qk1, qk2, qH , Tk2, Tl2)✿

U1 = λ∗pR, ✭❈✳✹✼✮

U2F1 = λ∗p2, ✭❈✳✹✽✮

U3G1 = λ∗p1, ✭❈✳✹✾✮

U4H1(q
∗
H , T

∗
l2) = λ∗pH , ✭❈✳✺✵✮

U3G2 = λ∗πk2, ✭❈✳✺✶✮

U4H2(q
∗
H , T

∗
l2) + U6 = λ∗w∗. ✭❈✳✺✷✮

❚❤❡ ❑✉❤♥✕❚✉❝❦❡r ❝♦♥❞✐t✐♦♥s ❢♦r qS ❛♥❞ Tl1 ❛r❡✿

U4H2(q
∗
H , T

∗
l2) ≤ λ∗wS, ✭❈✳✺✸✮

U5 ≤ −λ∗(w − w∗). ✭❈✳✺✹✮

✼✹



❙t❡♣ ✷✿ ❋r♦♠ t✇♦ ❝♦♥str❛✐♥ts t♦ ❛ s✐♥❣❧❡ ❝♦♥str❛✐♥t✳ ❈♦♠❜✐♥✐♥❣ ✭❈✳✷✻✮×w∗ ✇✐t❤ ✭❈✳✹✺✮✿

pRq
∗
R + p2q

∗
k1 + w∗T ∗

k1 + p1q
∗
k2 + πk2T

∗
k2

+ pHq
∗
H + w∗T ∗

l2 = Y + w∗T. ✭❈✳✺✺✮

❙t❡♣ ✸✿ ❆❣❣r❡❣❛t✐♦♥ ✈✐❛ ❞✉❛❧✐t②✳ ❋♦r F ✿ ✐❞❡♥t✐❝❛❧ t♦ ❈❛s❡s ✶✕✸✳ p2q∗k1 + w∗T ∗
k1 = P ∗

k1Q
∗
k1✳

❋♦r G✿ ✐❞❡♥t✐❝❛❧ t♦ ❈❛s❡s ✶✕✸✳ p1q∗k2 + πk2T
∗
k2 = P̃ ∗

k2Q
∗
k2✳

❋♦rH✿ s✐♥❝❡ q∗S = 0✱ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ❈❛s❡ ✷ ❛♣♣❧✐❡s✳ ❉❡✜♥❡ w∗
H ≡ U4H2(q

∗
H , T

∗
l2)/λ

∗✳

❈♦♥❞✐t✐♦♥s ✭❈✳✺✵✮ ❛♥❞ ✭❈✳✺✷✮ ✭✈✐❛ w∗
H✮ ✐♠♣❧②✿

pHq
∗
H + w∗

HT
∗
l2 = cH(pH , w

∗
H) ·H(q∗H , T

∗
l2) = P ∗,2

H Q∗
H . ✭❈✳✺✻✮

❙t❡♣ ✹✿ ❙✉❜st✐t✉t✐♦♥✳ ❘❡✇r✐t✐♥❣ w∗T ∗
l2 = w∗

HT
∗
l2 − (w∗

H − w∗)T ∗
l2 ❛♥❞ ✉s✐♥❣ ✭❈✳✺✻✮✿

pHq
∗
H + w∗T ∗

l2 = P ∗,2
H Q∗

H − (w∗
H − w∗)T ∗

l2.

❙✉❜st✐t✉t✐♥❣ ✐♥t♦ ✭❈✳✺✺✮✿

pRq
∗
R + P ∗

k1Q
∗
k1 + P̃ ∗

k2Q
∗
k2 + P ∗,2

H Q∗
H − (w∗

H − w∗)T ∗
l2 = Y + w∗T,

✇❤✐❝❤ ✐s ✭❈✳✹✹✮✳

❙t❡♣ ✺✿ ❈♦♥❝❛✈✐t②✳ ■❞❡♥t✐❝❛❧ t♦ ❙t❡♣ ✹ ♦❢ ❈❛s❡ ✷✳

❚✇♦ ✉♥♦❜s❡r✈❡❞ ♣r✐❝❡s✳ ❆s ✐♥ ❈❛s❡ ✷✱ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡q✉✐r❡s ❦♥♦✇❧❡❞❣❡ ♦❢ ❜♦t❤ w∗ ❛♥❞

w∗
H ✳ ■

❘❡♠❛r❦ ❈✳✶✶ ✭❖r❞❡r✐♥❣ ♦❢ s❤❛❞♦✇ ♣r✐❝❡s ✐♥ ❈❛s❡ ✹✮✳ ❚❤❡ ♦r❞❡r✐♥❣ ✐s✿

0 < w∗ ≤ w∗
H ≤ wS. ✭❈✳✺✼✮

✼✺



❚❤❡ ✜rst ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ U6 ≤ 0 ❛♥❞ ✭❈✳✺✷✮✳ ❚❤❡ s❡❝♦♥❞ ❢♦❧❧♦✇s ❢r♦♠ ✭❈✳✺✸✮✳ ❲❤❡♥

wr
S = +∞ ✭♥♦ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ r❡❣✐♦♥✮✱ t❤❡ ❜♦✉♥❞ w∗

H ≤ wr
S ✐s ✈❛❝✉♦✉s✱

❛♥❞ w∗
H ✐s ✉♥❝♦♥str❛✐♥❡❞ ❢r♦♠ ❛❜♦✈❡✳ ■♥ t❤✐s s✉♣♣❧②✲❝♦♥str❛✐♥❡❞ ❝❛s❡✱ w∗

H ♠❛② s✉❜st❛♥t✐❛❧❧②

❡①❝❡❡❞ ♠❛r❦❡t ♣r✐❝❡s ♦❜s❡r✈❡❞ ✐♥ ✉r❜❛♥ ❛r❡❛s✱ r❡✢❡❝t✐♥❣ t❤❡ ❤✐❣❤ ✐♠♣❧✐❝✐t ❝♦st ♦❢ s❡❧❢✲♣r♦✈✐s✐♦♥

✐♥ ❛♥ ✉♥❞❡rs❡r✈❡❞ r❡❣✐♦♥✳

❘❡♠❛r❦ ❈✳✶✷ ✭Pr❛❝t✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❈❛s❡ ✹✮✳ ❯♥t✐❧ ❡❝♦♥♦♠❡tr✐❝ ❡st✐♠❛t❡s ♦❢ w∗ ❛♥❞

w∗
H ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ❛ ♣r❛❝t✐❝❛❧ ❛♣♣r♦❛❝❤ ✐s t♦ ❛ss✉♠❡ U6 = 0 ✭♥♦ ❡①tr❛ ❞✐s✉t✐❧✐t② ♦❢ ❤♦✉s❡✇♦r❦✮✱

✇❤✐❝❤ ❣✐✈❡s w∗ = w∗
H ✳ ❚❤❡ ♥❛t✐♦♥❛❧ ✐♥❝♦♠❡ ❛❝❝♦✉♥t❛♥t t❤❡♥ ♥❡❡❞s ♦♥❧② ♦♥❡ s❤❛❞♦✇ ♣r✐❝❡✳

❙✐♥❝❡ w∗
H ≤ wS✱ ❛ r❡❛s♦♥❛❜❧❡ ❣✉❡ss ✐s w∗ = w∗

H = α · wS ❢♦r s♦♠❡ α ∈ (0, 1]✳ ❚❤✐s ✐s t❤❡

r❡❝♦♠♠❡♥❞❛t✐♦♥ ♦❢ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✱ ❙❡❝t✐♦♥ ✶✵✮✳

❘❡♠❛r❦ ❈✳✶✸ ✭❈♦rr❡s♣♦♥❞❡♥❝❡ t♦ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✮✮✳ ❚❤❡♦r❡♠s ❈✳✷✕❈✳✶✵ ❡①✲

t❡♥❞ ❙❝❤r❡②❡r ❛♥❞ ❉✐❡✇❡rt ✭✷✵✶✹✱ ❊qs✳ ✹✸✱ ✺✾✱ ✻✼✱ ✼✾✮ t♦ t❤❡ s♣❛t✐❛❧ s❡tt✐♥❣✳ ❚❤❡ s♣❛t✐❛❧

♠♦❞✐✜❝❛t✐♦♥s ❛r❡✿ ✭✐✮ t❤❡ ❡✛❡❝t✐✈❡ t✐♠❡ ❡♥❞♦✇♠❡♥t T̃ = T − d12 r❡♣❧❛❝❡s T ✐♥ ✇♦r❦❡r ❝❛s❡s

✭❈❛s❡s ✶✕✷✮ ❜✉t ♥♦t ✐♥ ♥♦♥✇♦r❦❡r ❝❛s❡s ✭❈❛s❡s ✸✕✹✮❀ ✭✐✐✮ t❤❡ ❝♦♠♠✉t✐♥❣ ✜①❡❞ ❝♦st δ1d12 ❛♣✲

♣❡❛rs ✐♥ t❤❡ ✇♦r❦❡r ❜✉❞❣❡t ❝♦♥str❛✐♥t❀ ✭✐✐✐✮ t❤❡ ❢✉❧❧ ♣r✐❝❡ ♦❢ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ P̃ ∗
k2 = cG(p1, πk2)

✐♥❝♦r♣♦r❛t❡s tr❛✈❡❧ ❝♦sts ✐♥ ❛❧❧ ❢♦✉r ❝❛s❡s✳

❉ ❙✉♣❡r❧❛t✐✈❡ ■♥❞❡① ❚❤❡♦r②✿ ❉❡t❛✐❧❡❞ Pr♦♦❢s

❉✳✶ ❙✉♣❡r❧❛t✐✈❡ Pr♦♣❡rt② ♦❢ t❤❡ ❋✐s❤❡r ■♥❞❡①

❲❡ ♣r♦✈✐❞❡ ❛ s❡❧❢✲❝♦♥t❛✐♥❡❞ ♣r♦♦❢ t❤❛t t❤❡ ❋✐s❤❡r ✐❞❡❛❧ ✐♥❞❡① ✐s s✉♣❡r❧❛t✐✈❡ ❢♦r t❤❡ ❝❧❛ss ♦❢

❤♦♠♦❣❡♥❡♦✉s q✉❛❞r❛t✐❝ ❛❣❣r❡❣❛t♦rs✱ ❢♦❧❧♦✇✐♥❣ ❉✐❡✇❡rt ✭✶✾✼✻✮✳

❉❡✜♥✐t✐♦♥ ❉✳✶ ✭❍♦♠♦❣❡♥❡♦✉s q✉❛❞r❛t✐❝✮✳ ❆ ❢✉♥❝t✐♦♥ J : R
N
+ → R+ ✐s ❤♦♠♦❣❡♥❡♦✉s

q✉❛❞r❛t✐❝ ✐❢

J(q) = [q′Aq]
1/2 ✭❉✳✶✮

✼✻



✇❤❡r❡ A ✐s ❛♥ N × N s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① ✭s✐♥❣✉❧❛r ❝❛s❡s ❡①❝❧✉❞❡❞❀ s❡❡ ❆s✲

s✉♠♣t✐♦♥ ✷✳✷✮✳

❚❤❡♦r❡♠ ❉✳✷ ✭❉✐❡✇❡rt✱ ✶✾✼✻✮✳ ■❢ J ✐s ❤♦♠♦❣❡♥❡♦✉s q✉❛❞r❛t✐❝✱ t❤❡♥ t❤❡ ❋✐s❤❡r ✐❞❡❛❧ q✉❛♥t✐t②

✐♥❞❡① Q10
F ❡①❛❝t❧② ❡q✉❛❧s t❤❡ tr✉❡ q✉❛♥t✐t② r❛t✐♦ J(q1)/J(q0)✳

Pr♦♦❢✳ ❙❡t✉♣✳ ❙✐♥❝❡ A ✐s s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ✭❆ss✉♠♣t✐♦♥ ✷✳✷✱ ❧❛st s❡♥t❡♥❝❡✮✱ A−1

❡①✐sts✳ ❚❤❡ ✉♥✐t ❝♦st ❢✉♥❝t✐♦♥ ❞✉❛❧ t♦ J(q) = (q′Aq)1/2 ✐s✿

cJ(p) = min
q≥0

{p · q : J(q) ≥ 1} = (p′A−1p)1/2.

❇② ❙❤❡♣❤❛r❞✬s ▲❡♠♠❛✱ t❤❡ ❝♦st✲♠✐♥✐♠✐③✐♥❣ q✉❛♥t✐t② ✈❡❝t♦r s❛t✐s❢②✐♥❣ J(q∗) = Q ❛t ♣r✐❝❡s

p ✐s✿

q∗ = Q · ∇pc
J(p) = Q ·

A−1p

(p′A−1p)1/2
. ✭❉✳✷✮

❙t❡♣ ✶✿ ▲❛s♣❡②r❡s ✐♥❞❡①✳

p0 · q1 = J(q1) · p0 ·
A−1p1

(p1′A−1p1)1/2
= J(q1) ·

p0′A−1p1

cJ(p1)
.

❆❧s♦✱ p0 · q0 = J(q0) · cJ(p0) ✭s✐♥❝❡ p · q∗ = QcJ(p) ❜② ❤♦♠♦❣❡♥❡✐t②✮✳ ❚❤✉s✿

Q10
L =

p0 · q1

p0 · q0
=

J(q1)

J(q0)
·

p0′A−1p1

cJ(p0)cJ(p1)
.

❙t❡♣ ✷✿ P❛❛s❝❤❡ ✐♥❞❡①✳ ❇② s②♠♠❡tr✐❝ r❡❛s♦♥✐♥❣ ✇✐t❤ p0 ❛♥❞ p1 s✇❛♣♣❡❞✿

Q10
P =

p1 · q1

p1 · q0
=

J(q1)

J(q0)
·
cJ(p1)cJ(p0)

p1′A−1p0
.

❙t❡♣ ✸✿ ❋✐s❤❡r ✐♥❞❡①✳

Q10
L ·Q10

P =

[
J(q1)

J(q0)

]2
·
p0′A−1p1

p1′A−1p0
=

[
J(q1)

J(q0)

]2
,

✼✼



✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ✉s❡s p0′A−1p1 = p1′A−1p0 ✭s②♠♠❡tr② ♦❢ A−1✮✳ ❚❤❡r❡❢♦r❡✿

Q10
F =

[
Q10

L ·Q10
P

]1/2
=

J(q1)

J(q0)
. ■

❈♦r♦❧❧❛r② ❉✳✸ ✭❋❧❡①✐❜✐❧✐t②✮✳ ❚❤❡ ❤♦♠♦❣❡♥❡♦✉s q✉❛❞r❛t✐❝ ❢❛♠✐❧② ✇✐t❤ N = 2 ❤❛s ✸ ❢r❡❡

♣❛r❛♠❡t❡rs ✭a11, a12, a22✮✱ ✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ ♥✉♠❜❡r ♥❡❡❞❡❞ t♦ ♠❛t❝❤ ❛♥ ❛r❜✐tr❛r② t✇✐❝❡✲

❞✐✛❡r❡♥t✐❛❜❧❡ ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s ❢✉♥❝t✐♦♥ t♦ s❡❝♦♥❞ ♦r❞❡r ❛t ❛ ❣✐✈❡♥ ♣♦✐♥t✳ ❍❡♥❝❡ t❤❡

❋✐s❤❡r ✐♥❞❡① ✐s s✉♣❡r❧❛t✐✈❡✿ ✐t ♣r♦✈✐❞❡s ❛ s❡❝♦♥❞✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ tr✉❡ r❛t✐♦ ❢♦r

❛r❜✐tr❛r② ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s J ✳

❉✳✷ ❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❙♣❛t✐❛❧ ▼♦❞❡❧

Pr♦♣♦s✐t✐♦♥ ❉✳✹ ✭❋✐rst✲st❛❣❡ ❛❣❣r❡❣❛t✐♦♥✿ ❍♦♠❡ ❧❡✐s✉r❡✮✳ ❋♦r ❤♦♠❡ ❧❡✐s✉r❡✱ t❤❡ ❋✐s❤❡r

q✉❛♥t✐t② ✐♥❞❡①

Q10
F (k1) =

[
p02q

1
k1 + w∗0T 1

k1

p02q
0
k1 + w∗0T 0

k1

·
p12q

1
k1 + w∗1T 1

k1

p12q
0
k1 + w∗1T 0

k1

]1/2

s❛t✐s✜❡s Q10
F (k1) = F (q1k1, T

1
k1)/F (q0k1, T

0
k1) ✇❤❡♥ F ✐s ❤♦♠♦❣❡♥❡♦✉s q✉❛❞r❛t✐❝✳ ▼♦r❡ ❣❡♥❡r✲

❛❧❧②✱ Q10
F (k1) ❛♣♣r♦①✐♠❛t❡s t❤❡ tr✉❡ r❛t✐♦ t♦ s❡❝♦♥❞ ♦r❞❡r ❢♦r ❛r❜✐tr❛r② ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s

F ✳

Pr♦♦❢✳ ❉✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ❉✳✷ ✇✐t❤ N = 2✱ qt = (qtk1, T
t
k1)✱ p

t = (pt2, w
∗t)✱ ❛♥❞

J = F ✳ ■

❆♥❛❧♦❣♦✉s r❡s✉❧ts ❤♦❧❞ ❢♦r G ✭✉s✐♥❣ ♣r✐❝❡s (p1, πk2)✮ ❛♥❞ H ✭✉s✐♥❣ ♣r✐❝❡s (pH , wS) ✐♥

❈❛s❡s ✶✱✸ ♦r (pH , w∗
H) ✐♥ ❈❛s❡s ✷✱✹✮✳

❉✳✸ ❙❡❝♦♥❞✲❙t❛❣❡ ❆❣❣r❡❣❛t✐♦♥✿ ❋✉❧❧ ❈♦♥s✉♠♣t✐♦♥

Pr♦♣♦s✐t✐♦♥ ❉✳✺ ✭❙❡❝♦♥❞✲st❛❣❡ ❛❣❣r❡❣❛t✐♦♥✮✳ ●✐✈❡♥ t❤❡ ✜rst✲st❛❣❡ ❛❣❣r❡❣❛t❡s (P r
k1, Q

r
k1)✱

(P̃ r
k2, Q

r
k2)✱ (P r

H , Q
r
H) ❛♥❞ ❤♦✉s✐♥❣ (prR, q

r
R)✱ ❞❡✜♥❡ t❤❡ ❢✉❧❧✲❝♦♥s✉♠♣t✐♦♥ ♣r✐❝❡ ❛♥❞ q✉❛♥t✐t②

✼✽



✈❡❝t♦rs✿

Pr = (prR, P
r
k1, P̃

r
k2, P

r
H), Qr = (qrR, Q

r
k1, Q

r
k2, Q

r
H).

❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✻✳✸ ✭t❤❡ ✉♣♣❡r✲❧❡✈❡❧ ❛❣❣r❡❣❛t♦r Ψ ✐s ❧✐♥❡❛r❧② ❤♦♠♦❣❡♥❡♦✉s✮✱ t❤❡ ❋✐s❤❡r

q✉❛♥t✐t② ✐♥❞❡①

Qr0
FC =

[
P0 ·Qr

P0 ·Q0
·
Pr ·Qr

Pr ·Q0

]1/2

✐s s✉♣❡r❧❛t✐✈❡ ❢♦r t❤❡ ✉♣♣❡r✲❧❡✈❡❧ ❛❣❣r❡❣❛t✐♦♥✳ ❲❤❡♥ Ψ ✐s ❤♦♠♦❣❡♥❡♦✉s q✉❛❞r❛t✐❝✱ Qr0
FC =

Ψ(Qr)/Ψ(Q0) ❡①❛❝t❧② ✭❜② ❚❤❡♦r❡♠ ❉✳✷✮✳

❘❡♠❛r❦ ❉✳✻ ✭❚✇♦✲st❛❣❡ ❝♦♥s✐st❡♥❝②✮✳ ■❢ ❜♦t❤ t❤❡ ❧♦✇❡r✲❧❡✈❡❧ F,G,H ❛♥❞ t❤❡ ✉♣♣❡r✲❧❡✈❡❧

❛❣❣r❡❣❛t♦r ❜❡❧♦♥❣ t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s q✉❛❞r❛t✐❝ ❝❧❛ss✱ t❤❡♥ t❤❡ t✇♦✲st❛❣❡ ❋✐s❤❡r ❛❣❣r❡✲

❣❛t✐♦♥ ✐s ❡①❛❝t❧② ❝♦♥s✐st❡♥t✿ t❤❡ r❡s✉❧t ❝♦✐♥❝✐❞❡s ✇✐t❤ ❞✐r❡❝t ♦♥❡✲st❛❣❡ ❋✐s❤❡r ❛❣❣r❡❣❛t✐♦♥

♦✈❡r ❛❧❧ ♣r✐♠✐t✐✈❡ ✐♥♣✉ts✳ ❋♦r ♦t❤❡r ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s✱ t❤❡ t✇♦✲st❛❣❡ ♣r♦❝❡❞✉r❡ ✐♥tr♦❞✉❝❡s ❛♥

❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r t❤❛t ✐s ♦❢ t❤✐r❞ ♦r❞❡r ✭❉✐❡✇❡rt✱ ✶✾✼✻✮✳

❉✳✹ ❚❤❡ ❚ör♥q✈✐st ■♥❞❡① ❛s ❛♥ ❆❧t❡r♥❛t✐✈❡

❉❡✜♥✐t✐♦♥ ❉✳✼ ✭❚ör♥q✈✐st q✉❛♥t✐t② ✐♥❞❡①✮✳

lnQ10
T =

N∑

n=1

1

2
(s0n + s1n) ln

q1n
q0n

, ✭❉✳✸✮

✇❤❡r❡ stn = ptnq
t
n/(p

t · qt) ✐s t❤❡ ❡①♣❡♥❞✐t✉r❡ s❤❛r❡ ♦❢ ✐♥♣✉t n ✐♥ ♣❡r✐♦❞ t✳

Pr♦♣♦s✐t✐♦♥ ❉✳✽ ✭❚ör♥q✈✐st s✉♣❡r❧❛t✐✈❡ ♣r♦♣❡rt②✮✳ ❚❤❡ ❚ör♥q✈✐st ✐♥❞❡① ✐s ❡①❛❝t ❢♦r t❤❡

tr❛♥s❧♦❣ ❛❣❣r❡❣❛t♦r ln J(q) = α0 +
∑

n αn ln qn + 1
2

∑
n

∑
m γnm ln qn ln qm ❛♥❞ ✐s t❤❡r❡❢♦r❡

s✉♣❡r❧❛t✐✈❡✳

Pr♦♦❢✳ ❙❡❡ ❉✐❡✇❡rt ✭✶✾✼✻✮✳ ■

❘❡♠❛r❦ ❉✳✾ ✭❋✐s❤❡r ✈s✳ ❚ör♥q✈✐st ✐♥ ♣r❛❝t✐❝❡✮✳ ❇♦t❤ ✐♥❞❡①❡s ❛r❡ s✉♣❡r❧❛t✐✈❡ ❛♥❞ t②♣✐❝❛❧❧②

❛❣r❡❡ t♦ s❡✈❡r❛❧ ❞❡❝✐♠❛❧ ♣❧❛❝❡s✳ ❚❤❡ ❋✐s❤❡r ✐s ♣r❡❢❡rr❡❞ ✇❤❡♥ s♦♠❡ q✉❛♥t✐t✐❡s ♠❛② ❜❡ ③❡r♦

✼✾



✭t❤❡ ❚ör♥q✈✐st r❡q✉✐r❡s str✐❝t❧② ♣♦s✐t✐✈❡ q✉❛♥t✐t✐❡s ❞✉❡ t♦ t❤❡ ❧♦❣❛r✐t❤♠✮✳ ■♥ t❤❡ ♣r❡s❡♥t

❛♣♣❧✐❝❛t✐♦♥✱ ❛❧❧ q✉❛♥t✐t✐❡s ✭qR, Qk1, Qk2, QH✮ ❛r❡ ❛ss✉♠❡❞ ♣♦s✐t✐✈❡ ❛t t❤❡ ♦♣t✐♠✉♠✱ s♦ ❡✐t❤❡r

✐♥❞❡① ♠❛② ❜❡ ✉s❡❞✳

❉✳✺ ●❊❑❙ ▼✉❧t✐❧❛t❡r❛❧ ▼❡t❤♦❞

❋♦r ❝♦♠♣❛r✐♥❣ M r❡❣✐♦♥s s✐♠✉❧t❛♥❡♦✉s❧② ✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣ tr❛♥s✐t✐✈✐t②✱ t❤❡ ●❊❑❙ ♠❡t❤♦❞

✭●✐♥✐✱ ✶✾✸✶❀ ❊❧t❡t➤✱ ❑ö✈❡s✱ ❛♥❞ ❙③✉❧❝✱ ✶✾✻✹✮ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳

❉❡✜♥✐t✐♦♥ ❉✳✶✵ ✭●❊❑❙ ♣r✐❝❡ ✐♥❞❡①✮✳ ❚❤❡ ●❊❑❙ ♣r✐❝❡ ✐♥❞❡① ❜❡t✇❡❡♥ r❡❣✐♦♥s r ❛♥❞ s ✐s✿

P rs
GEKS =

M∏

k=1

(
P rk
F

P sk
F

)1/M

, ✭❉✳✹✮

✇❤❡r❡ P rk
F ✐s t❤❡ ❜✐❧❛t❡r❛❧ ❋✐s❤❡r ♣r✐❝❡ ✐♥❞❡① ❜❡t✇❡❡♥ r ❛♥❞ k✳

Pr♦♣♦s✐t✐♦♥ ❉✳✶✶ ✭●❊❑❙ tr❛♥s✐t✐✈✐t②✮✳ P rs
GEKS · P st

GEKS = P rt
GEKS ❢♦r ❛❧❧ r, s, t✳

Pr♦♦❢✳ ❋r♦♠ ✭❉✳✹✮✿ P rs
GEKS·P

st
GEKS =

∏
k(P

rk
F /P sk

F )1/M ·
∏

k(P
sk
F /P tk

F )1/M =
∏

k(P
rk
F /P tk

F )1/M =

P rt
GEKS✳ ■

❊ ❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s ♦❢ t❤❡ ❘❡♥t ❋✉♥❝t✐♦♥

❚❤✐s ❛♣♣❡♥❞✐① ♣r♦✈✐❞❡s t❤❡ ❝♦♠♣❧❡t❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❡♥t ❢✉♥❝t✐♦♥

✇✐t❤ r❡s♣❡❝t t♦ ❛❧❧ ❡①♦❣❡♥♦✉s ♣❛r❛♠❡t❡rs✳

❊✳✶ ▼❡t❤♦❞

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥ ✐s Ṽ Wr(p∗rR , . . .) = V̄ ✳ ❚♦t❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ♣❛r❛♠✲

❡t❡r x ❣✐✈❡s✿
dp∗R
dx

= −
∂Ṽ W/∂x

∂Ṽ W/∂pR
. ✭❊✳✶✮

❇② ❘♦②✬s ✐❞❡♥t✐t② ✭Pr♦♣♦s✐t✐♦♥ ✹✳✶✮✿ ∂Ṽ W/∂pR = −Φ1λ
∗q∗R < 0✳

✽✵



❊✳✷ ●r❛❞✐❡♥t ✇✐t❤ ❘❡s♣❡❝t t♦ d12 ✭❈♦♠♠✉t✐♥❣ ❉✐st❛♥❝❡✮

dp∗R
dd12

= −
−Φ1λ

∗(w∗ + δ1)

−Φ1λ∗q∗R
= −

w∗ + δ1
q∗R

< 0. ✭❊✳✷✮

■♥t❡r♣r❡t❛t✐♦♥✿ ❊❛❝❤ ❛❞❞✐t✐♦♥❛❧ ✉♥✐t ♦❢ ❝♦♠♠✉t✐♥❣ t✐♠❡ ❝♦sts t❤❡ ❤♦✉s❡❤♦❧❞ w∗ ✐♥ t✐♠❡

♦♣♣♦rt✉♥✐t② ❝♦st ♣❧✉s δ1 ✐♥ ♠♦♥❡t❛r② ❝♦st✳ ❚❤❡ r❡♥t ♠✉st ❢❛❧❧ ❜② t❤✐s ❛♠♦✉♥t ♣❡r ✉♥✐t ♦❢

❤♦✉s✐♥❣ t♦ ♠❛✐♥t❛✐♥ ❡q✉❛❧ ✉t✐❧✐t②✳

❊✳✸ ●r❛❞✐❡♥t ✇✐t❤ ❘❡s♣❡❝t t♦ d13 ✭❆♠❡♥✐t② ❉✐st❛♥❝❡✮

dp∗R
dd13

= −
−Φ1λ

∗(w∗ + δ2)T
∗
k2

−Φ1λ∗q∗R
= −

(w∗ + δ2)T
∗
k2

q∗R
≤ 0. ✭❊✳✸✮

❚❤❡ ❣r❛❞✐❡♥t ❞❡♣❡♥❞s ♦♥ ❡①t❡r♥❛❧ ❧❡✐s✉r❡ t✐♠❡ T ∗
k2✿ ❤♦✉s❡❤♦❧❞s t❤❛t s♣❡♥❞ ♠♦r❡ t✐♠❡ ✐♥

❡①t❡r♥❛❧ ❧❡✐s✉r❡ ❛r❡ ♠♦r❡ s❡♥s✐t✐✈❡ t♦ ❛♠❡♥✐t② ❞✐st❛♥❝❡✳

❊✳✹ ●r❛❞✐❡♥t ✇✐t❤ ❘❡s♣❡❝t t♦ wr
S ✭❍♦✉s❡❤♦❧❞✲❙❡r✈✐❝❡s Pr✐❝❡✮

dp∗R
dwr

S

= −
q∗S
q∗R

≤ 0. ✭❊✳✹✮

❚❤❡ ❣r❛❞✐❡♥t ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ q✉❛♥t✐t② ♦❢ ♣✉r❝❤❛s❡❞ ❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s✳

❊✳✺ ●r❛❞✐❡♥t ✇✐t❤ ❘❡s♣❡❝t t♦ w ✭▼❛r❦❡t ❲❛❣❡✮

❇② t❤❡ ❡♥✈❡❧♦♣❡ t❤❡♦r❡♠✿ ∂V W/∂w = λ∗T ∗
l1 > 0✳ ❚❤❡r❡❢♦r❡✿

dp∗R
dw

=
T ∗
l1

q∗R
> 0. ✭❊✳✺✮

❍✐❣❤❡r ✇❛❣❡s ✐♥❝r❡❛s❡ ✉t✐❧✐t②✱ ✇❤✐❝❤ ✐s ❝❛♣✐t❛❧✐③❡❞ ✐♥t♦ ❤✐❣❤❡r r❡♥ts✳

❊✳✻ ●r❛❞✐❡♥t ✇✐t❤ ❘❡s♣❡❝t t♦ Y ✭◆♦♥❧❛❜♦r ■♥❝♦♠❡✮

dp∗R
dY

=
1

q∗R
> 0. ✭❊✳✻✮
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❊✳✼ ●r❛❞✐❡♥t ✇✐t❤ ❘❡s♣❡❝t t♦ δ1 ✭❈♦♠♠✉t✐♥❣ ▼♦♥❡t❛r② ❈♦st✮

dp∗R
dδ1

= −
d12
q∗R

≤ 0. ✭❊✳✼✮

❘❡❣✐♦♥s ✇✐t❤ ❧♦♥❣❡r ❝♦♠♠✉t❡s ❛r❡ ♠♦r❡ ❛✛❡❝t❡❞ ❜② ✐♥❝r❡❛s❡s ✐♥ ❝♦♠♠✉t✐♥❣ ❝♦sts✳

❊✳✽ ●r❛❞✐❡♥t ✇✐t❤ ❘❡s♣❡❝t t♦ ❆♠❡♥✐t② Ar
k

❋♦r ❛♥ ❛♠❡♥✐t② ✈❛❧✉❡❞ ❜② t❤❡ ❤♦✉s❡❤♦❧❞ ✭∂Φ/∂Ak > 0✮✿

dp∗R
dAr

k

=
(∂Φ/∂Ak)

Φ1λ∗q∗R
> 0. ✭❊✳✽✮

❊✳✾ ❙❡❝♦♥❞✲❖r❞❡r Pr♦♣❡rt✐❡s

Pr♦♣♦s✐t✐♦♥ ❊✳✶ ✭❈♦♥✈❡①✐t②✴❈♦♥❝❛✈✐t② ♦❢ t❤❡ r❡♥t ❢✉♥❝t✐♦♥✮✳ ❯♥❞❡r ❤♦♠♦❣❡♥❡♦✉s ❤♦✉s❡✲

❤♦❧❞s✱ ✐❣♥♦r✐♥❣ t❤❡ s❤❛❞♦✇✲♣r✐❝❡ r❡s♣♦♥s❡ ∂w∗/∂d12✱ t❤❡ r❡♥t ❢✉♥❝t✐♦♥ p∗R(d12) ✐s ❝♦♥✈❡① ✐♥

d12 ✐❢ q∗R ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ✐♥ d12 ✭❧♦✇❡r r❡♥ts ❛t ❣r❡❛t❡r ❞✐st❛♥❝❡s ✐♥❞✉❝❡ ♠♦r❡ ❤♦✉s✐♥❣ ❞❡✲

♠❛♥❞✮✱ ❛♥❞ ❝♦♥❝❛✈❡ ✐❢ q∗R ✐s ♥♦♥✐♥❝r❡❛s✐♥❣ ✐♥ d12 ✭✐♥❝♦♠❡ ❡✛❡❝ts ❞♦♠✐♥❛t❡✮✳ ❚❤❡ ❢✉❧❧ s❡❝♦♥❞

❞❡r✐✈❛t✐✈❡✱ ❣✐✈❡♥ ❜② ✭✺✳✶✸✮✱ ❛❧s♦ ✐♥❝♦r♣♦r❛t❡s ∂w∗/∂d12❀ ❝♦♥❝❛✈✐t② ✐s t❤❡ st❛♥❞❛r❞ ♣r❡❞✐❝t✐♦♥

✐♥ ♠♦♥♦❝❡♥tr✐❝ ♠♦❞❡❧s ✇✐t❤ ♥♦r♠❛❧ ❤♦✉s✐♥❣ ❞❡♠❛♥❞✳

Pr♦♦❢✳ ◆❡❣❧❡❝t✐♥❣ t❤❡ ∂w∗/∂d12 t❡r♠ ✐♥ ✭✺✳✶✸✮✿

∂2p∗R
∂d212

≈
(w∗ + δ1)

(q∗R)
2

∂q∗R
∂d12

.

■❢ ∂q∗R/∂d12 ≥ 0 ✭s✉❜st✐t✉t✐♦♥ ❡✛❡❝t ♦❢ ❧♦✇❡r r❡♥ts ❞♦♠✐♥❛t❡s✮✱ t❤❡♥ ∂2p∗R/∂d
2
12 ≥ 0✱ ②✐❡❧❞✐♥❣

❝♦♥✈❡①✐t②✳ ■❢ ∂q∗R/∂d12 < 0 ✭✐♥❝♦♠❡ ❡✛❡❝t ♦❢ r❡❞✉❝❡❞ ❡✛❡❝t✐✈❡ ✐♥❝♦♠❡ ❞♦♠✐♥❛t❡s✮✱ t❤❡♥

∂2p∗R/∂d
2
12 < 0✱ ②✐❡❧❞✐♥❣ ❝♦♥❝❛✈✐t②✳ ■♥❝♦r♣♦r❛t✐♥❣ t❤❡ s❤❛❞♦✇✲♣r✐❝❡ r❡s♣♦♥s❡✱ ❈♦r♦❧❧❛r② ✺✳✶✸

❣✐✈❡s ❥♦✐♥t s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s❀ ❝♦♥❝❛✈✐t② ✐s t❤❡ st❛♥❞❛r❞ ♠♦♥♦❝❡♥tr✐❝ ♣r❡❞✐❝t✐♦♥✳ ■
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❋ ❋✉♥❝t✐♦♥❛❧ ❋♦r♠ ❙♣❡❝✐✜❝❛t✐♦♥ ❢♦r ❊st✐♠❛t✐♦♥

❚❤✐s ❛♣♣❡♥❞✐① s♣❡❝✐✜❡s ❝♦♥❝r❡t❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s ❢♦r t❤❡ ❤♦✉s❡❤♦❧❞ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s

❛♥❞ t❤❡ ✉♣♣❡r✲❧❡✈❡❧ ✉t✐❧✐t② ❢✉♥❝t✐♦♥✱ ❞❡r✐✈❡s t❤❡ r❡s✉❧t✐♥❣ s❤❛r❡ ❡q✉❛t✐♦♥s ✐♥ ❝❧♦s❡❞ ❢♦r♠✱ ❛♥❞

❝♦✉♥ts ♣❛r❛♠❡t❡rs✳

❋✳✶ ❍♦♠♦❣❡♥❡♦✉s ◗✉❛❞r❛t✐❝ Pr♦❞✉❝t✐♦♥ ❋✉♥❝t✐♦♥s

❋♦r ❡❛❝❤ ♦❢ F ✱ G✱ H ✭❡❛❝❤ ✇✐t❤ ✷ ✐♥♣✉ts✮✱ ❛❞♦♣t t❤❡ ❤♦♠♦❣❡♥❡♦✉s q✉❛❞r❛t✐❝✿

F (q1, q2) = [aF11q
2
1 + 2aF12q1q2 + aF22q

2
2]

1/2. ✭❋✳✶✮

P❛r❛♠❡t❡rs✿ ✸ ♣❡r ❢✉♥❝t✐♦♥✱ ✾ t♦t❛❧✳

P❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s✿

Fj(q1, q2) =
aFj1q1 + aFj2q2

[aF11q
2
1 + 2aF12q1q2 + aF22q

2
2]

1/2
, j = 1, 2. ✭❋✳✷✮

❯♥✐t ❝♦st ❢✉♥❝t✐♦♥✿

cF (p1, p2) = [bF11p
2
1 + 2bF12p1p2 + bF22p

2
2]

1/2 ✭❋✳✸✮

✇❤❡r❡ BF = (AF )−1 ✭✐✳❡✳✱ bFjk ❛r❡ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ♠❛tr✐①✮✳

❈♦♥❝❛✈✐t② ❝♦♥❞✐t✐♦♥✿ F ✐s ❝♦♥❝❛✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ aF11a
F
22 − (aF12)

2 ≥ 0 ❛♥❞ aF11, a
F
22 ≥ 0✳

❋✳✷ ◆♦r♠❛❧✐③❡❞ ◗✉❛❞r❛t✐❝ ❯t✐❧✐t② ❋✉♥❝t✐♦♥

❋♦r t❤❡ ✉♣♣❡r✲❧❡✈❡❧ ✉t✐❧✐t②✱ ❝♦♥s✐❞❡r t❤❡ ◆♦r♠❛❧✐③❡❞ ◗✉❛❞r❛t✐❝ ❢♦r♠ ❛❞❛♣t❡❞ ❢r♦♠ ❉✐❡✇❡rt

❛♥❞ ❲❛❧❡s ✭✶✾✽✼✮ ❛♥❞ ❉✐❡✇❡rt✱ ◆♦♠✉r❛✱ ❛♥❞ ❙❤✐♠✐③✉ ✭✷✵✷✺✮✳ ❲✐t❤ K = 6 ❛r❣✉♠❡♥ts

✽✸



z = (qR, Qk1, Qk2, QH , Tl1, Tl2)✱ ❞❡✜♥❡✿

U(z) = d′z+
1

2

z′Az

α′z
✭❋✳✹✮

✇❤❡r❡ d ∈ R
K ✐s ❛ ✈❡❝t♦r ♦❢ ✜rst✲♦r❞❡r ❝♦❡✣❝✐❡♥ts✱ A ✐s ❛ K × K s②♠♠❡tr✐❝ ♠❛tr✐①✱ ❛♥❞

α ∈ R
K
+ ✐s ❛ ✈❡❝t♦r ♦❢ ✜①❡❞ ♥♦♥♥❡❣❛t✐✈❡ ✇❡✐❣❤ts✳

Pr♦♣❡rt✐❡s✿

❼ ❋❧❡①✐❜✐❧✐t②✿ U ♣r♦✈✐❞❡s ❛ s❡❝♦♥❞✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ t♦ ❛♥ ❛r❜✐tr❛r② t✇✐❝❡✲❞✐✛❡r❡♥t✐❛❜❧❡

✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❛t t❤❡ ❜❛s❡ ♣♦✐♥t✳

❼ ❈♦♥❝❛✈✐t② ✭❝♦♥❞✐t✐♦♥❛❧✮✿ ■❢ A ✐s ♥❡❣❛t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡✱ t❤❡♥ ❢♦r ✜①❡❞ α
′z > 0✱ t❤❡

q✉❛❞r❛t✐❝ t❡r♠ 1
2
z′Az/(α′z) ✐s ❝♦♥❝❛✈❡ ✐♥ z ✭❛s t❤❡ ♣♦✐♥t✇✐s❡ ♠✐♥✐♠✉♠ ♦❢ ❛✣♥❡ ❢✉♥❝✲

t✐♦♥s ✐♥ z✱ ✉s✐♥❣ t❤❡ r❛t✐♦ str✉❝t✉r❡✮✳ ❆ ❝♦♥✈❡♥✐❡♥t s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✐s t♦ ✇r✐t❡

A = −CC ′ ✇❤❡r❡ C ✐s ❧♦✇❡r✲tr✐❛♥❣✉❧❛r ✭❉✐❡✇❡rt ❛♥❞ ❲❛❧❡s✱ ✶✾✽✼✮✱ ✇❤✐❝❤ ❡♥s✉r❡s

A ⪯ 0✳ ❈❛✈❡❛t ✿ ❣❧♦❜❛❧ ❝♦♥❝❛✈✐t② ♦❢ ✭❋✳✹✮ ❛s ❛ r❛t✐♦ ❢♦r♠ r❡q✉✐r❡s ✈❡r✐❢②✐♥❣ t❤❛t t❤❡

❍❡ss✐❛♥ ∇2U ⪯ 0 ❣❧♦❜❛❧❧②✱ ✇❤✐❝❤ ✐s ♥♦t ❣✉❛r❛♥t❡❡❞ ❜② A ⪯ 0 ❛❧♦♥❡ ❢♦r ❛❧❧ z ❛♥❞ α✳ ❋♦r

t❤✐s r❡❛s♦♥✱ ✭❋✳✹✮ ✐s ❜❡st tr❡❛t❡❞ ❛s ❛ ❝♦♥✈❡♥✐❡♥t ✢❡①✐❜❧❡ s♣❡❝✐✜❝❛t✐♦♥ t❤❛t ✐s ❧♦❝❛❧❧②

❝♦♥❝❛✈❡ ♥❡❛r t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♣♦✐♥t ❛♥❞ ✐♠♣♦s❡s ❧♦❝❛❧ s❡❝♦♥❞✲♦r❞❡r ✢❡①✐❜✐❧✐t②✱ r❛t❤❡r

t❤❛♥ ❛ ❣❧♦❜❛❧❧② ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ✇✐t❤♦✉t ❢✉rt❤❡r ✈❡r✐✜❝❛t✐♦♥✳

❼ P❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s✿

Uk(z) = dk +
A′

kz

α′z
−

1

2

z′Az

(α′z)2
αk, ✭❋✳✺✮

✇❤❡r❡ A′
k ✐s t❤❡ k✲t❤ r♦✇ ♦❢ A✳

P❛r❛♠❡t❡rs✿ d ❤❛s K = 6 ❡❧❡♠❡♥ts✳ ❲r✐t✐♥❣ A = −CC ′ ✇✐t❤ C ❧♦✇❡r✲tr✐❛♥❣✉❧❛r ❡♥s✉r❡s

A ⪯ 0 ✭♥❡❣❛t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡✮✱ s♦ U ✐s ❧♦❝❛❧❧② ❝♦♥❝❛✈❡ ♥❡❛r t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♣♦✐♥t α❀ C

❤❛s K(K + 1)/2 = 21 ❢r❡❡ ❡❧❡♠❡♥ts✳ ❍❡♥❝❡ U ❤❛s 6 + 21 = 27 ❢r❡❡ ♣❛r❛♠❡t❡rs ✭✷✻ ❛❢t❡r ♦♥❡

♥♦r♠❛❧✐③❛t✐♦♥✮✳ ❚❤✐s ✐s t❤❡ ❢✉❧❧ ✢❡①✐❜❧❡ ♣❛r❛♠❡tr✐③❛t✐♦♥❀ ❛ ♠♦r❡ ♣❛rs✐♠♦♥✐♦✉s s♣❡❝✐✜❝❛t✐♦♥

✐♠♣♦s❡s ❛❞❞✐t✐♦♥❛❧ r❡str✐❝t✐♦♥s ♦♥ C✱ tr❛❞✐♥❣ ✢❡①✐❜✐❧✐t② ❢♦r ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳

◆♦r♠❛❧✐③❛t✐♦♥✿ ❙❡t α t♦ ❜❡ t❤❡ s❛♠♣❧❡✲♠❡❛♥ q✉❛♥t✐t② ✈❡❝t♦r✱ ❢♦❧❧♦✇✐♥❣ ❉✐❡✇❡rt✱ ◆♦♠✉r❛✱
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❛♥❞ ❙❤✐♠✐③✉ ✭✷✵✷✺✮✳

❋✳✸ P❛r❛♠❡t❡r ❈♦✉♥t

❋✉♥❝t✐♦♥ ❋r❡❡ ♣❛r❛♠❡t❡rs ◆♦t❡s

F ✭❤♦♠❡ ❧❡✐s✉r❡✮ ✸ ❍♦♠♦❣❡♥❡♦✉s q✉❛❞r❛t✐❝✱ 2× 2

G ✭❡①t❡r♥❛❧ ❧❡✐s✉r❡✮ ✸ ❍♦♠♦❣❡♥❡♦✉s q✉❛❞r❛t✐❝✱ 2× 2

H ✭❤♦✉s❡❤♦❧❞ s❡r✈✐❝❡s✮ ✸ ❍♦♠♦❣❡♥❡♦✉s q✉❛❞r❛t✐❝✱ 2× 2

U ✭✉t✐❧✐t②✮ ✷✼ ◆◗✱ A ⪯ 0 ✈✐❛ C ❧♦✇❡r✲tr✐❛♥❣✉❧❛r✱ ❧♦❝❛❧❧② ❝♦♥❝❛✈❡ ❛t z̄

❚♦t❛❧ ✸✻

❲✐t❤ ✼ ✐♥❞❡♣❡♥❞❡♥t s❤❛r❡ ❡q✉❛t✐♦♥s ♣❡r ♣❡r✐♦❞ ✭❈❛s❡ ✶✮ ❛♥❞ Υ ♣❡r✐♦❞s✱ t❤❡r❡ ❛r❡ 7Υ

♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡ ❢✉❧❧ ♠♦❞❡❧ ❤❛s 9 + 27 = 36 ❢r❡❡ ♣❛r❛♠❡t❡rs ✭✾ ❢r♦♠ F,G,H ❛♥❞ ✷✼ ❢r♦♠

U✮✳ ■❞❡♥t✐✜❝❛t✐♦♥ r❡q✉✐r❡s 7Υ ≥ 36✱ ✐✳❡✳✱ Υ ≥ 6✳ ■♥ ♣r❛❝t✐❝❡✱ ❢♦r r❡❧✐❛❜❧❡ ♥♦♥❧✐♥❡❛r ❡st✐♠❛✲

t✐♦♥✱ Υ ≥ 15 ✐s r❡❝♦♠♠❡♥❞❡❞✳ ❘❡s❡❛r❝❤❡rs r❡q✉✐r✐♥❣ ❢❡✇❡r ♣❡r✐♦❞s ♠❛② ✐♠♣♦s❡ ❛❞❞✐t✐♦♥❛❧

r❡str✐❝t✐♦♥s ♦♥ C ✭❡✳❣✳✱ ❞✐❛❣♦♥❛❧ C✮✱ r❡❞✉❝✐♥❣ U ✬s ♣❛r❛♠❡t❡rs ❛t t❤❡ ❝♦st ♦❢ s♦♠❡ ✢❡①✐❜✐❧✐t②✳

❋✳✹ ❈❧♦s❡❞✲❋♦r♠ ❙❤❛r❡ ❊q✉❛t✐♦♥s ✉♥❞❡r ❍♦♠♦❣❡♥❡♦✉s ◗✉❛❞r❛t✐❝
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